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PREFACE

When I was a graduate student in the mid-1960s, the mathematical theory
underlying analysis of variance and regression became clear to me after I read a
draft of William Kruskal’s monograph on the so-called coordinate-free, or geometric,
approach to these subjects. Alas, with Kruskal’s demise, this excellent treatise will
never be published.

From time to time during the 1970s, 80s, and early 90s, I had the good fortune
to teach the coordinate-free approach to linear models, more precisely, to Model 1
analysis of variance and linear regression with nonrandom predictors. While doing
so, I evolved my own set of lecture notes, presented here. With regard to inspiration
and content, my debt to Kruskal is clear. However, my notes differ from Kruskal’s
in many ways. To mention just a few, my notes are intended for a one- rather
than three-quarter course. The notes are aimed at statistics graduate students
who are already familiar with the basic concepts of linear algebra, such as linear
subspaces and linear transformations, and who have already had some exposure to
the matricial formulation of the GLM, perhaps through a methodology course, and
who are interested in the underlying theory. I have also included Tjur experimental
designs and some of the highlights of the optimality theory for estimation and testing
in linear models under the assumption of normality, feeling that the elegant setting
provided by the coordinate-free approach is a natural one in which to place these
jewels of mathematical statistics. As he alluded to in his conversation with Zabell
(1994), Kruskal always wished that he could have brought “his book, his potential
book, his unborn book” to life. Out of deference to Kruskal, who was my colleague
here at the University of Chicago, I have not until now made my notes public.

For motivation, Chapter 1 presents an example illustrating Kruskal’s claim in
his 1961 Berkeley Symposium paper that “the coordinate-free approach ... permits
a simpler, more general, more elegant, and more direct treatment of the general
theory ... than do its notational counterparts, the matrix and scalar approaches.”
I hope that as s/he works through the book, the reader will be more and more
convinced that this is indeed the case.

The last section of Chapter 2 reviews the “elementary” concepts from linear
algebra which the reader is assumed to know already. The first five sections of that
chapter develop the “nonelementary” tools we need, such as (finite-dimensional, real)
inner product spaces, orthogonal projections, the spectral theorem for self-adjoint
linear transformations, and the representation of linear and bilinear functionals. Sec-

i



xii PREFACE

tion 2.3 uses the notions of book orthogonal subspaces and orthogonal projections,
along with the inclusion and intersection of subspaces, to discuss Tjur experimental
designs, thereby giving a unified treatment of the algebra underlying the models one
usually encounters in a first course in analysis of variance, and much more.

Chapter 3 develops basic distribution theory for random vectors taking values
in inner product spaces — the first- and second-moment structures of such vec-
tors, and the key fact that if one splits a spherical normal random vector up into
its components in mutually orthogonal subspaces, then those components are inde-
pendent and have themselves spherical normal distributions within their respective
subspaces.

The geometric version of the Gauss-Markov theorem is discussed in Chapter 4,
from the point of view of both estimating linear functionals of the unknown mean
vector and estimating the mean vector itself. These results are based just on as-
sumptions about the first and second moment structures of the data vector. For an
especially nice example of how the geometric viewpoint is more insightful than the
matricial one, be sure to work the “four-penny problem” in Exercise 4.2.17.

Estimation under the assumption of normality is taken up in Chapter 5. In
some respects, Gauss-Markov estimators are optimal; for example, they are mini-
mum variance unbiased. However, in other respects they are not optimal. Indeed,
Bayesian considerations lead naturally to the James-Stein shrinkage type estimators,
which can significantly outperform GMEs in terms of mean square error.

Again under the assumption of normality, F-testing of null hypotheses and the
related issue of interval estimation are taken up in Chapter 6. Chapters 7 and 8
deal with the analysis of covariance and missing observations, respectively.

The book is written at the level of Halmos’s Finite-Dimensional Vector Spaces
(but Halmos is not a prerequisite). Thus the reader will on the one hand need to
be comfortable with the yoga of definitions, theorems, and proofs, but on the other
hand be comforted by knowing that the abstract ideas will be illustrated by concrete
examples and presented with (what I hope are) some insightful comments. To get
a feeling for the coordinate-free approach before embarking on a serious study of
this book, you might find it helpful to first read one or more of the brief elementary
nontechnical expositions of the subject that have appeared in The American Statis-
tician, for example, Herr (1980), Bryant (1984), or Saville and Wood (1986). From
the perspective of mathematical statistics, there are some very elegant results, and
some notable surprises, connected with the optimality theory for Gauss-Markov es-
timation and F-testing under the assumption of normality. In the sections that deal
with these matters—in particular Sections 5.4, 5.5, 6.3, 6.4, and 6.6 —the math-
ematics is somewhat harder than elsewhere, corresponding to the greater depth of
the theory.

Each of the chapters following the Introduction contains numerous exercises,
along with a problem set that develops some topic complementing the material in
that chapter. Altogether there are about 200 exercises. Most of them are easy but,
I hope, instructive. I typically devote most of the class time to having students
present solutions to the exercises. Some exercises foreshadow what is to come, by
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covering a special case of material that will be presented in full generality later.
Moreover, the assertions of some exercises are appealed to later in the text. If you
are working through the book on your own, you should at least read over each
exercise, even if you do not work things out. The problem sets, several of which
are based on journal articles, are harder than the exercises and require a sustained
effort for their completion.

The students in my courses have typically worked through the whole book in one
quarter, but that is admittedly a brisk pace. One semester would be less demand-
ing. For a short course, you could concentrate on the parts of the book that flesh
out the outline of the coordinate-free viewpoint that Kruskal set out in Section 2 of
his aforementioned Berkeley Symposium paper. That would involve: Chapter 1, for
motivation; Sections 2.1, 2.2, 2.5, and 2.7 for notation and basic results from linear
algebra; Sections 3.1-3.8 for distribution theory; Sections 4.1-4.7 for the properties
of Gauss-Markov estimators; Sections 5.1 and 5.2 for estimation under the assump-
tion of normality; and Sections 6.1, 6.2, and 6.5 for hypothesis testing and interval
estimation under normality.

Various graduate students, in particular Neal Thomas and Nathaniel Schenker,
have made many comments that have greatly improved this book. My thanks go
to all of them, and also to David Van Dyke and Peter Meyer for suggesting how
easy/hard each of the exercises is. Thanks are also due to Mitzi Nakatsuka for
her help in converting the notes to TEX, and to Persi Diaconis for his advice and
encouragement.

Michael J. Wichura
University of Chicago






CHAPTER 1

INTRODUCTION

In this chapter we introduce and contrast the matricial and geometric formulations
of the so-called general linear model and introduce some notational conventions.
1. Orientation

Recall the classical framework of the general linear model (GLM). One is given an
n-dimensional random vector Y™"*! = (Y7 ...,Y,)?, perhaps multivariate normally
distributed, with covariance matrix (Cov(Y;,Y;))"*™ = o?I"™*™ and mean vector
pu*t = E(Y) = (EYy,...,EY,)T of the form

p= X0,

where X™*? is known and 02 and B8P*! = (B4,...,8,)T are unknown; in addition,
the B;’s may be subject to linear constraints R3 = 0, where R°*P is known. X is
called the design, or regression, matriz, and B is called the parameter vector.

1.1 Example. In the classical two-sample problem, one has

r_ (11 ..100 ...0 _(m
X = (() 0 ... 01 1 ...1 ) and 5= <u2>’

n1 times no times

that is,
pi, if1<i<ny,

B(Y;) = { .

o, ifng <i<mng+ng=n.

1.2 Example. In simple linear regression, one has
1 1 ... 1 a
T _ _
X _<(L'1 To ... [En> and ﬂ_(b>’

EY;))=a+bzx; fori=1,...,n. o

that is,
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Typical problems are the estimation of linear combinations of the (;’s, testing
that some such linear combinations are 0 (or some other prescribed value), and the
estimation of o2.

1.3 Example. In the two-sample problem, one is often interested in estimating the
difference puo — pq or in testing the null hypothesis that g1 = ps. °

1.4 Example. In simple linear regression, one seeks estimates of the intercept a
and slope b and may want to test, for example, the hypothesis that b = 0 or the
hypothesis that b = 1. °

If you have had some prior statistical training, you may well have already en-
countered the resolution of these problems. You may know, for example, that pro-
vided X is of full rank and no linear constraints are imposed on 3, the best (minimum
variance) linear unbiased estimator (BLUE) of 32, ., ¢iBi is 3014, ¢iBi, where

Br,....0) T =CXTY, with C=A"' A=X"X;

this is called the Gauss-Markov theorem.

In this book we will be studying the GLM from a geometric point of view,
using linear algebra in place of matrix algebra. Although we will not reach any
conclusions that could not be obtained solely by matrix techniques, the basic ideas
will emerge more clearly. With the added intuitive feeling and mathematical insight
this provides, one will be better able to understand old results and formulate and
prove new ones.

From a geometric perspective, the GLM may be described as follows, using
some terms that will be defined in subsequent chapters. One is given a random
vector Y taking values in some given inner product space (V,(-,-)). It is assumed
that Y has a weakly spherical covariance operator and the mean p of Y lies in a
given manifold M of V; for purposes of testing, it is further assumed that Y is
normally distributed. One desires to estimate p (or linear functionals of p) and
to test hypotheses such as pu € My, where My is a given submanifold of M. The
Gauss-Markov theorem says that the BLUE of the linear functional ¢ (u) is ¥(ji),
where [i is the orthogonal projection of Y onto M. As we will see, this geometric
description of the problem encompasses the matricial formulation of the GLM not
only as it is set out above (take, for example, V' =R", (-,-) = dot-product, Y =Y,
=, and M = the subspace of R™ spanned by the columns of the design matrix
X)), but also in cases where X is of less than full rank and/or linear constraints are
imposed on the 3;’s.

2. An illustrative example

To illustrate the differences between the matricial and geometric approaches, we
compare the ways in which one establishes the independence of

- Y i<i<n Vi 2 1
n

Y=/4= and s?>=¢6%= 1Z1<'< (3/@'—?)2
n — Sisn
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in the one-sample problem
Y™ ~ N(pe,d? I"™™) with e=(1,1,...,1)T. (2.1)

(The vector e is called the equiangular vector.)
The classical matrix proof, which uses some facts about multivariate normal
distributions, runs like this. Let B"*™ = (b;;) be the matrix

Vvn Vn
0 0
0 0

0

= -

|
3

o o o§‘~

o sk sk sl
I o e
S
el

1 1 —(n-1)

1 1 1 .
\/n(n—l) \/n(n—l) \/n(n—l) \/n(n—l) \/n(n—l) \/n(n—l)

Note that the rows (and columns) of B are orthonormal <Z1§k§n birbjr, = 0ij =

1 £
{ po ]> and that the first row is = e”. Set

0, ifi#y Vn
Z = BY.
Then
Z ~ N, X)
with
v = B(ue) = uBe = (v/n 11,0,...,0)"
and
Y = B(c’I)B" = 0?BB” = oI,

that is, Z1, Zs, ..., Z, are independent normal random variables, each with variance

02, E(Z1) = \/np, and E(Z;) =0 for 2 < j < n. Moreover,

2 _ Y2 2 32
(n—1)s" = Z1gi<n(Y’ ) ZlgignY’ n¥

— 2 2 __ E : 2 2 _ E : 2
- E . Y:L - Zl - . Zz - Zl - . Zz
1<i<n 1<i<n 2<i<n
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because

Y  Z}=Z"Z=Y'"B"BY =Y'Y=) Y2
1<i<n 1<i<n
This gives the independence of Y and s?, and it is an easy step to get the marginal
distributions: Y ~ N(u,0?/n) and (n — 1)s%/0? ~ x2_;.

What is the nature of the transformation Z = BY ? Let by = e/\/n, ba, ..., b,
denote the transposes of the rows of B. The coordinates of Y =}, ., C;b; with
respect to this new orthonormal basis for R™ are given by

The effect of the change of coordinates Y — Z is to split Y into its components
along, and orthogonal to, the equiangular vector e.

Now I will show you the geometric proof, which uses some properties of (weakly)
spherical normal random vectors taking values in an inner product space (V, (-, -)),
here (R™, dot-product). The assumptions imply that Y is spherical normally dis-
tributed about its mean F(Y') and E(Y") lies in the manifold M spanned by e. Let
Py denote orthogonal projection onto M and Qs orthogonal projection onto the
orthogonal complement M~ of M. Basic distribution theory says that Py Y and
QmY are independent. But

e, Y) e=Ye
e ¢ Y (2.3)

PyY =

and
QuY =Y -PyY =Y -Ye=(Y-Y,....Y, - V)T,

it follows that Y and (n —1)s* = >, ... (Y; = Y)? = |QnY ||* are independent.
Again it is an easy matter to get the marginal distributions.

To my way of thinking, granted the technical apparatus, the second proof is
clearer, being more to the point. The first proof does the same things, but (to the
uninitiated) in an obscure manner.

3. Notational conventions

The chapters are organized into sections. Within each section of the current chapter,
enumerated items are numbered consecutively in the form

(section_number.item_number).
References to items in a different chapter take the expanded form
(chapter _number.section_number.item_number).

For example, (2.4) refers to the 4" numbered item (which may be an example,
exercise, theorem, formula, or whatever) in the 2" section of the current chapter,
while (6.1.3) refers to the 3" numbered item in the 15* section of the 6" chapter.
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Each exercise is assigned a difficulty level using the syntax
Exercise [d],

where d is an integer in the range 1 to 5 — the larger is d, the harder the exercise.
The value of d depends both on the intrinsic difficulty of the exercise and the length
of time needed to write up the solution.

To help distinguish between the matricial and geometric points of view, matrices,
including row and column vectors, are written in i¢talic boldface type while linear
transformations and elements of abstract vector spaces are written simply in italic
type. We speak, for example, of the design matrix X but of vectors v and w in an
inner product space V.

The end of a proof is marked by a m, of an example by a e, of an exercise by
a ¢, and of a part of problem set by a o.



CHAPTER 2

TOPICS IN LINEAR ALGEBRA

In this chapter we discuss some topics from linear algebra that play a central role in
the geometrical analysis of the GLM. The notion of orthogonal projection in an inner
product space is introduced in Section 2.1 and studied in Section 2.2. A class of
orthogonal decompositions that are useful in the design of experiments is studied in
Section 2.3. The spectral representation of self-adjoint transformations is developed
in Section 2.4. Linear and bilinear functionals are discussed in Section 2.5. The
chapter closes with a problem set in Section 2.6, followed by an appendix containing
a brief review of the basic definitions and facts from linear algebra with which we
presume the reader is already familiar.

1. Orthogonal projections

Throughout this book we operate in the context of a finite-dimensional inner product
space (V,(-,-))—V is a finite-dimensional vector space and (-,-):V x V — R is an
mner product:

(i) (positive-definiteness) (x,x) > 0 for all x € V and (x,z) = 0 if and only if
z=0.

(ii) (symmetry) (x,y) = (y,z) for all z,y € V.

(iii) (bilinearity) For all ¢1,co € R and z1, x2,z,y1, Y2,y € V, one has

(c1z1 + cawa, y) = c1(x1,y) + c2(x2,y)
(x, cry1 + cay2) = c1(x,y1) + c2(x, ya2).

The canonical example is V = R"™ endowed with the dot-product
— . = 1 = T
@y =2 y=> __ wyi=ay

for x = (z1,...,2,)7 and y = (y1,...,y»)". Unless specifically stated to the
contrary, we always view R” as endowed with the dot-product.
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Two vectors x and y in V are said to be perpendicular, or orthogonal (with
respect to (-,-)), if

(z,y) = 0;
one writes
z ly.
The quantity
]| = v/ {z, z)

is called the length, or norm, of x. The squared length of the sum of two vectors is
given by
lz +yl? = (z +y,z +y) = {x, 2 +y) + {y, 2 +y)
= ||z[* + 2(z, v) + %,

which reduces to the Pythagorean theorem,
=+ yll* = llzll* + [yl (1.1)

when z 1 y.

1.2 Exercise [1]. Let v; and w2 be two nonzero vectors in R? and let 6 be the angle
between them, measured counter-clockwise from vy to v2. Show that

(v1,v2)
Q) = ———_
<50) = oal Ten]

and deduce that v1 L vs if and only if 6§ = 90° or 270°.
[Hint: Use the identity cos(f2 — 01) = cos(61) cos(f2) + sin(6; ) sin(62).] o

1.3 Exercise [3]. Let x, y, and z be the vectors in R" given by

n;rl’ and zi = (Z _ n+1)2 _ n2-1 fOI‘ 1 S i S n. (14)

=1, yi=i-— 2 12

Show that x, y, and z are mutually orthogonal and span the same subspace as do
(1,1,..., 07, (1,2,...,n)", and (1,4,...,n*)T. Exhibit «, y, and z explicitly for n = 5.¢
1.5 Exercise [1]. Let O:V — V be a linear transformation. Show that O preserves
lengths, that is,

|Oz|| = ||z|| forallz eV

if and only if it preserves inner products, that is,
(Oz,0y) = (z,y) forallz,y V.

Such a transformation is said to be orthogonal.
[Hint: Observe that

_ e+ yl® = lll® = llyll?

(z,y) = 5 (1.6)

for z,y € V] o
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1.7 Exercise [2]. (1) Let v1 and vz be elements of V. Show that v1 = vq if and only if
(v1,w) = (vg,w) for each w € V, or just for each w in some basis for V. (2) Let T1 and T
be two linear transformations of V. Show that Th = T3 if and only if (v, Thw) = (v, Tow)
for each v and w in V, or just for each v and w in some basis for V. o

As intimated in the Introduction, the notion of orthogonal projection onto sub-
spaces of V plays a key role in the study of the GLM. We begin our study of
projections with the following seminal result.

1.8 Theorem. Suppose that M is a subspace of V and that x € V. There is
exactly one vector m € M such that the residual x — m is orthogonal to M :

(x—m) Ly forallye M, (1.9)
or, equivalently, such that m is closest to x:
o —m|l = inf{ |z — gl : y € M }. (1.10)

The proof will be given shortly. The unique m € M such that (1.9) and (1.10)
hold is called the orthogonal projection of x onto M, written Pysx, and the map-
ping Pjs that sends x € V' to Py is called orthogonal projection onto M. In the
context of R with @ = (z;) and m = (m;), (1.9) reads

Zl%n(% —mi)y; =0 for all y = (y;) € M,
while (1.10) is the least squares characterization of m:

Zlgign(xi - mi)2 = 1nf{ Zlgzgn(l‘l _ y1)2 Ly € M }

1.11 Exercise [1]. Let M be a subspace of V. (a) Show that

lz = Paa|)* = ||z)|* — || Pare]|? (1.12)

for all z € V. (b) Deduce that
1Py ]| < [l]] (1.13)
for all z € V, with equality holding if and only if z € M. o

Proof of Theorem 1.8. (1.9) implies (1.10): Suppose m € M satisfies (1.9). Then
for all y € M the Pythagorean theorem gives

lz = ylI* = (@ = m) + (m = y)|I* = |z — m|* + [|m — y||?,

so m satisfies (1.10).

(1.10) implies (1.9): Suppose m € M satisfies (1.10). Then, for any 0 # y € M and
any 6 € R,

lz = ml* < llo —m + 6yl|* = [lz — m|* + 26(x — m, y) + 6°[|y[|*;

this relation forces (z —m,y) = 0.
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Uniqueness: If
mp + Yy = =ma+ Y2

with m; € M and y; L. M for i = 1 and 2, then the vector
myp —Mmz2 =Y2 — Y1
lies in M and is perpendicular to M, and so it is perpendicular to itself:
0= (my —ma,m1 —ma) = [|my — ma||?,
whence m; = mso by the positive-definiteness of (-, ).

Ezistence: We will show in a moment that M has a basis mq,...,my consisting
of mutually orthogonal vectors. For any such basis the generic m = >, - i<k Gy
in M satisfies o

(x—m) L M
if and only if z — m is orthogonal to each m;, that is, if and only if
(m;,x) = <mi’21§j§k cmj) = Zlgjgk<mi,mj>cj = (m;, mi)c;
for 1 <i < k. It follows that we can take

<miax>

Py = - m,. 1.14
M Zlgzgk <mzamz> i ( )
To produce an orthogonal basis for M, let m7,...,m; be any basis for M and
inductively define new basis vectors my, ..., my by the recipe m; = mj and
mj =mj — P[m;,_..,m;_l]m; =mj = Py, m, )M
<m#7 ml)
o J _
o mJ Zlﬁiﬁj—l <ml,ml) i (115)
for j =2,...,k; here [m7,...,m}_,] denotes the span of mj,...,m;_; and [my,...,
mj_1]| denotes the (identical) span of mq,...,m;_1 (see Subsection 2.6.1). "

The recursive scheme for cranking out the m;’s above is called Gram-Schmidt
orthogonalization. As a special case of (1.14) we have the following simple, yet key,
formula for projecting onto a one-dimensional space:

{x, m)

Ppr = m for m # 0. (1.16)

(m,m)
1.17 Example. In the context of R" take m = e = (1,...,1)T. Formula (1.16)

then reads
<$, €> _ Zz Li

(e,e) 7 5,1 €

=ze=(%,...,7)7;
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we used this result in the Introduction (see (1.2.3)). Formula (1.12) reads

> (@i~ =l — ze|® = ||z|| — ||ze|® = ) 27 —nz?;
this is just the computing formula for (n —1)s? used in (1.2.2). According to (1.10),
¢ = T minimizes the sum of squares > _.(x; — ¢)2. .

1.18 Exercise [2]. Use the preceding techniques to compute Pyy for y € R” and M =
le, (z1,...,7,)"], the manifold spanned by the columns of the design matrix for simple
linear regression. o

1.19 Exercise [3]. Show that the transposes of the rows of the matrix B of Section 1.2
result from first applying the Gram-Schmidt orthogonalization scheme to the vectors e,
(1,-1,0,...,0)", (0,1,-1,0,...,0)", ..., (0,...,0,1,—1)" in R™ and then normalizing to
unit length. <o

1.20 Exercise [2]. Suppose z,y € V. Prove the Cauchy-Schwarz inequality:
(2, )] < [l [lyll, (1.21)
with equality if and only if x and y are linearly dependent. Deduce Minkowski’s inequality:
lz+yll <[zl + [lyll. (1.22)

[Hint: For (1.21), take m = y in (1.16) and use part (b) of Exercise 1.11.] o

1.23 Exercise [4]. Define d:V x V — R by d(z,y) = ||y — z||. Show that d is a metric
on V such that the set {z € V : ||z|| = 1} is compact. o

1.24 Exercise [3]. Show that for any two subspaces M and N of V,
sup{ ||Pvz| :z € N and ||z]| =1} <1, (1.25)

with equality holding if and only if M and N have a nonzero vector in common.
[Hint: A continuous real-valued function on a compact set attains its maximum.| o

To close this section we generalize (1.14) to cover the case of an arbitrary basis
for M. Suppose then that the basis vectors my, ..., m; are not necessarily orthog-
onal and let x € V. As in the derivation of (1.14),

Pyx = Cim;
M Zj 31
is determined by the condition
m; L (x— Pyz) fori=1,... k,

that is, by the so-called normal equations

Zl§j§k<mi,mj>cj = (my,x), i=1,...,k. (1.26)
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In matrix notation (1.26) reads
(m,m)ec = (m,x),
so that
c=(m, m>_1 (m, x),

the k x k matrix (m,m) and the k x 1 column vectors {m,x) and ¢ being given by
((m, m))” = (m;, m;j), ((m,x))l = (m;,xz), and (¢);=¢;

for i,j = 1, ..., k. If the m;’s are mutually orthogonal, (m,m) is diagonal and
(1.14) follows immediately.

1.27 Exercise [3]. Show that the matrix (m,m) above is in fact nonsingular, so that the
inverse (m,m) " exists.
[Hint: Show that Zj (m,mj)c; = 0 for each ¢ implies ¢; = --- = ¢ = 0.] o

1.28 Exercise [2]. Redo Exercise 1.18 using (1.26). Check that the two ways of calculating

Pyry do in fact give the same result. o

1.29 Exercise [2]. Let M be the subspace of R" spanned by the columns of an n X k
matrix X. Supposing these columns are linearly independent, use (1.26) to show that the
matrix representing Pys with respect to the usual coordinate basis of R” is X (XX )1 X T,

Exhibit this matrix explicitly in the case X = e. <o
1.30 Exercise [4]. Suppose Xo, X1, ..., X} are square integrable random variables defined
on a common probability space. Consider using X;,..., X, to predict Xo. Show that

among predictors of the form

Xo=co+ E ¢ X,
1<i<k

with the ¢’s being constants, the one minimizing the mean square error of prediction
E(Xo — Xo)?

is
. o ‘ .
Xo = po + E 1§z‘§k( E \<ek o oj0 )(XZ — i),

where
wi = E(X3), 0<i<k,
oij = Cov(Xi, X;), 0<i,j <k,

and the k x k matrix (0/)1<; j<k is the inverse of the matrix (0y;)1<; j<k, with the latter
assumed to be nonsingular.

[Hint: This is just a matter of projecting Xo — po onto the subspace spanned by 1,
X1 — p1,..., Xk — pr in the space L2 of square integrable random variables on the given
probability space, with the inner product between two variables A and B being E(AB).]¢
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2. Properties of orthogonal projections

This section develops properties of orthogonal projections. The results will prove to
be useful in analyzing the GLM.
Let (V,(-,-)) be an inner product space, let M be a subspace of V', and let

Mt={zeV:zlM})={zcV:zlyforallye M} (2.1)

be the orthogonal complement of M. Note that M is a subspace of V. Let Py
and Qs denote orthogonal projection onto M and M+, respectively, and let € V.
By Theorem 1.8,

= Pyzxr+Qux
is the unique representation of x as the sum of an element of M and an element of
M+,
2.2 Exercise [2]. Let M and M, ..., My be subspaces of V. Show that
d(M™) = d(V) = d(M),
(M5 =M,
My C My <= Mi- > M5,

(Z1gigk Mi)L - ﬂ1gigk M
(ﬂ1gigk Mi’)L - Zlgigk M ©

2A. Characterization of orthogonal projections
Let T:V — V be a linear transformation. T is said to be idempotent if T? = T.
T is said to be self-adjoint if
(Tz,y) = (z,Ty) (2.3)

for all z,y in V.

2.4 Proposition. (i) Py, is an idempotent, self-adjoint, linear transformation with
range M and null space M~. (ii) Conversely, an idempotent, self-adjoint, linear
transformation T’ mapping V into V is the orthogonal projection onto its range.

Proof. (i) holds: Write P for Py, and @ for Qps. The properties of Py are all
immediate consequences of the orthogonality of M and M~ and the uniqueness of
the decompositions

x=Px+ Qr (PreM, Qrec M%)
y=Py+Qy (Pye M, QyeM™),
to wit:

(a) P is linear, since x + y = Pz + Qx + Py + Qy implies P(x +y) = Pz + Py
and cx = cPx + cQx implies P(cz) = ¢(Px);
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(b) P is idempotent, since Px = Pz + 0 implies P?x = Puz;

(c) P is self-adjoint, since (Px,y) = (Pz,Py + Qy) = (Px,Py) = (Px +
Qz, Py) = (z, Py) for all z,y € V;

(d) M is the range of P, since on the one hand = € V implies Px € M and on
the other hand z € M implies x = Px;

(e) M+ is the null space of P, since € M+ <= = Qr <= Pz = 0.
(ii) holds: For z € V write
r=Tzr+ (v —Tx).
Since Tz € R(T), we need only show z—Tz € (R(T)) *. For this observe that for all
y € V,one has (x —Ta,Ty) = (T(x —Tx),y) = (Tx —T?z,y) = (Tx —Tz,y) = 0.

2.5 Exercise [2]. Given 0 # m € M, show that the transformation

Ly (o)
T: (m, m)

has all the properties required to characterize it as orthogonal projection onto [m]. o

2.6 Exercise [2]. Let M be a subspace of V. Show that the orthogonal linear transfor-
mation T:V — V that reflects each € M through the origin and leaves each x € M*
fixed isT=1-2Py. <o

2.7 Exercise [2]. Let T:V — V be self-adjoint. Show that

(R(T))™ = N(T) (2.8)
and deduce

R(T?) = R(T). (2.9)
[Hint: To get (2.9), first show that A/ (T?) C N(T).] o

2B. Differences of orthogonal projections

If M and N are two subspaces of V' with M C N, the subspace
N-M={zeN:zLM}=NnM* (2.10)

is called the (relative) orthogonal complement of M in N.

2.11 Exercise [2]. Let M and N be subspaces of V with M C N. Show that if the vectors
v1, ..., Vg span N, then the vectors Qurv1, ..., Qumur span N — M. <o

For self-adjoint transformations S and 1" mapping V' to V, the notation
S<T (2.12)

means (x,Sz) < (x,Tz) for all x € V.
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2.13 Proposition. Let M and N be subspaces of V. The following are equivalent:

(i) Pn — Py is an orthogonal projection,
(i) M C N,
(iii) Py < P,
(iv) ||Pyz|* > ||[Pyz|? for allz € V,
(v) Par = Py Py,
and
(vi) Py — Py = Pn_n1-
Proof. (ii) implies (i) and (vi): Suppose M C N. We will show

Py =Py + Pn_ym

so that (i) and (vi) hold. Py + Py— s is a self-adjoint, linear transformation that is
idempotent ((PM + PN—M)2 = PI%/I + Py Py—y + Py P + P]%],M =Py +0+
0+ Pn_ M); its range R is contained in N and yet R contains N because R contains
both M and N — M. According to Proposition 2.4, these properties characterize
Py + Pyn_p as Py

(i) implies (iii): Write P for Py — Pys. For all © € V one has
= (Pz,z) = (P?z,z) = (Px, Pz) = ||Pz|* > 0.

(iii) smplies (iv): For all x € V, ||Pyx||? = (Pyx, Pyz) = (¥, Pyx) > (2, Pyx) =
[Par]|?.

(iv) implies (v): For all z € V,
1P| = || Py (Para)|? + | Qn (Par) |
> || Pn(Para)l” = || Par (Par) |* = || Paree]|;
this implies Qn Pys = 0. Thus, for all z,y € V,
(y, PuQnz) = (Pny, @nz) = (QnPuy, ) =0,
so PypyQn = 0 also. Now use
Py = Py(Pn + Qn) = PuPy + PuQn

to conclude Py = Py Py

(v) implies (ii): Since Py = Pp(Pv+QN) = Py Pn+ PyQn, Py = Py Py entails
PyQn =0= Nt c M+ = M C N.

(vi) implies (i): Trivial. "
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2.14 Exercise [3]. Let p and n1,...,np be given and let V = { (zi;)1<j<n; ,1<i<p : Zij ER }
be endowed with the dot-product

((wij), (yij)) § § TijYij -
1<i<p 1<j<n;

Put
M ={(x;;) €V :for some (1, ..., Bp €ER, z;; =0; for all 4,5 } = [v1,...,vp]

and
Mo ={(zi;) € V :for some 8 € R, x;; = for all i,j}:[z oy v;),
1<:i<p

where (v;);7;+ = d;;s. Show that for each x €V,

(Pyuw)ij =2 = niz r<yam, Tid
) =E (2.15)
(Pumyx) IEEE anin _Ezijxu,
with n= %" n;, and deduce that
(Pv—mo)ij =T — T . (2.16)
[Hint: v1, ..., vp is an orthogonal basis for M.] o

2.17 Exercise [1]. Let M and N be subspaces of an inner product space V. Put L =
M N N. Show that Py Pv—r = Py Py — Pr,. o

2.18 Exercise [2]. Suppose L and M are subspaces of V. Put

K:PL(M)E{PLm:mEM}.

Show that

Py_y — Pr_g = P(V—M)—(L—K)- (2.19)
Solve this exercise twice: (1) by arguing that L — K ¢ M* (in fact, L — K = LN M™);
and (2) by arguing (independently of (1)) that ||Qa x| > ||Pr—k x| for each z € V. o

2.20 Exercise [1]. Suppose z1,...,x¢ is a basis for a subspace N of V. Let M =
[€1,...,2k] be the subspace spanned by the first k of the x;’s, where 1 < k < ¢. For
an element v of V' write

k ¢
Pyov = ix; and Pyv = bix;, 2.21
MU Zi:l a;x; and Pyv Zj:1 T (2.21)
and for j = k+1,...,¢ write
k
Pyz; = Zi:l CijTi; (2.22)
the coefficients a;, b;, and ¢; ; in these sums are of course unique. Show that fori =1,...,k

a;i = bi + Z e (2.23) ©
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2C. Sums of orthogonal projections

Two subspaces M and N of V' are said to be orthogonal (or perpendicular), written
M 1 N,if m Ln foreachm e M and n € N.

2.24 Proposition. Let P, P,, ..., Pr be orthogonal projections onto My, My,
, My, respectively. Set P = Py + P> + --- + Pi. The following are equivalent:

(i) P is an orthogonal projection,
(ii) PP; =0 for all i # j,
(iii) the M;’s are mutually orthogonal,
and

(iv) P is orthogonal projection onto ) . M;.

Proof. (i) implies (ii): For each x € V, one has

||| > ||Pz|? = (Px, ) Z Pz, x) Z (P, ) Z | Pix||?.

Taking x = P;y gives
1Psyll* = 1 Pyyl* + Z 1P: Pyl |*.
As y € V is arbitrary, we get P;P; = 0 for i # j.

(ii) implies (iil): P,P; =0 = M; C M;* = M, 1 M;.

(iii) smplies (i), (iv): For any two orthogonal subspaces K and L of V, part (vi) of
Proposition 2.13 gives Pk = Px + Pr. By induction,

P:ZiPi:PziMi.

(iv) emplies (i): Trivial. "

The most important thing here is that (iii) implies (iv): Given mutually orthog-
onal subspaces My, ..., My,

Notice how this generalizes (1.14).

2.26 Exercise [3]. Let I and J be positive integers and let the space V' of I x J matrices

B N B

(@) (ig)) = Y D @i
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Let Mg be the subspace of row-wise constant matrices (zi; = x;;/, for all ¢, j,j"), Mc the
subspace of column-wise constant matrices (z;; = z;/;, for all 4,7’, j), and Mg the subspace
of constant matrices (x;; = x;/;s, for all 7,4’,4,5"). Show that

(Parp)iy = Ti. = % > (2.278)
(Pro )iy =Ty = % Z ij s (2.27¢)
(Prgz)ij = 2. = % Z] Ti; (2.27¢)
for each z € V. Show further that
Mg + (Mr — M¢) + (Mc — M)
is an orthogonal decomposition of
M = Mg + Mc
and deduce that
(Pyx)ij =%i+ %5 —T... (2.28)
[Hint: The I x J matrices r1,...,r; defined by (r;);j; = ¢;;7 are an orthogonal basis
for Mg.] o

2D. Products of orthogonal projections

Two subspaces M and N of V are said to be book orthogonal, written M 1 g N, if
(M—L)L(N-L)with L=MnNN. The imagery is that of two consecutive pages
of a book that has been opened in such a way that the pages are at right angles
to one another. Note that M Lg N if M L N, orif M € N,orif M D N. In
particular, V' and the trivial subspace 0 are each book orthogonal to every subspace
of V.

2.29 Proposition. Let M and N be two subspaces of V. The following are equiv-
alent:

(i) Py Py is an orthogonal projection,
(ii) Py and Py commute,
(ifi) M Lg N,
and
(iv) Py Py = Py = PyPy with L= M N.
Proof. (iv) implies (i): Trivial.

(i) 9mplies (ii): Given that Py, Py is an orthogonal projection, one has
(PyvPyz,y) = (x, Py Pyy) = (Puz, Pny) = (Py P, y)

for all x,y € V, so Pyy Py = Py Py
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(ii) implies (iv): Set P = Pp;Py. Using (ii), we have that P is linear, self-adjoint,
and idempotent (P? = Py Pnx Py Py = P3P% = Py Py = P); moreover, R(P) =
L, so P = P;, by Proposition 2.4.

(iv) is equivalent to (iii): On the one hand, (iv) means Py Py — P, = 0 and
on the other hand, (iii) is equivalent to Pp_rPn_r = 0 (use (ii) <= (iii) in
Proposition 2.24). That (iii) and (iv) are equivalent follows from the identity
Py Pnv_1, = Py Py — Py, of Exercise 2.17. ]

2.30 Exercise [1]. Show that the subspaces Mr and Mc¢ of Exercise 2.26 are book
orthogonal. o

2.31 Exercise [1]. In V = R?, let = (1,0,0)”, y = (0,1,0)”, and z = (0,0,1)”. Put
L=[z+y], M =[z,y], and N = [y, z]. Show that L C M and M Lp N, but it is not the

case that L L g N. o
2.32 Exercise [2]. Suppose that Li, ..., Ly are mutually orthogonal subspaces of V.
Show that the subspaces
My = L; 2.33
s=> L (2.33)
of V with J C {1,2,...,k} are mutually book orthogonal. o
2.34 Exercise [2]. Show that if M and N are book orthogonal subspaces of V', then so
are M and N1, and so are M+ and N*. o
2.35 Exercise [2]. Suppose that M, ..., M} are mutually book orthogonal subspaces
of V. Show that H1<J<k Puy; is orthogonal prOJectlon onto ﬂl<J<k M; and H1<J<k Qu;
is orthogonal projection onto (21<J<k M; ) . o
2.36 Exercise [2]. Show that if My, ..., M) are mutually book orthogonal subspaces

of V', then so are the subspaces of V' of the form ﬂjEJ M;, where J C {1,2,...,k}. o

2.37 Exercise [3]. Prove the following converse to Exercise 2.32: If Mi, ..., M, are
mutually book orthogonal subspaces of V', then there exist mutually orthogonal subspaces
Ly, ..., Li of V such that each M,, can be written in the form (2.33).

[Hint: Multiply the identity Iv =[], _,., (Pm, + Qu,) by Pur,, after expanding out the
product.] o

m

2.38 Exercise [4]. Let M and N be arbitrary subspaces of V and put L = M NN. Let the
successive products Pur, Pn Pary, Pa Py Pary, Py Par P Py, - .. of Py and Py in alternating
order be denoted by Ti, T, Ts, T4, ... . Show that for each x € V,

Tijx — Ppx as j — oo.

[Hint: First observe that T; — Py, is the j-fold product of Py—1, and Py_1 in alternating
order and then make use of Exercise 1.24.] o
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2E. An algebraic form of Cochran’s theorem
We begin with an elementary lemma:

2.39 Lemma. Suppose M, My, Ms, ..., My are subspaces of V with M = My +
My + - - - + My. The following are equivalent:

(i) every vector x € M has a unique representation of the form

J}:E X
i=1""

with x; € M; for each 1,
(i) for 1 <i <k, M; and ), ; M; are disjoint,

(iii) d(M) = ZLI d(M;) (d = dimension).

Proof. (i) is equivalent to (ii): Each of (i) and (ii) is easily seen to be equivalent
to the following property:

k
g = 0 with z; € M, for each i implies z; = 0 for each 3.
1=

(ii) is equivalent to (iii): The identity
d(K+L)=d(K)+d(L)—d(KnNL),
holding for arbitrary subspaces K and L of V', gives
d(Mi+ (Y2 M) =) +d(Y] M) —d(Min (Y2 M)

for 1 <14 < k. Combining these relations, we find

j>i

k—1

d(M) = d(Z:f:1 M;) = ijl d(M;) — Zi:l d(Mi N (ij' Mj))-

So d(M) = Y25, d(M;) if and only if d(M; N (3., M;)) =0 for 1 <i < k. .

When the equivalent conditions of the lemma are met, one says that M is the
direct sum of the M;’s, written M = @%_; M;. The sum M of mutually orthogonal
subspaces M; is necessarily direct, and in this situation one says that the M;’s form
an orthogonal decomposition of M.

We are now ready for the following result, which forms the algebraic basis for
Cochran’s theorem (see Section 3.9) on the distribution of quadratic forms in nor-
mally distributed random variables. There is evidently considerable overlap between
the result here and Proposition 2.24. Note though that here it is the sum of the
operators involved that is assumed at the outset to be an orthogonal projection,
whereas in Proposition 2.24 it is the individual summands that are postulated to be
orthogonal projections.
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2.40 Proposition (Algebraic form of Cochran’s theorem). Let Ti,...,T} be
self-adjoint, linear transformations of V' into V' and suppose that

P= Z1gi§k T

is an orthogonal projection. Put M; = R(T;), 1 < i < k, and M = R(P). The
following are equivalent:

(i) each T; is idempotent,
(ii) T;T; = 0 for i # j,
(i) 32 d(M;) = d(M),
and

(iv) My,..., My form an orthogonal decomposition of M.

Proof. We treat the case where P is the identity transformation I on V', leaving
the general case to the reader as an exercise.

(i) implies (iv): Each T; is an orthogonal projection by (i) and ), T; an orthogonal
projection by the umbrella assumption ) |, T; = I. Proposition 2.24 says that ) . T}
is orthogonal projection onto the orthogonal direct sum @;M;. But ) . T; = I is
trivially orthogonal projection onto V. Thus the M;’s form an orthogonal decom-
position of V.

(iv) implies (iii): Trivial.

(iii) smplies (ii): For any x € V,

x=1Ix= ZiTix,

soV = Zle M;. Taking x = Ty and using Lemma 2.39 with M =V, we get
TiTjy=0 fori=1,...,5—-1j+1,...,k

(as well as Ty = Tfy—but we do not need this now). Since j and y are arbitrary,

T;T; = 0 for ¢ # j.

(i) 9mplies (i): One has, using (ii),

T; _Ti2 = Tl(I_E) = E(ZJ?QZT’]) = Zj_-,,gi TlT’] =0

for all <. "

2.41 Exercise [3]. Prove Proposition 2.40 for the general orthogonal projection P.

[Hint: The case of general P can be reduced to the case P = I, which was treated in the
preceding proof, by introducing Tp = Q. Specifically, let the conditions (i'), ..., (iv’)
be defined like (i), ..., (iv), but with the indices ranging from 0 to k instead of from 1
to k, and with M replaced by V. The idea is to show that condition (¢) is equivalent to
condition (¢), for ¢ =1, ..., iv. In arguing that (ii) implies (ii’), make use of Exercise 2.7.]¢
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2.42 Exercise [3]. In the context of R", suppose I = Ty + T» with T1 being the transfor-
mation having the matrix

1/n 1/n ... 1/n

1/n 1/n ... 1/n
(k) =1 . ; ;

1/'n 1/.n 1/'n

with respect to the usual coordinate basis, so that

(T2 ()], = Zlggn tij

for 1 <1i < n. In regard to Proposition 2.40, show that 77 and T5 are self-adjoint and that
some one (and therefore all) of conditions (i)—(iv) is satisfied. o

2.43 Exercise [2]. In the context of R?, let Ty and T be the transformations having the

matrices
0 1 1 -1
[Th] = <1 0> and [T] = <_1 1)

with respect to the usual coordinate basis. Show that even though 7% and T: are self-
adjoint and sum to the identity, some one (and therefore each) of conditions (i)—(iv) of
Proposition 2.40 is not satisfied. o

3. Tjur’s theorem

Let V' be an inner product space. A finite collection £ of distinct subspaces of V'
such that

(T1) L1, Lo € £ implies L; and Ly are book orthogonal,
(T2) Ly, Ly € £ implies Ly N Ly € £, and (3.1)
(T3) VecrL

is called a Tjur system (after the Danish statistician Tue Tjur). For example, the
subspaces V, M, and M, of Exercise 2.14 constitute a Tjur system, as do the
subspaces V, Mg, M¢, and Mg of Exercise 2.26. Since intersections of mutually
book orthogonal spaces are themselves mutually book orthogonal (see Exercise 2.36),
any finite collection of mutually book orthogonal subspaces of V' can be augmented
to a Tjur system.

The elements of a Tjur system L are partially ordered by inclusion. For L € L
we write K < L to mean that K € £ and K is a subset of L, and we write K < L to
mean that K < L and K # L. This notation is used in the following key theorem,
which shows that the elements of £ can be represented neatly and simply in terms
of an explicit orthogonal decomposition of V.

3.2 Theorem (Tjur’s theorem). Let L be a Tjur system of subspaces of V. For
each L € L, put

L°=1L— ZK<L K. (3.3)
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Then

(i) the subspaces L° for L € L are mutually orthogonal,

(i) V=>re L%
(iif) for each L € L, one has L =} ;o K°.

Moreover, the L°’s are uniquely determined by these conditions.

Proof. (i) and (iii) imply (3.3): Suppose that {L* : L € L} is a collection of
mutually orthogonal subspaces of V' such that L = ", ., K* for each L € L; we
claim L* = L° for each L. For this note that L* + (Y., K*) is an orthogonal
decomposition of L, so

L'=L-(),,  ,K)=L-(> K =L"

(3.3) implies (i)—(iii): We first use induction to show that

L= ZKSL K° (3.4)

for each L € £. Condition (T2) implies that £ has a smallest element, say Lo; (3.4)
holds for Lg because L§ = Lg. Suppose now

K= ZJSK J° forall K € £ with K < L. (3.5)

Then
L=L°+ ZK<L K (by the definition (3.3) of L°)
=L°+ ZK<L(ZJ§K J°) (by the induction hypothesis (3.5))

=1°+ ZKL J° = ZKSL K°,

0 (3.4) holds for L. Claim (iii) now follows from Exercise 3.7 below, and (ii) holds
because V € L by (T3).

To complete the proof we show that (i) holds. Let Ly, Ly € L; we have to show
that

Lo 1 LS. (3.6)

By (T2), L = Ly N Ly € L. There are three cases to consider: (1) L < Ly and
L <Ly (2) L=1Ly;and (3) L= Ly. Incase (1), LY C Ly — L and L3 C Ly — L, so
(3.6) holds because L; and Lo are book orthogonal by (T1). In case (2), L1 < Lo,
s0 (3.6) holds because L C Ly and L§ C Ly — Ly. Case (3) is like case (2). "
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3.7 Exercise (The principle of induction for a partially ordered set) [4]. Let I be a finite
set and let < be a partial order on I:

1<i foralliel, (3.81)
1<jand j <k implies i<k, (3.82)
i<jandj<i implies i=j. (3.85)

For 4,5 € I, write ¢ < j to mean i < j and ¢ # j. Say that an element j of I is minimal
if there does not exist an 7 € I such that ¢ < j. For each i € I, let S(i) be a statement
involving i. Prove the principle of induction for I. If S(i) is valid for each minimal
element 4, and if for each nonminimal element j, S(j) is valid whenever S(¢) is valid for all
1 < j, then S(j) is valid for all j € I.

[Hint: If ¢ < j and j < k, then ¢, j, and k must be distinct elements of I.] o

3.9 Exercise [2]. Show that the subspace L° defined by (3.3) can be written as L N

(mK<L(L_K))'

[Hint: See Exercise 2.2.] o

3.10 Exercise [2]. Show by example that the conclusion (i) of Tjur’s theorem would not
follow if condition (T2) were dropped from (3.1). o

3.11 Exercise [1]. Use Tjur’s Theorem to solve Exercise 2.37. o

Tjur’s theorem states in part that ), . L° is an orthogonal decomposition

of V. In applications one needs to know how to project onto the subspaces L°, what
dimensions these subspaces have, and how long the components Pr.v of a vector
v € V are. This information is readily obtained from corresponding information
about the original spaces L € L. Indeed, conclusion (iii) in Tjur’s theorem implies
that

Py = ZKSL Pgo for L € L. (3.12)
These equations can be solved recursively for the Pro’s, working upward from the

minimal element Ly of £ to the maximal element V:

3.13
PLo :PL_ZK<LPKO fOI‘L>L0. ( )

Similarly, the dimensions of the L° spaces can be found by solving the equations
d(L) = ZKSL d(K°), LecL, (3.14)
and for v € V the squared lengths
(2, = (2.0 = || Pprov|? (3.15)
can be found from the corresponding squared lengths

2 =6 0) = | Pof? (3.16)
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by solving the equations

02 = ZKSL (3., LeL. (3.17)

In specific situations the computations are facilitated by referring to a structure
diagram, which displays the ordering of the elements of £. The following example
illustrates the method.

3.18 Example. Consider the Tjur system {V, Mg, Mo, M} of Exercise 2.26. For
notational simplicity write R for Mg, C for Mo, and G for Mg. The structure
diagram is

R/V\C
N

A line between two elements of £ indicates that the lower subspace is included in the
upper one. No line needs to be drawn for the inclusion G C V, since that relation
is readily inferred from the diagram as it stands.

Formulas for the projections Py, were given in Exercise 2.26 (see (2.27)). To
calculate the Pro’s from the Pp’s using (3.13), begin by superscripting each L in the
structure diagram by Pp. Then, working upward from the bottom of the diagram,
subscript each L by Pro, calculated as the difference between the corresponding
superscript and the sum of all subscripts for spaces K strictly below L (that is,
for all K such that K < L). For example, the subscript on V is calculated as
Py — (Pro 4+ Pcoo + Pgo). The result is

VI:;/*PR —Pc+Pg
P P
RPII:_PG CPg —Pg
P
Gpl
The method of su}“scripts can also be used to organize the computation of

the d(L°)’s and ¢2.’s. For example, since d(V) = IJ, d(R) = I, d(C) = J, and
d(G) = 1, the annotated structure diagram for the calculation of the d(L°)’s is

‘/IIJJ7]7J+1
RN
Ri_ Cja

NS
Gl

1
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The analysis of variance table for a Tjur system L lists for each L € L the
quantities L°, d(L°), and £2, = || Pr.v||?> appearing in the decompositions

V=3l B AV =3, A, P =30, )

Following conventional statistical practice, rows for smaller L’s (used in building
simpler models) appear above rows for larger L’s (used in building more complicated
models). The analysis of variance table for the Tjur system in the preceding Example
is given in Table 3.19.

3.19 Table. Analysis of variance table for the Tjur system {V, R,C,G} of Example 3.18.

The quantities £7 = ||Prv||? appearing in the “squared length” column are given by
2 2 2 2 2 2 2 2
EV:ZUUM, gR:JZi’Ui., EC :IZ]_U.]‘, eG:IJ’U
Label Subspace Dimension Squared length
G G° =G 1 E =1J72
R R°=R-G I-1 0f — 08 =J> (v —v.)°
C c°=C-@G J—-1 E%—Eézlzj(ﬁj—ﬁ..)Q

02 — 03 — 0% 4 02
= Zij (’Uij — ;. — V., + 17..)2
Sum Vv 1J 2 = y vfj

1% Vo=V —-(R+C+G) | IJ-T1-J+1

3.20 Exercise [2]. Verify the entries in the “squared lengths” column of Table 3.19. To
get the expressions to the left of the = signs, use the method of sup“scripts. To get
the expressions to the right of the = signs, use the formulas for the Pro’s derived in

Example 3.18. o

3.21 Exercise [2|. Draw the structure diagram for the Tjur system {V, M, My} of Ex-

ercise 2.14, and use the method of su}“scripts to construct the corresponding analysis of

variance table. o

3.22 Exercise (The Mdébius inversion formula) [4]. As in Exercise 3.7, let < be a partial
order on a finite set I. (1) The Mdbius function of (I,<) is the matrix u = (Wik)ier,ker
such that u;x = 0 for i € k and such that

E:j¢<KkMU::&k for i < k (3.23)

or, equivalently,

Zj:KNf ik = 0 for i < k. (3.24)
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Prove that such a matrix p exists and is inverse to the matrix ¢ = ((ik)ier,ker with

1, ifi<k,
Cik =

0, otherwise;

¢ is called the zeta function of (I,<). (2) Prove of functions f and g mapping I into some
vector space W that

9(j) = Zig fi) foralljel (3.25)

if and only if
f(5) = g ;g for j € I 2
(J) i< g(i)pi; for j € (3.26)

this result is called the Mdébius inversion formula.
[Hint: For each fixed i € I, equation (3.23) can be solved recursively for p;, with ¢ < k.Jo

3.27 Exercise [3]. Recall that the elements of a Tjur system L of subspaces of V are
partially ordered by inclusion (<). Let p be the Mébius function for (£,<). Use the
Mobius inversion formula from the preceding exercise to show that

Pro = ZPK/LKL, d(LO) = Zd(K)uKL, é%o = Zf?{/u{[, (3.28)

for all L € £, the summations in each case extending over K < L or even over all K € L.
Check (3.28) against the entries in Table 3.19. o

As Example 3.18 suggests, Tjur systems arise naturally in the theory of the
design of experiments. The rest of this section elaborates on this idea. In particu-
lar, we will see how the notions of book orthogonality, intersection, and inclusion of
subspaces correspond to certain simple relationships among the levels of the treat-
ments assigned to the experimental units.

The design of an experiment often calls for the available experimental units
(for example, plots of land) to be divided into groups, with each unit in a group
receiving the same level of some experimental treatment (for example, type of seed).
To abstract this idea, let X be a finite set whose elements are called experimental
units. A (treatment) factor F' is a partition of X into nonempty disjoint subsets
called blocks, or levels, of F'. The factor U whose blocks are single units is called the
units factor, while the factor T" having only one block is called the trivial factor.

For a subset f of X put

| f| = cardinality(f), (3.29)

the number of experimental units in f. A factor F is said to be balanced if each of
its levels is assigned the same number of units, that is, if

|f] =gl for all blocks f and g of F. (3.30)

For example, if X = {(i,j) : 1 <i < I, 1 <j < J}, then the row factor R with
blocks 7, = {(i,7) : 1 < j < J}for 1 <i<ITisbalanced because |r;| = J for each i.
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If F'is a factor and x and y are experimental units, the notation
T~pY (3.31)

means that ¢ and y are assigned the same level of F', that is, belong to the same
block of F. The relation ~p is an equivalence relation:

x ~px foreach z € X, (3.321)
x~pFy implies y~px, (3.323)
r~pyand y~p 2z implies x ~p z. (3.323)

Conversely, if ~ is an arbitrary equivalence relation on X, then its equivalence classes
constitute a factor. The correspondence between factors and equivalence relations
is one-to-one.

Let F' and G be factors. One says F' is nested in GG if each block of GG is a union
of blocks of F' or, equivalently, if

for z,y € X, x ~p y implies  ~g y; (3.33)

this situation is written as

G<F (3.34)

because it implies that F' has at least as many levels as G. The units factor U is
nested in each factor, and each factor is nested in the trivial factor T'. The relation
< is a partial order on the set of factors of X:

F < F for all factors F, (3.351)
H<Gand G<F implies H<F, (3.350)
G<Fand F<G implies F=0G. (3.353)

Interesting factors can be built up from given ones by means of their equivalence
relations. For example, suppose F' and G are factors. Write

T~y (3.36)

for x,y € X to mean x ~p y and = ~g y. ~« is an equivalence relation; the factor
F x G whose blocks are the ~-equivalence classes is called the cross-classification
induced by F' and G. It turns out that F' x GG is the least upper bound of F' and G
with respect to the “nested in” ordering, so F' X (G is also called the mazimum of F
and G and written as F'V G.

3.37 Exercise [2]. Let F' and G be factors. Show that F' x G is indeed the least upper
bound of F' and G with respect to the ordering (3.34):

F<FxG and G<FxG, (3.381)
F<Hand G<H implies FxG<H. (3.382) ¢
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Let again F' and G be factors. Write

T oA Y (3.39)
for x,y € X to mean that there exists a finite sequence zg, ..., z; of experimental
units such that

zo=x and zp =1y (3.401)
and
zj_1~pz; andfor zj_q~gz; forl<j<k. (3.409)

Loosely speaking, x ~, y if it is possible to move from z to y through X in a finite
number of steps, each of which takes place within a block of F' (an F-step) or a
block of G (a G-step); an efficient move would alternate F-steps with G-steps, but
this is not required. ~, is an equivalence relation; the factor whose blocks are the
~a-equivalence classes turns out to be the greatest lower bound of F' and G, and
so it is called the minimum of F and G and written as F' A G.

3.41 Exercise [3]. Let F' and G be factors. Verify that the relation ~, is indeed an
equivalence relation and that the factor F' A G is the greatest lower bound of F' and G:

FAGLF and FAG<KG, (3.421)
H<Fand H<G implies H<FAG. (3.422) ©

3.43 Example. Suppose X = {1,2,3,4,5,6,7,8,9} and the experimental units are
allocated to the 3 levels rq, ro, and r3 of a row factor R and the 3 levels ¢, ¢o, and
c3 of a column factor C as indicated below.

Columns
Rows c1 C2 C3
T1 1 ,2 3
T2 4,5 6 9
T3 7,8

For example, units 1, 2, and 3 are assigned to level r; of R, and units 3 and 6 are
assigned to level ¢z of C. The blocks of R x C are {1,2}, {3}, {4,5}, {6}, {7,8}, and
{9}. R A C is the trivial factor because each unit can be reached from each other
unit by a succession of row and column steps. If the last experimental unit 9 were
to be removed from X, then R A C would have 2 blocks, {1,2,3,4,5,6} and {7,8}.e

3.44 Exercise [4]. Let Fi,..., F} be factors such that f1 N ---N fi, # 0 for all f1 € Fi,
., fx € Fy. For subsets J of K = {1,...,k}, let

Fy = HjeJ Fj (3.45)
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denote the cross-classification induced by factors F; with j € J — x ~p, y if and only if
x ~p; y for all j € J. (Take Fyp to be trivial factor T'.) Show that

F;, NFry, = Fring, (3.46)

for all subsets J; and Jo of K.
[Hint First do the case where k = 3, J1 = {1,2}, and J2 = {2, 3}/] o

Now let V' be the vector space of real-valued functions on X. For each subset f
of X, let Iy € V be the indicator function of f:

1, ifzef,
no={, | (3.47)
0, ifxé¢f.
For each factor F, let
Lp=[I;:feF|={veV: :x~pyimplies v(z) =v(y) } (3.48)

be the subspace of V' consisting of functions that are constant on each block of F.
Note that Lz has dimension

d(Lp) = |F|, the number of blocks of F'. (3.49)
3.50 Proposition. Let F' and G be factors. Then

G <F ifandonlyif LgC Lp (3.51)
and
Lppng =LprpNLg. (3.52)

Proof. G < F implies Lg C Lp: G < F means that each block of G is a union of
blocks of F', so constancy on blocks of G trivially implies constancy on blocks of F'.

Lg C Ly implies G < F: Suppose Lg C Lp. Let g be a block of G and f be a
block of F such that fNg # 0. We have to show that f C g. For this, note that the
function I, € Lg C L has the value 1 at some point of f and so is identically 1
on f.

Lrng € Lp N Lg: This follows from (3.51) applied to FAG < F and FAG < G.

LrNLg C Lpag: Suppose v € V is constant over blocks of both F' and G. We
have to show v is constant over blocks of F' A G. For this, suppose x,y € X with
x ~ppac Y. Choose 2y, ..., zj satisfying (3.40). Then v(z;_1) = v(z;) for each j, so
v(z) = v(20) = v(2k) = v(y). u

Now let V be endowed with the dot-product

(u,v) = Zmex u(z)v(z). (3.53)
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Let Pr denote orthogonal projection onto Lp. Since the functions Iy for f € F are
an orthogonal basis for Lg, we have

Prv = ZfeF vply, (3.54)

where

0] x); (3.55)
I <IfaIf il ZwEF

in other words, the value of Prv at an experimental unit y is the average value
of v € V over all units x that are in the same block of F' as y. In situations where
the symbol v is adorned with subscripts and/or superscripts, we will sometimes
write Af(v) in place of vy. Note that

07, (v) = ||Ppo|* = erx((PFU)(x))Q _ ZfEF f| 17]% = SSr, (3.56)

where the symbol S5 denotes sum of squares.

Two factors F' and G are said be orthogonal if Lr and Lg are book orthogonal.
By Proposition 2.29, this is equivalent to PrPg = PgPr, and also to PrPg =
Pr,.nLe- In view of (3.52), this last condition is the same as PrPg = Ppag. The
following proposition gives a useful characterization of orthogonality in terms of the
sizes of the blocks of F', G, and F A G. If f and h are subsets of X, say that f is
nested in h if f is a subset of h.

3.57 Proposition. The factors F' and G are orthogonal if and only if

lfngl |f| lgl
|hl !hl ||

(3.58)

for all blocks f € F', g € G, and h € H = F N\ G such that f and g are nested in h.

Proof. The functions §, = Iy, v € X, form a basis for V, so F' and G are
orthogonal if and only if (8, Prd,) = (65, PrPgdy), and hence if and only if

(62, Pri6y) = (Ppdy, Pgd,) (3.59)

for all z,y € X. The left- and right-hand sides of (3.59) are 0 unless x and y both
belong to the same block h of H, in which case the left-hand side is

(60,3 ARG = An(6,) = 1/Ih
and the right-hand is

_Ingl

where f is the block of F' containing x and g is the block of G containing y; neces-
sarily, f C h and g C h. "



SECTION 3. TJUR’S THEOREM 31

3.60 Exercise [2]. Show of factors F' and G that G < F implies that F and G are
orthogonal. Solve this exercise twice, once using (3.51) and once using (3.58). o

The following exercise gives a convenient reformulation of the orthogonality
criterion (3.58).

3.61 Exercise [3]. Let F' and G be factors. Show that F' and G are orthogonal if and
only if:

For each level h of H = F' A G and levels g1 and g2 of G nested in h, there
exists a constant ¢ = c¢(h, g1, 92) such that |f N g1| = ¢|f N gz| for all levels f  (3.62)
of F nested in h,

this being the so-called condition of proportional cell counts. o

3.63 Exercise [2]. Each of the four tables below gives the number of experimental units
to be allocated to the cells of a 3 x 3 rectangular array. In which cases is the implied row
factor R orthogonal to the implied column factor C?

Table 1 Table 2 Table 3 Table 4
1 3 3 3 2 1 0 2 1 0
2 2 2 2 1 1 2 1 0

1 1 1 0 0 2 0 0 2 o

3.64 Exercise [2]. Consider a 2 x 2 x 2 design having a row factor R with levels r; and r2,
a column factor C' with levels ¢; and c2, and a height factor H with levels hy and ho.
Suppose the 10 experimental units are allocated in such a way that

2’ if (i’ j’ k) = (17 17 2) or (272’2)’

riNec; Nhg| =
| ’ ¢l { 1, otherwise.

Show that R1 Hand C L H,but (RxC) L H.Is(RAC) L H? o
A Tjur design D is a collection of distinct factors such that

(D1) F,G € D implies F' and G are orthogonal,
(D2) F,G € D implies FFAG € D, and (3.65)
(D3) the units factor U is in D.

The subspaces Lp for F' in a Tjur design D constitute a Tjur system L; indeed,
(D1) trivially implies (T1), (D2) implies (T2) by (3.52), and (D3) implies (T3) since
Ly = V. Moreover, by (3.51), the ordering of the factors F' € D corresponds to
the ordering of the Lr’s. The quantities Py, = Pr, d(Lr), and SSr = || Prv|?
are easily obtained from (3.54), (3.49), and (3.56), respectively, and the analysis of
variance table can be written down more or less at sight using a factor structure

diagram and the method of suf“scripts.

3.66 Exercise (A split-plot design) [4]. Suppose that 5 treatments a1, ..., as are applied
to 15 plots, each treatment being applied to 3 plots. Each plot is subdivided into 2 subplots
to which 2 further treatments b1, b2 are applied, 1 treatment to each subplot. The relevant
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factors are: the units factor U (for subplots) with 30 levels; a “plot” factor P with 15 levels,
an “a-treatment” factor A with 5 levels, a “b-treatment” factor B with 2 levels, a “combined
treatment” factor A x B with 10 levels, and the trivial factor T" with 1 level. Using the
following template of e’s to represent the 30 subplots, show one way of assigning the
experimental units to these factors:

Verify that {U, P, A, B, A x B, T} is a Tjur design with the factor structure diagram

N

e
N/

and use the method of su}“scripts to compute the corresponding analysis of variance

table. o

4. Self-adjoint transformations and the spectral theorem
Recall that a linear transformation 7:V — V such that

(Tz,y) = (x,Ty) forallz,yeV (4.1)

is said to be self-adjoint. In this section we are going to study the geometry of
self-adjoint transformations.

A few words are in order about one reason why self-adjoint transformations
are of special interest in the study of the GLM. Consider the canonical example
(V,{-,+)) = (R™,dot product). Suppose Y"*! = (Y;)1<i<,, is a random vector in R"
with dispersion matrix X"*" = (0;)1<i<n,1<j<n:

0ij = COV(Y;,Y})

The covariance between any two linear combinations Y, ¢;¥; = ¢'Y and ) ;4;Y; =
d"Y of the Y’s is given by

1 1 - ooods = el
Cov(c'Y,d" Y) = E y cioijd; = ¢ Xd.
The probabilistic identity

Cov(c'Y,dTY) = Cov(d"Y,c"Y)
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implies the algebraic identity
(¢,2d)=c"2d=d"Sc=(Zc,d).
This says that the linear transformation
Ts:x — Xx
is self-adjoint. Notice also that
(Tsx,x) = (Zx,z) = 2’ Xz = Var(z”Y).

Thus variance/covariance structures are intimately related to self-adjoint transfor-
mations.
4.2 Exercise [2]. Let T:V — V be a linear transformation and let A = (a;;) be the
matrix of T" with respect to a given orthonormal basis b1, ...,b, for V, so that

Tby = Z_aikbi for 1 <k <n.
Show that

a;k = (bj, Tb)

for all 7,k and conclude that T is self-adjoint if and only if A is symmetric. o

We have seen that any orthogonal projection is self-adjoint. And, of course, the
action of an orthogonal projection is geometrically obvious: Py leaves each x € M
fixed, kills each y € M=, and maps the general V vector z = 2 +y with € M and
y € M+ into Pyrz = Pyrx + Pyy. More generally, if

V=M 4+ + M,

is a decomposition of V' into mutually orthogonal subspaces and if Ay,..., Ay are
any scalars, then

T = Zlggk i P, (4.3)

is self-adjoint, being a linear combination of self-adjoint transformations. Again the
action of such a T is geometrically clear: Since

T(Zlgigk I,) = Zlgigk Nz, forx, e M;, 1<i<k,
T just dilates (or contracts) by a factor of \; within M;, 1 < i < k. The remarkable
thing is that (4.3) describes the most general self-adjoint transformation on V:

4.4 Theorem (Spectral theorem). Suppose T:V — V is linear and self-adjoint.
Then there exists an orthogonal decomposition V = G}leMi of V' into nontrivial
subspaces M; and distinct scalars \; such that

T = Z@Sk NPy, . (4.5)
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Suppose T is self-adjoint and therefore of the form (4.5). One can characterize
the A\;’s and M;’s in terms of the eigenvalues and eigenvectors of 1. Recall that
for any linear transformation S:V — V', A is called an eigenvalue of S if there is a
nonzero eigenvector x € V such that

Sz = A\x; (4.6)

the subspace of all z € V such that (4.6) holds is called the eigenmanifold of A,
denoted FE). From what was said earlier about the geometric action of T, it is
clear that the \A;’s are precisely the distinct eigenvalues of T" and the M;’s are the
corresponding eigenspaces. Also, for any = € V,

Qr(z) = (Tz,z) = <Zi N, Zj ;) = Zi il 12, (4.7)

where x; = Py, for 1 <i < k. (The @ in Qr stands for “quadratic form,”) For x
of unit length, that is, for
— 2 — 12
1= ol = 3, el

Qr(z) is thus a weighted average of the \;’s. This observation leads to the following
extremal characterization of the A;’s. Assuming the \;’s to be indexed in decreasing
order, so that Ay > Ay > --- > A, one has

A =sup{ Qr(z) : [lz] =1}

A2 = sup{ Qr(z) : ||z =1, = L By, } (4.8)

A = sup{ Qr(x) : |zl =1, = L (Ex, +---+ Ex. )}

Proof of the Spectral theorem. Let T be self-adjoint and linear. We are going
to produce the representation (4.5) using (4.8) to define the A;’s. To begin, consider

A =sup{Qr(z):z € B},

where
B={zeV:|z|=1}
Since with respect to the distance function
d(z,y) = [ly — ||
the closed bounded set B is compact (see Exercise 1.23) and the mapping
x— Qr(z) = (Tx,z)

is continuous, and since continuous functions on compact sets achieve their suprema,
there exists an x € B such that

QT(CC) = )\1.
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We claim that such an z is an eigenvector of T" with eigenvalue A\, that is,

Tr = M\zx.
Notice that
T
Mz = (Tr,x)r = <<;:’;;> x = Py (Tx)
So if
Tx # Mz,

then the residual vector
r="Tzr— P[x] (Tl’)
is nonzero, and the idea is to produce a contradiction by perturbing x in the direction
r so as to produce a vector y € B such that Qr(y) > Qr(z). Specifically for real §
set
x4+ or

= ——€B
[l + or |

Ys

and note that

Qr(ys) = (Tys, ys)

Tz +0Tr,x +6r)
||z 4 dr||?

B (Tx,x) + 5(<T7“,x> + <T:U,'r)) +6%(Tr,r)
|z + dr]?

2
= (T, 2) +20(Tw,r) + 07T 1) (T is self-adjoint)
|z + or||?

(Tz,x) + 25||7“H2 + §2 (T'r,r)
- [l + 822 (r=QuTe L ).

Since ||7|| # 0 by supposition, Qr(ys) > (Tx,z)/||z||*> = Q7(x) for sufficiently small
positive 4.

This shows that A; is an eigenvalue of T'. Let M; be the associated eigenspace.
If My =V, then T'= \; Py, and we are done. Otherwise note that for x € M; and
y € Mj-,

<33,Ty> = <Tl‘,y> = )\1<l‘,y> =0,

so T maps Mji- into itself. Applying the preceding argument to the restriction T}
of T to Mji- we find that

Ao =sup{ Qn, (z) = Qr(x):x € Band z L M; }
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is an eigenvalue of 77 (and therefore of T') with some nontrivial eigenspace My C
MlL If My, = Mli, we have T' = A\ Py, + Ao Py, and are done. Otherwise we
recursively define \; and M; for i = 3,... by

Xi=sup{Qr(z):z € Band o L (My+---+ M;_1)}
M; = eigenspace of \; for T restricted to (M; + --- + Mi_l)l,

stopping the process with the first index & such that >, ., ., M; is V; such a k exists
because each new eigenspace adds at least one dimension to the sum. We then have

T= Z1§i§k Ai Py, - n

4.9 Exercise [3]. Find the spectral representation (4.5) of the transformation 7: R" — R"
corresponding to the matrix

a b b b

b a b b

b b b

b b b - a/ . <
4.10 Exercise [2]. Use the Spectral theorem to solve Exercise 2.7. o

4.11 Exercise [3]. Use the Spectral theorem to show that if A™*" is a symmetric matrix,
then there exists an orthogonal matrix O™ *" such that D = OTAQ is diagonal. o

4.12 Exercise [3]. Suppose T:V — V is linear self-adjoint and positive semi-definite
((v,Tv) > 0 for all v € V). Show that there exists a unique linear self-adjoint positive
semi-definite transformation S: V' — V such that 7' = S?. (S is called the (positive) square
root of T; one writes S = /T.) o

5. Representation of linear and bilinear functionals
For fixed v € V, the mapping
x— (z,v) (xeV)
is a linear functional on V, that is, a linear transformation from V to R. The
following result says every linear functional on V is of this form.

5.1 Proposition (Representation theorem for linear functionals). If) is a
linear functional on V', then there exists a unique v € V' such that

Y(z) = (xz,v) forallzeV. (5.2)

The v of (5.2) is called the coefficient vector of 1; one writes v = c.v.(¢)), or
just v = cv(v).

Proof of the Representation theorem. Uniqueness: If v and w are both coef-
ficient vectors for 1, then their difference is orthogonal to every vector in V and so
is 0.
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Ezistence: If the desired representation holds, then the null space of 1 is the or-
thogonal complement of [v] in V. This observation suggests how to proceed. To
avoid trivialities, suppose ¥ is not identically 0 and let NV be its null space. Since

d(N) =d(V) — d(R(¢)) =d(V) - 1,

N+ is one-dimensional and so of the form [w] for some 0 # w € V. The idea is to
exhibit the desired coefficient vector as a scalar multiple of w, say dw. Since the
general vector

z=y+cw (y € N, ceR)
of V' is mapped by ¢ into

P(z) = P(y) + cp(w) = cp(w)

and by (-, dw) into
(z,dw) = (y + cw, dw) = cd(w, w),

the appropriate choice of d is
_ Y(w)

Al

There are two common ways to produce the coefficient vector v of a given linear
functional. One way is the direct-construction method, which constructs v as in the
existence part of the proof. The other way is the confirmation method, which checks
that a conjectured v satisfies (5.2) and then appeals to uniqueness.

5.3 Exercise [3]. Suppose x1,x2,...,T, is a basis for V, so that each x € V has a unique
representation of the form

l':l'lﬁl +$2/82++xnﬁn

Show that the coefficient vector of the so-called j**-coordinate functional

YiiT — [
is
Qjz; 1
_ : 7 5.4
Y <||ij]-\|)||ij]-\| o4

where Q; = I — P; with P; being projection onto the manifold spanned by the z;’s for
i # j. Solve this exercise twice, once using the direct-construction method and once using
the confirmation method. o

Suppose now F:V x V — R is a bilinear functional, that is, linear in each
component, the other component being held fixed. For each z € V|, the map

y — F(y,z2)

is linear and so of the form

F(y,z) = (y,C%)
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for a unique vector C'z € V. Since

(y,Cc1z1 + c222)) = F(y, c121 + ca22) = c1F(y, 21) + c2F(y, 22)
= (y,c1Cz1 + c2Cz)

for all y € V, the mapping C:V — V is linear. We have established:

5.5 Proposition (Representation theorem for bilinear functionals). If
F:V xV — R is bilinear, then there exists a unique linear transformation C:V — V
such that

F(z,y) = (z,Cy) forallz andy € V. (5.6)

This result has several important consequences. First, if T:V — V is linear,
then
F(z,y) = (Tz,y)

defines a bilinear functional on V' that is necessarily of the form

(Tz,y) = (z,T'y)

for some unique linear transformation 77: V' — V. T" is called the adjoint of T. One
has

(T"Y =T, (ST) =18, (5.7)
and 7" = T if and only if T is self-adjoint in the sense of (4.1). Moreover, T is
orthogonal if and only if T/ = T~ because the identity

(Tx, Ty) — (z,y) = (T'"T — Iz,y)

for z,y € V implies that T preserves inner products if and only if 7'T = I.

5.8 Exercise [1]. Let T be a linear transformation from V to V, and let A = (a;;) be the
matrix of T with respect to a given orthonormal basis for V. Show that the matrix of 7"
is the transpose (a;;) of A. >

5.9 Exercise [3]. Let T be a linear transformation from V to V. Show that A(T") =
(R(T))" and deduce that 7" is nonsingular if and only if T is. o

5.10 Exercise [3]. Let M be a subspace of V and let O:V — V be an orthogonal linear
transformation. Show that OPy O’ is orthogonal projection onto O(M). o

5.11 Exercise [3]. Locate at least two places where use of the relation (ST)" = T'S" would
simplify the calculations in Section 2.2. o

Next suppose that F:V x V — R is both bilinear and symmetric. The repre-
senting transformation C is then self-adjoint and one can find an orthonormal basis
for V' consisting of the eigenvectors by, ...,b, of C' with the associated eigenvalues
Aly ..oy Ap. I then takes the form

F(z,y) = (2,Cy) = (D abi, C Y dsbj) = 3 Nicids, (5.12)
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where the ¢; = (z,b;)’s and d; = (y, b;)’s are the coefficients of z and y with respect
to the b-basis. Thus, when viewed from the right perspective, the general symmetric
bilinear functional on V is just a weighted dot-product (the weights can be zero or
negative).

5.13 Exercise [3]. A quadratic form @ on V is a functional of the form
Qv) = (Cv,v)

for some linear transformation C:V — V. Show that there is no loss of generality in
supposing that C' is self-adjoint, in which case C' is uniquely determined by Q.
[Hint: For uniqueness, generalize (1.6) to

(Cv,wy = QWFw) = f(”) —Qw) (5.14) o

Finally, suppose F' = [, -] is another inner product on V, so that F' is positive-
definite in addition to being symmetric and bilinear. We then have

[z,y] = (xz,Cy) for all z and y in V (5.15)

for a unique self-adjoint linear transformation C' on V that is positive-definite in the
sense that

(x,Czx) >0forallz € V and (x,Cz)=0 only for z =0.

In other words, with respect to an appropriate orthonormal basis by, ..., by, [ ]
takes the form

[, y) =Y Neidi,  for ¢; = (z,b;), di = (y,by), (5.16)

with the weights A1, Ao, ..., A, being strictly positive.

5.17 Exercise [4]. Suppose V and W are both inner product spaces. Formulate and prove
a representation theorem for bilinear functionals on V' x W. Show that if T:V — W is
linear, then there exists a unique linear transformation 7": W — V such that

(Tv,w)w = (v, T'w)y forallv eV and w € W; (5.18)

T’ is called the adjoint of T. Formulate and prove extensions of (5.7) and the assertion of
Exercise 5.8. o

5.19 Exercise [2]. Suppose M is a subspace of V. Up to now we have considered Py as a
linear transformation from V' to V, and as such it is self-adjoint. One can, however, think
of Py as being a linear transformation from V' to M. If one takes this point of view, what
then is the adjoint of Py? (The inner product of two elements of M is defined to be their
inner product in V.) o
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5.20 Exercise [3]. Suppose V and W are both inner product spaces and that T:V — W
is linear. Show that

R(T') =R(I'T) and N(T) = N(T'T). (5.21)

Deduce that T'T is nonsingular if and only if T is. o

5.22 Exercise [3]. Suppose B and V are both inner product spaces and that T: B — V
is linear. Put M = T(B) = {Tb: b € B}. Show that M is a subspace of V and that for
each v € V, one has Pyyv = Tb if and only if b € B satisfies the so-called normal equations

T'Tb = Tv. Do not assume that T is nonsingular. o
5.23 Exercise [3]. Suppose (-,-) and [-,-] are both inner products on V. Express the
unique [+, |-self-adjoint, positive-definite linear transformation D such that (z,y) = [z, Dy]
for all z,y € V in terms of the C of equation (5.15). o

6. Problem set: Cleveland’s identity

Let (V, (-,-)) be an inner product space. Let (-, -)* = (-, A-) be another inner product
on V: A is a positive-definite self-adjoint linear transformation from V to V. For
any subspace M of V', let Py; denote projection onto M with respect to (-,-), and
let P;; denote projection onto M with respect to (-,-)*. Denote the corresponding
residual projections by Qs and @3,, respectively. For any vector z in V, one has
of course

Q3 2]1* = [|Qar=]1*.

The question of how much larger can ||Q%,z||* be than ||Qarz]|? is addressed by
Cleveland’s identity, which asserts that

Q3 2l” _ (1 +17)?

5 = 6.1
Sup s SupzeV,zéM ||QMZH2 AT ) ( )
where
An
== 6.2
=3 (©:2)

is the ratio of the largest eigenvalue A, of A to the smallest eigenvalue A\; of A. By
the extremal characterization of the eigenvalues of A, one has

* 0\ 2 %\ 2
. v v
A = inf,ev vz ( HHUHH > and A\, = SUD, e v, 00 ( ||||v||| ) . (6.3)

In this problem set you are asked to establish (6.1). Here are the steps in the
argument. To begin with, suppose M and z ¢ M are given; one needs to show

@32l _ (1+7)?
[@uel? = 47

A. Show that, without loss of generality, one can consider just the case where z 1. M
(with respect to (-,-)) with ||z|| = 1 and where M is one-dimensional, say M = [y]

(6.4)
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with |ly]| = 1.
[Hint: Given z and M such that Pyz # Pj;z, find a one-dimensional subspace L of
M such that

1@ae2]l = [Qrull  and  [|Qarz] = [[Qrull
for u = Q2] o

B. Let y and z be as in part A. Put W = [y, z]. Show that there exists a basis for
W, say {b1,bs}, orthonormal with respect to (-,-), such that, for v,w € W,

(v, w)* = frvrwy + Pavaws,

where v; = (v, b;), w; = (w, b;), and

2 2
. ul|* ul|*
PRRFININ (5 SRR (T

[
[Hint: Restrict (-,-) and (-,)* to W x W] o
C. Let y and z be as in part A and by, bs, (81, B2 as in part B. Show that

1Q3217 By + B3v5

1Qumzl1?  (Briyi+ Bay3)?’

where y; = (y, b;).

[Hint: Compute! Note that the matrix (Z; 2) is orthogonal.| o
D. Show that
Bip1+ B3p2  (Br+ B2)?
PP p220iprtpa=t (Bip1 + Bap2)?  4B132
and deduce (6.4). o

E. Show that equality holds in (6.1) by exhibiting M and z such that

|@zl? _ (147)?
[@uzl? = 47

7. Appendix: Rudiments

This appendix reviews basic definitions and facts about linear algebra with which
we presume the reader is acquainted.
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7TA. Vector spaces

A (real) vector space is a triple (V, +, -) consisting of a set V' of objects called vectors
and two operations, vector addition, 4+, which associates to each pair vy, vo of vectors
in V a vector v; + vo in V, and scalar multiplication, -, which associates to each
vector v € V and each scalar ¢ € R a vector ¢-v = cv in V. The operations are
assumed to have the following properties:

(1) For all vy1,vq,v3 € V, (v1 + v2) + v3 = v1 + (v2 + v3).
(2) For all vy, vo € V, v1 4+ vg = vg + v1.
(3) There exists a vector 0 € V such that v+ 0 =wv for allv € V.
(4) For each v € V, there exists a vector —v € V such that —v + v = 0. For
v + (—vg) we write also v — vs.
(5) For all c € R and vq,v2 € V, ¢(v1 + v2) = cv1 + cva.
(6) For all ¢c1,co € Rand v € V, (¢1 + ¢2)v = c1v + cov.
(7) For all ¢1,co € Rand v € V, (c1c2)v = c1(cav).
(8) ForallveV,1-v=w.
An important example of a vector space is R™, the set of n-tuples (or n x 1

column vectors) of real numbers, for which vector addition and multiplication by
scalars are defined componentwise as addition and multiplication of real numbers.

The transpose of a column vector € R™ with components z1,...,x, is the row
vector & = (z1,...,2,).
Vectors vy, ..., v, in a vector space V are said to be (linearly) independent if

c;v; =0
Z1gz’§n v

implies that the ¢;’s are all zero; otherwise the v;’s are said to be (linearly) dependent.
The subset of M of vectors in V' of the form ), .., ¢;v;, where each ¢; varies over R,
is called the span of v1,...,v,, denoted [v1,...,v,]. Vectors vy,...,v, are said to
form a basis for V if and only if they are linearly independent and V' is their span,
that is, if and only if each vector in V has a unique representation of the form
> ¢civi. When vy, ..., v, is a basis for V, ¢; is called the coordinate of Zl<j<n cjVj
with respect to v;.

V is said to be finite-dimensional if it has a basis consisting of finitely many
elements. Every basis for a finite-dimensional vector space has the same number of
elements; this number is called the dimension of V, denoted dim(V'), or just d(V).
If V is an n-dimensional vector space, then vq,...,v, is a basis for V if and only if
the v;’s are linearly independent or, equivalently, if and only if they span V. The
usual coordinate basis for R" is comprised of the vectors eM), ... e(™ defined by
e;l) = 613

We assume henceforth that all vector spaces we deal with are finite-dimensional.
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7B. Subspaces

A nonempty subset M of a vector space V that is closed under vector addition
and multiplication by scalars is called a subspace, or (linear) manifold, of V. For
example, the span [v1, ..., v,] of given vectors vy, . .., vy, is a subspace. We write the
trivial subspace [0] simply as 0. A subset F' of V of the form F' = vg+ M = {vg+m :
m € M}, where M is a subspace and vy € V, is called a flat, or shifted manifold;
I is a flat if and only if ¢1 f1 + cofo € F whenever f1, fo € F' and ¢; + ¢, = 1. The
dimension of F' is defined to be the dimension of M.

Two subspaces of V' are said to be disjoint if they have only the zero vector
in common (this notion should not be confused with the set-theoretic one). The
intersection My N My of two subspaces is defined to be the subspace of V' consisting
of all vectors common to M; and to Ms. To say M; N My = 0 is to say M7 and M,
are disjoint. The sum My + My of two subspaces of V' is defined to be the subspace
of V' consisting of all vectors of the form mi; + mo, where m; € M; and my € Ms.
A sum M; + Ms is said to be a direct sum, denoted My ® Ms, if My and M, are
disjoint, that is, if the representation of m € M7+ My as m = mq+meo with m; € M;
is unique. As regards to dimension, one has

d(Ml + Mg) + d(Ml N Mg) = d(Ml) + d(]\42)7 (71)
in particular, d(M; & M) = d(My) + d(Ms).

7C. Linear functionals

A mapping ¥ of V into R is called a linear functional on V provided it preserves
addition and scalar multiplication: ¥ (civ1 +cav2) = c19(v1)+catp(ve) for all ¢1,¢o €
R and v1,v9 € V. Operations of addition and scalar multiplication on the set V* of
all linear functionals on V are defined pointwise, so that (¢ +12)(v) = 11 (v)+12(v)
and (cy)(v) = c¢ip(v). Under these operations, V* is itself a vector space, called the
dual of V. V* has the same dimension as V. Examples of linear functionals on V'
are the coordinate functionals 1; defined relative to a given basis vy,...,v, for V

by ¢i(215jgn cjvj)=c fori=1,...,n

7D. Linear transformations

A mapping T of a vector space V into a vector space W is called a linear trans-
formation if it preserves linear structure: T'(civ1 + cov2) = 1T (v1) + c2T'(v2) for
all ¢1,c0 € R and v1,v5 € V. Addition and scalar multiplication of linear transfor-
mations from V to W are defined pointwise. A linear functional is simply a linear
transformation from V into R!. A linear transformation 7:V — W is called a
isomorphism if it is one-to-one and onto. V and W are said to be isomorphic if
there is an isomorphism mapping one onto the other; isomorphic vector spaces are
identical so far as their linear structure is concerned. The composition of the linear
transformations S: U — V and T:V — W is defined to be the linear transformation
TS:U — W that sends u € U to T'(S(u)) € W. A linear transformation 7:V — V
such that T = T? (= TT) is said to be idempotent. The linear transformation
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that leaves each v € V fixed is called the identity transformation and is commonly
denoted by I or Iy .

The range of a linear transformation 7" mapping V to W is the subspace of W,
denoted R(T") or R(T), consisting of all vectors of the form Tw for v € V. The
rank, p(T), of T is the dimension of R(T"). The null space of T is the subspace of V,
denoted N(T') or N(T), consisting of all vectors in V' that are mapped by T into
zero in W.

The formula

A(R(T)) + d(N(T)) = d(V), (7.2)

holding for any linear transformation T' from V' to W, has many applications. In
particular, if V' and W have the same dimension and N (T) = 0, then T is an
isomorphism of V and W. A transformation T such that NV (T) = 0 is said to be
nonsingular. The inverse, T—1, of a nonsingular transformation exists on R(T") and
is linear.

The matriz of a linear transformation T: V' — W with respect to bases v1, ..., U,
for V and wy,...,w, for W is the n x m array [T] = (t;;) defined by T'(v;) =
D i<i<n tijwi for 1 < j < m or, equivalently, by the condition T'(3_; cjv;) =
EZ(Z] tijcj)w; for e1,...,¢p € V. If S:U — V and T:V — W are both linear,
then the identity [T'S] = [T'][S] holds relative to fixed bases for U, V', and W.

The transpose of an m x n matrix A = (a;j)i=1,....m, j=1,...n is the n x m matrix
AT = (bji)jzl,..‘,n,i:l,...,ma where bji = Q5.
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RANDOM VECTORS

Here we develop certain aspects of the concept of a random vector, say Y, taking
values in an inner product space. Particular attention is paid to the notions of weak
sphericity and normality. The theory is based on linear functionals of Y. Most of
this material constitutes a generalization of the elementary properties of random
vectors in R”, with which it is assumed that the reader is familiar.

Throughout (V,(-,-)) is an inner product space and all indicated expectations
of real random variables are assumed to exist and be finite, unless specifically noted
to the contrary. Recall that, by convention, we always view R™ as being endowed
with the dot-product, unless specifically noted to the contrary.

1. Random vectors taking values in an inner product space

Motivation. Let Yi,...,Y, be random variables and set Y = (Y1,...,Y,,)T. Y
takes values in R™. For any constant vector ¢ = (cy,...,c,)T € R",

(e Y)=)  a; (1.1)

is a random variable. Conversely, if one starts with the assumption that (¢,Y’) is
a random variable for all ¢ € R"™, then it follows that each component of Y is a
random variable; indeed, for 1 < j < n one has Y; = (€)Y, where

e
(D), = { He=d (1.2)
0, ifi# 7.

These observations lead to the definition made below in the coordinate-free case. ¢

Let Y be a function defined on some probability space and taking values in V.
Y is said to be a V-valued random wvector if (v,Y) is a random variable for all
v € V, that is, if every linear functional of Y is a random variable. An equivalent
requirement is that Y be measurable with respect to the smallest o-field B rendering
measurable all linear functionals on V. B turns out to be identical to the so-called
Borel o-field of V, generated by the open sets of V' in the natural metric (d(z,y) =
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lly — x| ); for the most part, we shall brush aside measure-theoretic considerations
such as these.

1.3 Exercise [4]. You should take note of the assertions of this exercise even if you do not
have at your command the (elementary) properties of measurable functions that are needed
to prove them. Show that: (1) Y is a random vector in V' if and only if (b;,Y) is a random
variable for each b; in some fixed basis b1,...,b, for V; (2) if Y is a V-valued random
vector, then f(Y) is a real random variable for every continuous function f:V — R. o

2. Expected values

Motivation. Return again to R™. It is customary to define the expected value of an
R"-valued random vector Y = (Y7,...,Y,)T to be the vector u = (EY1,..., EY,)T
For each ¢ € R™ one then has

E((e,Y) =E()_ «Yi) =)  cBYi=(cp). (2.1)

Moreover, pu = (,ul, .oy pin)T is uniquely determined by these relations: Taking
c:e(j)l (2.1) gives

i = (e, 1) = B((eW), Y)) = E(Y;). o

In the coordinate-free setting, one adopts an analog of (2.1) as the definition,
as follows. Suppose Y is a random vector in V. The map

v — E((v, Y))

is a linear functional on V, and so there exists a vector, say Y, unique with respect
to (-,-), such that

E((v,Y)) = (v,EY) forallveV. (2.2)

EY is called the ezpectation, or mean, of Y. Note that formula (2.2) says E(¢(Y)) =
Y(EY) for every linear functional ¢ on V. It follows that FY does not depend on
the inner product employed on V.

2.3 Exercise [2]. Show that a V-valued random variable Y has an expectation, in the
sense that the left-hand side of (2.2) is defined and finite for all v € V, if and only if
E(IY]) < 5.

[Hint: Show E(|(v,Y)]) < co for all v € V' if and only if E(||Y||) < oc0.] o

Expectation is preserved under linear transformation: If T:V — V is linear,
then

E(TY)=T(EY) (2.4)
because

E((v,TY)) = E((T"v,Y)) = (T'v,EY) = (v,TEY) forallve V.

Moreover, expectation is a linear operation: If Y; and Y5 are V-valued random
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vectors and ¢ and cy are real numbers, then
E(aY1 4+ cYs) = a1 E(Y1) + o E(Ys) (2.5)
because
E((v, c1Y1 + 02Y2>) =1 E(v, Y1)+ caFE(v,Ys) = ¢1(v, EY1) 4 co(v, EY3)
= (v,c1EY1 + o EY3)
forallv e V.

2.6 Exercise [1]. Show that if X is a real random variable and w € V, then E(Xw) =
E(X)w. o

2.7 Exercise [1]. Show that if Y is a V-valued random vector that takes all its values in
a subspace M of V, then EY € M. o

3. Covariance operators

Motivation. Let Y = (Y1,...,Y,)T and Z = (Zy,...,Z,)" be random vectors
in R™. The covariance matriz of Y and Z is the n X n matrix

C = (c;5) = (Cov(Yi, Z;)) (3.1)

1<i<n,1<j<n’

Knowing C, one may compute the covariance between any linear combination of
the Y;’s and any linear combination of the Z;’s:

Cov((b,Y),(d, Z)) = COV(Z: biYs, Z d;Z;)

=" bieyd; =" b (Z ci;d ) — (b,Cd) (3.2)

for all b € R™ and d € R™. Moreover, C is uniquely determined by these relations
because

cij = (e, CeV) = Cov((e?,Y), (e, Z)) = Cov(Y;, Z;). o

In the coordinate-free setting, an analog of (3.2) is taken as the definition. For
this suppose Y and Z are V-valued random vectors. Set

F(y,z) = Cov((y,Y),(2,2)) fory,z€V.

Since F' is a bilinear functional on V| there exists a unique linear transformation C'
from V to V such that

Cov((y,Y),(z,Z)) = (y,Cz) forall y,z € V. (3.3)

C' is called the covariance operator of Y and Z, denoted Cov(Y,Z). If Y and
Z are R"-valued random vectors, then, according to the preceding discussion, the
covariance operator of Y and Z is the transformation having matrix (3.1) with
respect to the standard basis e, ..., e(™.
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It is important to note that Cov(Y, Z) does depend on the inner product em-
ployed on V. Indeed, if

<.’ '>A — <A.7 >
is another inner product on V, with A: V' — V being linear, self-adjoint, and positive-
definite (see (2.5.15)), and if C satisfies (3.3), then

COV((Z/? Y)Aa <Z7 Z>A) = COV(<Ay7 Y>7 <AZ7 Z)) = <Ay7 CAZ> = <ya CAZ>A
for all y,z € V, so

CA is the covariance operator of Y and Z

in the (-, -)a inner product. (3.4)

Here are two useful properties of covariance operators:
Cov(Z,Y) = (Cov(Y, 2))’, (3.5)
Cov(TY,UZ) =T Cov(Y,Z)U" for linear T,U:V — V. (3.6)

The proofs are elementary:

Cov((y, Z),{z, Y>) = Cov((z, Y, (y, Z))
= (2,Cy) = (Cy,2) = (y,C"z)

implies Cov(Z,Y) = C’, with C being Cov(Y, Z), and

Cov((y, TY),(2,UZ)) = Cov((T"y,Y),(U'z, Z))
=(T"y,CU'2) = (y, TCU'z)

implies Cov(TY,UZ) =T Cov(Y, Z)U’.

V-valued random vectors Y7, ...,Y} are said to be uncorrelated if Cov(Y;,Y;) =
0 for 1 < i < j < k; by (3.4), this notion does not depend on the inner product
employed.

3.7 Exercise [3]. Generalize (2.4), (3.3), (3.4), (3.5), and (3.6) to the case where Y and/or
Z, T, and/or U do not necessarily take values in the same spaces (formulate and prove the
appropriate extensions). Make use of the notion of adjoint introduced in Exercise 2.5.17.¢

3.8 Exercise [3]. Let Y and Z be V-valued random vectors with covariance operator C.
Show that Cov(¢(Y),¥(Z)) = ¢(C(cv(1))) for all linear functionals ¢ and 1 on V. Deduce
that even though C and cv(v) (the coefficient vector of ¢) depend on the inner product
employed on V, the linear transformation ¢ — C(cv(1))) does not. o

3.9 Exercise [2]. Let V and W be inner product spaces. Show of V-valued random vectors
Yi1,...,Yn and W-valued random vectors Zi, ..., Z, that

COV(ZlSiSm Yo Zlﬁjén Zj) - ZlSiSm Zléjﬁn Cov(¥s, Zn). ¢
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4. Dispersion operators

Background. If Y is an R™-valued random vector, it is customary to call the n x n
matrix

(Cov(Y3,Y)))

1<i<n,1<j<n

the variance-covariance matriz, or dispersion matriz, of Y. It is, of course, just the
covariance matrix of Y and Y, in the sense of (3.1). o

In the coordinate-free context, the dispersion operator of Y taking values in V'
is defined to be Cov(Y,Y), denoted X(Y), or Xy, or simply ¥. From (3.5) we have

¥ =Y', that is, ¥ is self-adjoint, (4.1)
while from (3.3) we have
Var((z,Y)) = Cov((z,Y),(z,Y)) = (z,Sz) forallze V. (4.2)

Thus ¥ determines the variance of every linear functional of Y. By Exercise 2.5.13,
the linear transformation ¥ is uniquely determined by (4.1) and (4.2).

4.3 Exercise [3]. (1) Show that Y has a dispersion operator, in the sense that Var({z,Y’))
is defined and finite for all = € V; if and only if E(|Y]|*) < co.

(2) Show that a sufficient condition for V-valued random vectors Y and Z to have a
covariance operator, in the sense that the left-hand side of (3.3) is defined and finite for all
y,z € V, is that E(||Y|*) < oo and E(]|Z||*) < co. Is this condition necessary?

[Hint: For (1) show that E(||Y|?) < oo implies E({x,Y)?) < oo for all x € V. For (2)
show that E([|Y]|?) < oo and E(||Z||?) < oo imply E(|{y,Y)|) < oo, E(|(z, Z)|) < oo, and
E(|{y,Y)(z,2)|) < oo for all y, z € V] o

4.4 Exercise [1]. Show that if 7:V — W is linear, then

YSry =TSy T, (4.5)
the adjoint 7" of T being taken in the sense of Exercise 2.5.17. o
4.6 Exercise [3]. Let p1,...,pr be strictly positive numbers summing to one and let

X = (Xi1,...,X:)T be a random vector in R* taking the value e") (see (1.2)) with
probability p; for j = 1,...,k. Define the random vector Y = (Y1,...,Ys)" by

X; —pj

Y; = ’
VDi

i=1,... k.

Show that Y has expectation 0 and dispersion operator Q] = P, where 7 is the vector
in R¥ with j*® coordinate VDi,j=1,...,k. o
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As with covariance operators, dispersion operators depend on the inner product:
By (3.4)

Sa(Y) = (B(Y))A, (4.7)

where XA (Y') denotes the dispersion operator of Y with respect to the (-, ) inner
product.
Y is said to have a nonsingular distribution if

Var((z,Y)) >0 forall 0 £z €V, (4.8)

that is, if all nonzero linear functionals of Y have strictly positive variance; otherwise
Y is said to have a singular distribution. Letting

Y= Zi \iPg,

be the spectral representation of X, so the E;’s are the mutually orthogonal eigen-
spaces of ¥ and the \;’s the corresponding eigenvalues, one sees that

Var((z,Y)) = (z,%z) = <Zl Pg, x, Zj \jPg, )

(4.9)
= Zij )\j(PEix, PEJ«T> = Zl )\ZHPEz.’EHQ,
whence
Y has a nonsingular distribution
<= \; > 0 for all i <= ¥ is nonsingular,
whereas

Y has a singular distribution
<= \; = 0 for some i <= ¥ is singular.

Moreover, in the singular case,
Var((z,Y)) =0 for all z € N(),
where A/(X) denotes the null space of 3, here the eigenspace of A = 0, whereas
Var((z,Y)) > 0 for all nonzero z € (NV(X))* = R(2),

whence Y — E(Y) takes all its values in ‘R(X) with probability one and has in R(X)
a nonsingular distribution.

4.10 Exercise [3]. Let Y be a V-valued random vector with mean g and dispersion
operator 3. Show that R(X) is the smallest subspace M of V such that ¥ — u takes
values in M with probability one. o

4.11 Exercise [1]. Identify R(X) for the vector Y of Exercise 4.6. o
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4.12 Exercise [2]. Suppose n > 2 and Y is a random vector in R" with

a, ifi=j,

Covi¥s, ¥;) = {b if i j

Identify R(2(Y)) for those values of a and b such that Y has a singular distribution.
[Hint: See Exercise 2.4.9.] o

4.13 Exercise [3]. Show that the nonsingularity of distributions is preserved by nonsin-
gular linear transformations: If Y is nonsingular and 7:V — V is nonsingular, then TY is
nonsingular. Is it possible for TY to be nonsingular even though Y itself is singular? ¢

5. Weak sphericity

Motivation. If Y7,...,Y,, are uncorrelated random variables each having variance
02, then the dispersion matrix of Y = (Y1,...,Y,)T is o2I™*". In this case the
variability

Var(({c,Y)) = Var(z‘ aY;) =o° Z ¢ = o?||c|?

of a linear combination of the Y;’s depends only on the length of the coefficient
vector ¢ and not on its orientation. o

In the coordinate-free setting, one says that a random vector Y taking values
in V' is weakly spherical (or has a weakly spherical distribution) if the dispersion op-
erator of Y is proportional to the identity transformation I: V' — V or, equivalently,
if for some o2 >0

Var((z,Y)) = o°||z||* forallz € V. (5.1)

This says that the variability of Y, as measured by variance, is the same in all
directions. The quantity o2 in (5.1) is called the variance parameter of Y. Y is said
to have dim(V') degrees of freedom.

5.2 Exercise [3]. Show that Y is weakly spherical in V' if and only if, for some v € V, the
random vectors Y — v and O(Y — v) have the same mean and dispersion for all orthogonal
linear transformations O:V — V. o

5.3 Exercise [2]. Show that if Y is weakly spherical in V| then Y is either nonsingular or
constant with probability one. o

5.4 Exercise [3]. Let Y be weakly spherical in V with variance parameter ¢® and let
M Dbe a subspace of V. Put X = PyY. Show that: (1) when X is considered as a V-
valued random vector, it has the dispersion operator o Pyr; (2) when X is considered as
an M-valued random vector, it has the dispersion operator o215, . <o

A real random variable Y is automatically weakly spherical in R!, and for such
a Y one has the standard formula

E(|Y[?) = Var(Y) + [E(Y)]?
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for the expected squared length of Y. To see how this formula generalizes to the
arbitrary weakly spherical random vector, suppose Y is weakly spherical in V. Let
b1,...,b, be an orthonormal basis for V. The (b;,Y)’s all have the same variance,

say o2, and
E(IY?) =B(Y_ (0. Y)?) =) B((b:,Y)?

= [Var((b;,Y) ) + (E(b;, Y)Y ]
= no? + Z:,(bi,EY>2 =no’ + ||EY|%;

thus
E(|Y)?) = o*dim(V) + | EY?. (5.5)

6. Getting to weak sphericity

The distribution of a nonsingular random vector Y can easily be made weakly spher-
ical by changing the inner product. Indeed, put A = ¢X !, where ¢ > 0 and ¥ is
the dispersion operator of Y. Then, by (4.7), the dispersion operator of Y in the
(-,-)a inner product is

SA =% =dl,

so Y is weakly spherical with respect to (-,-)a. As this argument shows, it is enough
to know X up to a multiplicative factor.

6.1 Example. Suppose Yi,...,Y, are uncorrelated random variables with vari-
ances 02, 1 < i < n. The matrix representing the dispersion operator ¥ of
Y =(Vq,...,Y,)T e R s dlagonal with entries 02, 1 < i < n, and for a given ¢
the matrix representing A = ¢X 7" is diagonal Wlth entrles w; = c/o?, 1 < i< n.
The above argument says that Y is weakly spherical with respect to the weighted
dot-product

(x,y)w = (Az,y) Z Wik Yi; (6.2)

note that the weights are proportional to reciprocal variances. °

6.3 Exercise [2]. Rewrite Example 2.1.17 for the case where the inner product is given
by (6.2). Give explicit expressions for Pz and \|Q[e]x||2. o

6.4 Exercise [2]. Supposing Y to be nonsingular (but not necessarily weakly spherical)
in V, show that there exists a linear transformation 7:V — V such that TY is weakly
spherical (with respect to the original inner product). Exhibit such a T for the situation
discussed in Example 6.1 above.

[Hint: In the general case, use (4.5) and Exercise 2.4.12.] o

7. Normality

Motivation. If Y7,...,Y,, are random variables having a joint normal distribution,
then every linear combination (¢,Y) = ). ¢;¥; of the Y;’s has a univariate normal
distribution, and conversely. We make this the definition in the coordinate-free
case. o
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A random vector Y taking values in V' is said to have a normal distribution if
(v,Y) is univariate normal for all v € V, (7.1)

that is, if every linear functional of Y has a univariate normal distribution. Suppose
Y is normal. Then (v,Y’) has a finite mean and variance for all v € V, so Y has an
expectation 4 € V and a dispersion operator : V' — V. From the fact that

(0,¥) ~ N ({0}, {v, 50))
(by definition of 4 and ), it follows that Y has the characteristic function
by (v) = B(e ")) = i) =3 (020

(v € V). Just as a distribution on R™ is uniquely determined by its characteristic
function, so too is a distribution on V' determined by its characteristic function. It
follows that p and ¥ determine the distribution of Y; we write

Y ~ Ny (u, 2). (7.2)

A linear transformation of a normal random vector is itself normal since for
linear T:V — W, (w,TY )w = (T'w,Y )y for each w € W. In fact, the formulas for
propagating means and dispersions (see (2.4) and (4.5)) tell us that

Y ~ Ny (%) implies TY ~ Ny (Tp, TST'). (7.3)

7.4 Exercise [1]. Show that a weakly spherical normal random vector Y has a (strictly)
spherical distribution, in the sense that for all orthogonal linear transformations O: V — V,
the random vectors Y — p and O(Y — p) have the same distribution. o

Recall that if X = (X1,...,X,)? has a nonsingular normal distribution in R"
with E(X;) = v; and Cov(X;, X;) = 045 for 1 <4,j < n, then X has density

1 =3 X4 (@i—vi)o (@ —v;) T ¢ R"
(277)”/2’(01‘3‘)\1/26 ’ T (@1, we)T €RY, (7.5)

with respect to Lebesgue measure on R"; here |(0;;)| and (o) are, respectively, the
determinant and inverse of the matrix (0;;)1<; j<n. On a few occasions we will need
the corresponding result for Y ~ Ny (u, ) with ¥ nonsingular, namely, that Y has
density
1
(2r)dm(V)/2 |5 [1/2 €

2T ey (7.6)

with respect to Lebesgue measure A on V; here )\ is defined to be the image
of Lebesgue measure on R™ under any isometric isomorphism (that is, distance-
preserving linear transformation) from R™ to V| and |X| denotes the determinant of
the matrix of ¥ with respect to any basis for V.
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7.7 Exercise [5]. Check that A above does not depend on the choice of the isometric
isomorphism and that |X| does not depend on the choice of basis, and deduce (7.6) from
(7.5).

[Hint: Here is a more precise definition of A\. Let S:R"™ — V be an isometric isomorphism.
For each Borel set B of V, A(B) is taken to be u(S~!(B)), where y is Lebesgue measure
on R". To work the exercise, use the following two facts from measure theory: (1) The
image of p under any orthogonal linear transformation of R™ to itself is p itself. (2) If X,
..., X, are random variables such that X = (X,... ,X,,L)T has a density f with respect
to won R™ and if S:R™ — V is an isometric isomorphism, then SX has the density fS~*
with respect to A on V] o

8. The main result

We are now ready for the main result. The theoretical analysis of the GLM makes
use of the resolution of a (weakly) spherical normal vector into several orthogonal
components (subvectors), which by Theorem 8.2 below are independent and have
themselves spherical normal distributions, albeit in spaces of lower dimensionality.

Recall that the x2 , distribution (x? with v degrees of freedom and noncentrality
parameter 6 > 0) is defined to be the distribution of

Zi+-+ 22,

with the Z;’s being independent normal random variables of unit variance and with
expectations EZ1 =0, EZy, = --- = EZ, = 0. The distribution is said to be central
if @ = 0 and noncentral if @ > 0. In the central case one often writes x2 in place

of Xl2/;0‘

8.1 Exercise [3]. Suppose S is a random variable distributed according to the X?,;Q distri-
bution. Show that

E(S)=v+6> and Var(S)=2v+ 46> o

8.2 Theorem. LetY be a random vector in V having a weakly spherical distribu-
tion with variance parameter o2:

Yy = o?l.

Let My, ..., My be mutually orthogonal subspaces of V. Then

(i) the random vectors Py Y fori=1,...,k are uncorrelated, have weakly spher-
ical distributions in their respective subspaces, and

E(PyY) = P, (EY),  E|PyY|* = 0® dim(M;) + || Par, (EY) 2. (8.3)

If, in addition, Y is normally distributed, then

(ii) the random vectors Py, Y are independent and normally distributed, and the
random variables || Py, Y ||?/0? are independent with x? distributions of dim(M;)
degrees of freedom and noncentrality parameters || Py, (EY)||/o:

1P Y I ~ 0 XGimm(ar, s Pur, (Y e fOr 1 <0< K (8.4)
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Proof. (i) holds: The Py, Y’s are uncorrelated since, by (3.6),
Cov(Pa,Y, Py, Y) = 0> Py, I Py, = 0°Poyg, Pag, =0
for ¢ # j. Py, Y has a weakly spherical distribution in M; since
Var((m, Pa,Y)) = Var((Pa;m, Y)) = Var((m,Y)) = o?||m|?

for all m € M;. The formulas for the expectations of Py, Y and [Py, Y| are
restatements of earlier results ((2.4) and (5.5)).

(ii) holds: Assume for notational convenience that V' = M; + My with My 1L Ms.
Let b1,...,bq and bgyq,...,b, be orthonormal bases for M; and Ms, respectively
(d = dim(My), n = dim(V')). Without loss of generality, let by point in the direction
of Py, (EY) and let bg4q point in the direction of Py, (EY') when these components
of EFY are nonzero. Then

Py,Y = Zl<_<d(bi, V)b and PuY =) (bs, Y )b

d+1<i<n
and
2 _ V)2 2 _ V)2
1P Y= 3, 0¥ and [PYIE=30 YR
The assertions of (ii) follow from the fact that the uncorrelated random variables
(01,Y), ..., (b,,Y) are independently normally distributed with common vari-
ance 02; E{b;,Y) =0 for i # 1,d + 1, while

Py, (EY) (Py, (EY),EY)

E(1,Y) = E(;——=AmY) = = [[Par, (EY) ]|
N TR N0z T I

(=0, if Py, (EY) =0) and E(bgy1,Y) = ||Pp, (EY)]|. "

8.5 Exercise [2]. Show that: (1) if X1,..., X, are independent normal random variables

with unit variances, then Y 7 | X7 ~ X7, with § = (/> (EX;)?; (2) if S1 and S, are

. . . o a2 - ~ 2
independent random variables with S; ~ x;7, .y, fori = 1,2, then S1+S> Xn—&-uz;\/m'o

8.6 Exercise [4]. Let X® ..., X™ be independent random vectors in R*, each having
the distribution of the random vector X in Exercise 4.6. Put

N = x (m).
Zlgmgn ’

the distribution of N = (Ni,..., N;)” is the multinomial distribution for n trials and k&
cells having occupancy probabilities p1, ..., pr. Show that the limiting distribution, taken
as n — oo, of Pearson’s goodness of fit statistic

G = Z (N; —np;)*
T Laigi<k np;

. 2
18 Xi—1-
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[Hint: Observe that G,, can be written as ||T,||?, where

1
T, = — y (™
\/771 Zlgmgn

with

for j = 1,...,k. Deduce from Exercises 4.6 and 5.4 and the multivariate central limit
theorem that the limiting distribution of Gy is that of ||QZ||*, where Z ~ Ngx (0, Iy )
and 7 is the vector specified in Exercise 4.6.] o

We will have several occasions to make use of the following representation of
the noncentral x? distribution as a Poisson mixture of central x? distributions.

8.7 Proposition. For any v > 1 and 6 > 0, one has

W AE
X12/;9 = 20§k<oo A ]{' Xu+2k7 (88)
where
A= 92/2. (8.9)

Proof. Let Zi,...,Z, be independent random variables with Z; ~ N(6;,1) for
1 < i < v and with

01 =0, O=03=---=0,=0.

Put
X=7+---+274

so that X has distribution X,2/;9~ The moment generating function of X is

tX\ __ tZ?
E(e )_ngigyE(e ).

For t < %, the technique of “completing the square” gives

E(e!) = /oo R (G

— 0o \ 27

2

7
_ 16X 1—)/ L - (a-2n22 22045 4
co V2T

1g2 1
67592' (1— 1—2t)

12t
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whence

Xy oA At L LR SN
E(™*) =e 612,(1_7%) _Zogk@oe E(l—iﬂ) . (8.10)

Setting 6, and so also A, equal to 0 here shows that the x2 distribution has the
moment generating function (1—2t)~"/2. It follows that the right-hand side of (8.10)
is the moment generating function of the right-hand side of (8.8), and an appeal to
the uniqueness theorem for moment generating functions finishes the proof. "

8.11 Exercise [2]. Suppose S is a random variable distributed according to the Xz;e
distribution. Show that

AR 1
1 >‘7 : > 3
E(—): Zogk@oe Woo—agok Tvad (8.12)
00, if v <2.

[Hint: Recall that the x2 distribution has density x%”*le*"m/(?%”I‘(%y)) forz>0] o

8.13 Exercise [3]. The F,, ,, ., distribution (unnormalized F with vi and v degrees of
freedom and noncentrality parameter ) is defined to be the distribution of

S1

o (8.14)

where S7 and Ss are independent random variables with S; ~ le;g and S ~ X32§ .7-';‘1’,,2
is short for F;, ,,.0- Show that for any v1,v2 > 1 and 6 > 0,

Ak

* A *

Foyvaso = Zo<k<oo € m F o420 (8.15)
with \ = 6%/2. o

9. Problem set: Distribution of quadratic forms

A quadratic form in n (real) variates x1,...,z, is an expression of the form

T
Q(x) = Z mar; = (x, Az) = 2'Ax = TATx = wT(#)az
ij

There being no loss of generality, one customarily takes the matrix A to be sym-
metric.

To put this idea into the coordinate-free context, we define a quadratic form
on V to be a mapping @:V — R of the form

Q(v) = (v, Tv),

where T:V — V is linear and self-adjoint. By Exercise 2.5.13, T' is uniquely de-
termined by (. This problem set develops some properties of Q(Y) where Y is
a V-valued random vector. Throughout (), with or without subscripts, denotes a
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quadratic form on V with associated self-adjoint operator 1. The properties of
orthogonal projections established in Section 2.2 should be employed wherever ap-
propriate.

A. Suppose Y is weakly spherical with variance parameter o2. Show that
E(Q(Y)) = o*trace(T) + Q(EY), (9.1)

where trace(T') is the trace of T, that is, the sum of the eigenvalues of 7', multiplic-
ities included; relate this to (5.5).
[Hint: Use the spectral decomposition of 7] o

For parts B through G, suppose Y ~ Ny (u, I) for some p € V. Show:

B. One has
Var(Q(Y)) = 2trace(T?) + 4||T(w)||*. (9.2) o

C. Q(Y) has a x? distribution <= T is idempotent (that is, a projection), in which
case

QYY) ~ x4 with v = p(T) = dim(R(T)) and § = \/Q(n). (9.3)
[Hint: For (=) use the spectral decomposition of T, moment generating functions,
and Proposition 8.7.] o

D. Suppose that Q(v) = Q1(v) + Q2(v) for all v € V and that Q(Y) ~ x7.y and
Q1(Y) ~ x2,.9,- Then Qo(Y) has a x? distribution <= Q2(v) > 0 for all v, in
which case

Q2(Y) ~ X12/—V1§\/m and is independent of Q1(Y).

[Hint: Use part C and Proposition 2.2.13 applied to T, =T — T3 .| o

E. Suppose Q(v) = Q1(v) + Q2(v) for all v € V and that Q;(Y) ~ xj 4, for
i =1,2. Then Q(Y) has a x? distribution <= Q;(Y) and Q2(Y) are independent
<= T11T5 = 0, in which case

2
QYY) ~ Xu1+u2;\/W' (9.4)

[Hint: See Proposition 2.2.24.] o

F. (Cochran’s theorem).

Suppose for given k and Q1, ..., Qk that Q(v) = > ., Qi(v) for allv e V
and that Q(Y) has a x? distribution. Then the Q;(Y)’s have x? distributions <=
one of the following equivalent conditions hold:

(i) the T;’s are idempotent,
(i) T;T; = 0 for i # j,
(i) 32; p(T3) = p(T),



SECTION 9. PROBLEM SET: DISTRIBUTION OF QUADRATIC FORMS 59

and then
Qi(Y) ~ p(T) Jaw for each i and the Q;(Y)’s are independent. (9.5) o
G. Formulate and prove a distribution analog of Exercise 2.2.18. o
H. Generalize parts B through F to the case
Y ~ Ny (M? E)a

where 3 is nonsingular.
[Hint: Change the inner product to get back to the spherical case.] o

I. Apply Cochran’s theorem to the standard decomposition
Z Y2 = Z (YV; = Y)? + nY?
of the sum of squares in the one-sample problem
Y ~ N(ue,o?I).

[Hint: See Exercise 2.2.42.] o



CHAPTER 4

GAUSS-MARKOV ESTIMATION

Throughout this chapter we suppose that

the random vector Y is weakly spherical (3(Y) = ¢21)

in a given inner product space (V, (-,-)) and has an un- (0.1)

known mean p lying in some given subspace M of V.
M is often called the regression manifold. The variance parameter o2 may be known
or unknown; we assume it to be greater than 0 to avoid some trivial considerations.
We will develop point estimates of p (and of 02, in the case where o2 is unknown)
and exhibit some of the properties of these estimators.

Now, to know g is to know the values of all linear functionals of u, and vice
versa. So it is in a sense immaterial whether one estimates g itself or the linear
functionals of p. Since in many applications of the GLM certain linear functionals
of i are the items of prime interest, we will approach the business of estimating
initially from the linear functional point of view.

1. Linear functionals of u

We already know that for any given linear functional 1) on M, there exists a unique
vector cv(v) in M, called the coefficient vector of 1, such that

Y(m) = (cv(v),m) for all m € M. (1.1)
Often the linear functional will be given initially in the form
P(m) = (x,m)

(m € M) for some x € V. Because (x,m) = (Pyrxz,m) for all m € M, we necessarily
have

cv(v) = Py (1.2)
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in this case. For ease of notation, it is convenient to define an inner product and
norm for linear functionals on M as follows:

(Y1, 102) = (cv(2P1), cv(¥2)),
[l = llev()]. (1.4)

1.5 Example (The triangle problem). Suppose V = R? and

M={> __ Be”: B+ +08=0}

:{wGR?’::E1—|-$2+£L'3:0}:[6]L

(65] ) = 6;; and e = eV + e(®) 4 e(®)). This regression manifold arises in connection
with the problem of determining the three angles of a triangle, which must sum to
180°; think of 3; as being the 4t angle, less 60°. Consider the linear functional Y
on M defined by

5130, i) = = (3, e, e).

e9) is not the coefficient vector of 1;, because el ¢ M. We may obtain cv(1p;) as
follows:

cv(yh;) = Pryel) = eV — Peld) (1.6)
_ o (D) oy 1 .
(e,e) 3
In many instances M is specified in terms of a basis; in such cases the associated
coordinate functionals are of special interest. Suppose then that z1,...,z, is a basis
for M:
M:{Zlgispﬂixi:ﬂl,...,ﬂpeR}. (1.7)

Let 9, be the jth-coordinate functional on M with respect to this basis:
;i ( Zl Bix;) = B;.
1; is a linear functional on M. To obtain its coefficient vector, we set
M; =[z1,...,2j-1, Tjt1,...,Tp),
write the generic x € M as
T = Zi Gix; = ﬁij.%'j + (Zi;éj Bix; + ﬁijxj )
with P; = Py, and Q; = Qyy;, and use orthogonality to get

(z,Qjx;) = BillQjz;I>.
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Since 0 # Q;x; = x; — Pjxz; € M, we obtain

Qjmj > 1 1
1Q ;117 1Qj;l 1Qj; 7

as asserted in Exercise 2.5.3. Note that Q;x; = x; if x; is perpendicular to each of
Tiy...,Tj—1,Tj41,-..,Tp, in particular if the x;’s are an orthogonal basis for M.

and ]| = (L8)

cv(;) = (

1.9 Example. In simple linear regression one has V = R"™ and
M ={ae+ px:a,p € R} = [e, x|,

with @ a given vector in R™ that is not a multiple of e. Let S be the slope functional
on M:

S(ae + fx) = f.
By (1.8), its coefficient vector is
Q[e](w) Ti—
cv(8) = - ( _ ) (1.10)
Qg (@)[?  \>2,(z; — 2)?/1<i<n
because
Qpej(z) = & — Pgj(z) = 2 — ij:; e=x—Te. o
1.11 Exercise [2]. In the basis form (1.7) of the GLM, write
zi = cv(t) = @iz _ Z cijzri, 1<i<p. (1.12)
Q2 1<p T T T
Show that
C=(uj)=A"", (1.13)
where
A = (aj5) with a; = (zj,z1). (1.14)
Show also that
Cik = <ZL,Z)€> (1.15)
[Hint: wl(xk) = 5z‘k~] O

2. Estimation of linear functionals of u

Since by assumption the variability of Y (as measured by variance) is the same in all
directions and since P,;Y is the closest point in M to Y, it is intuitively plausible
that PyY should be a decent estimator of ;1. And, of course, if we agree to estimate
w by PypY, it is natural to estimate the linear functional ¢ (u) by ¥(PaY).

The Gauss-Markov estimator (GME), (Y, of a linear functional () of p is
defined by

~

(8

DY) = $(PuY) = (co(v), PurY) = (cv(¥),Y). (2.1)
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Notice that for x € V' the GME of the linear functional p — (z, u) is

one must project either Y, or x, or both onto M before taking the inner product.
In particular, when =z € M, (z,Y) is the GME of its expected value (x,p); this
observation can frequently be used to obtain GMEs more or less at sight. To put
it another way, if for a given linear functional ¢ on M we can (aided by statistical
intuition) guess at an x € M such that E,(x,Y) = ¢(u) for all 4 € M, then

P(Y) = (2,Y).
2.2 Example. (A) In the triangle problem (Example 1.5), the GME of j; is (see

(1.6))
By = (evls), Y) = () — te, ¥y =v; - LE2ET

(B) In simple linear regression, the GME of the slope functional S(u) is (see (1.10))

5 T —Te Yoz, —2)Y;

= Y )=(———-Y)="2 |

=X =y e Y= i ap
(C) In the context of the basis case (1.7) of the GLM, (z;,Y’) is the GME of its
expected value (j,> ) <<, Brp) = D1 <p<p @ik, Where aji = (25, k).
(D) As an example of “guessing,” consider one-way analysis of variance where

V ={(zij)j=1,..n;;i=1,..p € R"}

with n =), n,; and

M = {Zl<< i B, ..., By €R} (2.3)
with (v;)ijy = 7. i is the common expectation of Yj,...,Yi,,, so an obvious
guess as to its GME is the sample mean Y; = >, Y;;/n; = (Y, v;/n;). This hunch
is correct, because E(Y;) = 3; and v;/n; € M. .

2.4 Exercise [1]. Show that if 11 (p),. .., wk( ) are linear functionals of p and a1, ..., ax
are constants, then the GME of Zl<z<k ai; () is Z1< <k aﬂbl o

2.5 Exercise [1]. Consider the basis form (1.7) of the GLM. Use the assertions of Example
2.2(C) and the preceding exercise to show that the GMEs §1,...,0, of f1,..., [, satisfy
the normal equations (z;,Y) = Zl<k<p<xj’xk>ﬁk, 1<j<k. o

The GME @(Y) of a linear functional 1(u) has the following properties:

¥(Y) is a linear function of Y, (2.6)

~

Y(Y) is an unbiased estimator of ¥ (u), that is,

E,(p(Y)) = () forall ye M (2.7)
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(because Eyb(Y) = Eulcv(®), ) = (cv(u), i) = (), and

Var($(¥)) = o2 leo()]? = o 23)
(see (1.4)). Moreover, (Y is the best linear unbiased estimator (BLUE) of 1(u)

in the following sense.

2.9 Theorem (Gauss-Markov theorem). For each linear functional ¢ of u, the
GME ¢(Y') is the unique estimator having minimum variance in the class of linear
unbiased estimators of ().

Proof. Suppose for a given z € V', (z,Y) unbiasedly estimates ¥ (u), so that

Y(p) = Eu((x,Y)) = (z, 1)

for every element p of M. Then cv(y)) = Pyx by (1.2), whence

Var((2,Y)) = o®|lz]|* > 0®|| Purz||* = 0®|ev(v)|* = Var((Y))

A~

with equality holding if and only if z = Py, that is, (x,Y) = ¢ (Y). "

Note that the covariance between two GMEs 1&1 and 1/32 is given by

Cov (11 (Y), 2(Y)) = o2 (cv(v1), co(2)) = o (1, 12); (2.10)

in particular, 91 (Y) and ¢5(Y) are uncorrelated if and only if cv(vy) and cv(iby)
are orthogonal.

2.11 Example. (A) In the triangle problem (Example 1.5), the covariance be-
tween (3; and f3; is

Cov(Bi, Bj) = 0*(Qre1e!”, Qe1e)
=o*((e!, e)) — (Pgel”), Pel?))
== 02(6ij - ||6/3||2) = 02(5ij — 1/3)

(B) In the basis form (1.7) of the GLM, the variance of the GME of 3; is

Var(6)) = 0%/ Q51 (2.12)

this is larger the more collinear x; is with the other z;’s. As a special case of (2.12),

we get

A 0'2 0'2

Var(3)

T QEel? T X, (z; —1)?

for the variance of the slope coefficient [3 in simple linear regression. °
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2.13 Exercise [1]. Suppose in the standard setup
EY)=XpB, 2(Y)=01T

of the GLM in R", one of the columns of the n x p full rank matrix X = (z;;) consists

solely of 1’s. The functional
Y(p) = Zlgigp z.ifi

(z: = % Zl<m<n Tmi for 1 <i < p) gives the expected “response” at the mean values of
the independent variables. Find the GME of ¢ (1) and show that it has standard deviation

simply o/+/n.
[Hint: A one-line calculation gives the coefficient vector of v.] o

2.14 Exercise [4]. In the two-way additive analysis of variance layout with one observation

St IR0

endowed with the dot-product of Exercise 2.2.26 and
,LL”:E(Y;]):Z/—FOQ—Fﬁ] fOrlSZSI,lS]SJ, (2151)

for numbers v, a1, ..., ar, f1, ..., B satisfying

Zi o :O:Zj B, . (2.15,)

v is called the grand mean, «; the differential effect for row i, and ; the differential effect
for column j. Show that the set M of arrays u = (u;;) satisfying (2.15) is a subspace of V
and that the mappings p — v, 4 — a4, and p — 3; are linear functionals on M. Find the
coefficient vectors of these linear functionals and show that the GMEs of v, a;, and j; are,
respectively,

b=Y., a=Y.—-Y., and 3 =Y,-Y., (2.16)
where
Y. = % Zinm Y. :% Z{jYij, and Y :% ZZ_YM.
Use (2.10) to compute the variances and covariances of 0, &1, ..., &r, and Bl, ce B].
[Hint: cv(a;) = %Q[e}ri, where 7; and e are the I x J matrices with (7;),/;; = 6;;» and
e;; =1] o

2.17 Exercise (The four-penny problem) [4]. Suppose you have four pennies, say Pi, P,
P5, and Py, a weighing balance with two pans, and a set of weights. You are allowed to make
only four weighings of the pennies. In each weighing, you may place some (possibly none) of
the pennies in the left pan, some (possibly none) in the right pan, and leave the remaining
pennies (if any) off the balance. The problem is this: How should the four weighings
be designed so as to produce the most accurate determination of the weights of the four
pennies, in the sense that the sum of the variances of the four weight estimators should be
as small as possible? Assume that weighings are independent and that measuring errors
have mean 0 and a common variance, say o2, that does not depend on the configuration
of pennies on the scale.

To put this problem in the context of the GLM, let f1, B2, B3, and (34 be the un-
known weights of the four pennies. For ¢ = 1,...,4, let W; be the random variable
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recording the result of the 7" weighing; adopt the convention that weights placed in the

left (respectively, right) pan are treated as being positive (respectively, negative). The

assumptions of the problem imply that for any given weighing design, the random vector
= (Wi, Wa, Ws, W4)T is weakly spherical and for each 1,

E(W;) = Zl§j§4 ij B

where

—1, if penny j is to be placed in the left pan
Tij = { 0, if penny 7 is to be left off the balance

1, if penny 7 is to be placed in the right pan
in the i ™" weighing. The four-penny problem may thus be restated as follows: For what

weighing design, that is, for what 4 x 4 (nonsingular) design matrix X = (z;;) having for
its elements only 1’s, 0’s, and —1’s, is

Zlgig Var(;)

the smallest? Solve the problem in this form.
[Hint: Use (2.8) and (1.8).] o

2.18 Exercise [2]. Consider the basis form (1.7) of the GLM. Let (¢;;) be defined by
(1.13). Deduce from (1.12) that the GME of 3; = ; () is

Bi=Y" cylw;,Y) for1<i<p, (2.19)

J

from (2.7) that
EB; =3 for1<i<p, (2.20)
and from (1.15) and (2.10) that
Cov(B;, Bj) = o%cij for 1 <i,j < p. (2.21)
The Bz’S are called the coefficients of the regression of Y on x1,...,xp. (Since Bz is the
difference between the GMEs of Z (wj +9:5)B; and Z w; B; for any constants Wi, ..., Wp,

it is sometimes said that ﬂz estimates the effect of a unit increase in the 4" predlctor the
other predictors being held fixed.) o

Specialized to the standard formation
E(Y)=XB, Xy=0I
of the GLM in R", (2.19) says that

B=(b,....0,)  =CcXTy (2.22)
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with C = (¢;5), (2.20) says that

E(B) =B, (2.23)
and (2.21) says that
¥ =0°C. (2.24)

2.25 Exercise [2]. As in Exercise 2.18, let [31, ceey ﬁp be the coefficients for the regression
of Y on z1,...,2p (50 Pyy...2,1Y = Z?Zlﬁjxj). For a given n < p, let B,...,3; be

the coefficients for the regression of Y on z1,...,2n (s0 Py, .. 5,.1Y = Zzl:lﬁz*:m) For
i =1,...,n, give a formula for 8] in terms of the §;’s and some additional regression
coefficients, and discuss the statistical interpretation of that formula. [Hint: See Exer-
cise 2.2.20.] o

3. Estimation of p itself

One can reformulate the preceding discussion to apply directly to the estimation of
p itself. Consider Py/Y. This is a linear unbiased estimator of p since E,,(PyY) =
Py = p for all p € M. Moreover, it has minimum dispersion in the class of linear
unbiased estimators, in the following sense: For any linear unbiased estimator DY
of u, the dispersion operators of DY and Py Y satisfy

(DY) > S(PyY), (3.1)

the ordering relation
B>A

for self-adjoint linear transformations mapping V' into V being interpreted as in
(2.2.12) to mean

(x,Bx) > (z,Az) forallzeV.

In view of the definition of dispersion operators, (3.1) reads simply
Var((z, DY)) > Var((z, P\Y)) forall z € V; (3.2)

this holds because (z, DY) is a linear unbiased estimator of its expected value
(x, Duy = (z,p) and so has a variance at least as large as that of the corresponding
GME (z, Py/Y'). Moreover, by the uniqueness part of the linear functional Gauss-
Markov theorem, equality holds in (3.1) if and only if (z, DY) = (x, Py/Y') for all
x, that is, if and only if DY = PyY.

3.3 Exercise [3]. Suppose ¥ is a linear transformation mapping M into some inner product
space, say (W, (-,-)w). Show that U(PyY) is the best linear unbiased estimator of U(u),
in the sense that it has minimum dispersion among unbiased estimators of W(u) of the
form BY, where B:V — W is linear. Point out how this result encompasses both the
“linear functional” and “vector” versions of the Gauss-Markov theorem. o
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3.4 Exercise [3]. Suppose V =R" and that e=(1,..., DT € M. WriteY = (Y1,...,Y,)".
(1) Show that the fitted values Y; = (PuY )i, 1 <i<n, have the same sample mean as the
observed values Y;, 1 <i<n:

1 5 1 v
ﬁzgignmzﬁzlgignmzy' (3

(2) Prove the addition rule

where
=2V =Ryl (3.7r)
Ve=Y G-V =Ry’ (3.75)
and
Ve=) (YY) =Y Y|’ (3.7r)

are, respectively, the so-called total variation (of the Y;’s about their mean), explained vari-
ation (that is, the variation in the Y;’s “explained” by the model assumption E(Y) € M),
and residual variation of Y. (3) Show that

Ve
V= R?, (3.8)
where o B R
YL Yi=Y)(Yi-Y) _ QY QeY) (3.9)

- (- QuY QY

is the sample correlation coefficient between the observed and fitted values. (In practice,
the larger is R?, the better.) (4) Show that R > 0. (5) Finally, show that the fitted values
Y; are uncorrelated with the residuals Y; — Y:

Cov(Y;,Y; —Y;) =0 for1<i<n,1<j<n. (3.10)

[Hint: Note that Q) Py = Par—e].] ©

To determine Py;Y = [i, one may call upon the various results about projections
developed in Sections 1, 2, and 3 of Chapter 2. For example, one may express Py Y :
(1) in terms of an orthogonal basis for M (see (2.1.14)), perhaps obtained by a
Gram-Schmidt orthogonalization (see (2.1.15)); (2) in terms of the solution to an
appropriate set of normal equations (see (2.1.26)); as the difference (Proposition
2.2.13) or product (Proposition 2.2.29) of known projections onto subspaces suit-
ably related to M; or, especially, as the sum (Proposition 2.2.24) of projections
onto mutually orthogonal subspaces of M, perhaps obtained with the aid of Tjur’s
theorem (Theorem 2.3.2).

3.11 Example. Suppose

M = ZLGT L, (3.12)
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where 7 is a subset of a Tjur system £ of mutually book orthogonal subspaces of V.
By Tjur’s theorem,

M = ZLET( ZKSL K ) - ZKET* K, (3.13)
where
T7"={KeL:K<LforsomeLeT} (3.14)

and K° = K =% ;. ;_; J. Because the K°’s are mutually orthogonal,

fi = PyY = ZKeT* PgY. (3.15)

Section 2.3 discussed how the Pgo’s can be calculated from the Pg’s with the aid
of a structure diagram for L.

For example, if £ is the Tjur system {V, R, G,C} of Example 2.3.18 and M =
R+C,s0T ={R,C} and T* = {R,C, G}, then

= ProY + PooY 4+ PgoY

3.16
=Pr Y + Po_gY + PgY = PRY + PcY — PgY, ( )

in agreement with Exercise 2.2.26. °

3.17 Exercise [3]. Use (3.16) to derive (2.16) anew. Begin by checking that the regression
manifold M in Example 3.11 is the same as that in Exercise 2.14. <o

3.18 Example. In the framework of (1.7), one can determine

fi = Zlgjgp vi(R)z; = Zlgjgp Bjx;

by solving for Bl, e ,Bp in the normal equations

<':U1,7Y> = Zl<j<p<xiaxj>/8j7 1 < 7 < b, (319)

(see (2.1.26)) to get
ﬂi = Zlgjﬁp Cij <:Ej, Y>, (320)

in agreement with (2.19). o

Once i is in hand, the GME of any given linear functional ¢ of u is of course
readily available. On the other hand, when one is able to find the GMEs of linear
functionals directly, as in the previous section, the result of the following exercise
may well be the easiest route to f.
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3.21 Exercise [1]. Suppose each z in M can be written in the form

T = Z1gi§k ¥ (x)x

for given linear functionals ¥;: M — R and (possibly linearly dependent) vectors x; € M,

1 <4 < k. Show that
= 3.22
i being the GME of v; (). o

4. Estimation of o2

By Theorem 3.8.2, the residual vector QY has in M~ a weakly spherical distri-
bution with zero mean and dispersion operator 0?1y, . Thus, when d(M) < d(V),

o 1QuY? Y|P = [[PaY
0" = dME) T d(V) —d(M) (41)

unbiasedly estimates o2. The customary estimator of the standard deviation o |[+)||
of the GME ¢(Y") of a linear functional (u) is

4 = oll¢ll = ollcv(@)]- (4.2)

4.3 Example. Consider simple linear regression: V = R", Y7,...,Y,, are uncor-
related random variables with equal variances 02 and E(Y;) = a + B(z; — ) for
1 <4 < n with z1,...,2z, known constants; note that the parameterization used
here is different from that used in Examples 1.1.2 and 1.9. The regression manifold
M is

e, ],

where (e); = 1 and (v); = z; — T for each i. Because e L v, one has

PyY = ée + fv,

where )
= (15 V) =7 and B (s Y) = M (4.4)
Hence
6% = W (4.5)
with
|QuY |2 = [[Y = (ae+ Bo)| = Y (Vi — & - Blas — 1))’ (4.6)

=Y |* — lael® — 5ol =) ¥ —nd® = 5°) (@i—-2)%.  (47)
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The sum of squares on the far right of (4.6) is called a closed form, whereas the sum
of squares on the far right of (4.7), which can be obtained algebraically by “opening”

that is, expanding) (Y; — & — B x; — 7))? and summing over 4, is called an open
g g
form. The estimators of the standard deviations of & and 3 are, respectively,

6o =0/lel =6/vn (4.8)

65=06/lvl =5/ Sylwi - 2)? . (4.9) o

4.10 Exercise [1]. What are the open and closed forms of ||Qa/ Y ||? in the one-way analysis

and

of variance layout of Example 2.2(D)?
[Hint: See Exercise 2.2.14.] o

4.11 Example. Suppose that, as in Example 3.11,

M= ZLeTL - ZKGT* K,

where 7 is a subset of a Tjur system £ and 7* consists of the elements of £ that
are at or below the level of some L € T in the structure diagram for £. Because the
mutually orthogonal subspaces L° for L € £ decompose V, one has

2 _ 2 _ 2,
QMY |* = HZKW* ProY||” = ZKW* | Pro Y ||?; (4.12)
the open-form expression on the far right of (4.12) is easily evaluated by reference
to the structure diagram and analysis of variance table for L. °

4.13 Exercise [2]. Suppose the running assumption that u € M (see (0.1)) is false and
that in fact p lies in given subspace NV of V' that contains M. What then is the expected
value of the estimator 62 defined by (4.1)? o

4.14 Exercise [3]. Put ¢ = d(M™) and suppose (v1,Y),..., (vy,Y) are uncorrelated linear
functionals of Y such that

E,((vx,Y)) =0 and Var((vg,Y)) >0
for each p € M and each 1 < k < g. Show that

§7>2
(Q Y 2 = E <Uk7 . 4.1 <&
H M || 1<k<q ||U}c||2 ( 5)

4.16 Exercise [2]. Suppose V = R" and M is spanned by the columns of a full rank
matrix X. Show that the closed-form expression

(v - XB)" (¥ - X3) (4.17)
for ||QaY||* has the equivalent open form

Y'Yy - 3"X"xp=Y"Y - 3" (x"Y). (4.18) ©



72 CHAPTER 4. GAUSS-MARKOV ESTIMATION

4.19 Exercise [1]. Suppose £ is the Tjur system {V,R,C,G} of Example 2.3.18 and
M = R+ C. What are the closed- and open-form expressions for ||QaY[|*?
[Hint: See Table 2.3.19.] o

5. Using the wrong inner product

On occasion one may, out of ignorance or for the sake of simplicity, employ the
wrong inner product in estimating p, that is, one may estimate pu by Py,Y, where
Py, denotes projection onto M with respect to an inner product

<‘7 >* = <7A> = <'7 '>A (5'1)

different from (-,-), A:V — V being a positive-definite self-adjoint linear trans-
formation. Consider, for example, the situation where V = R"™, (-,-)* is the dot-
product, and {-,-) = (-, B~!.)*, 02 B being the dispersion operator of Y with respect
to (-,-)*; in this case, Py;Y is the least squares estimator of j1, whereas PyY is the
GME of p.

Now, because E,(Py;Y) = Pyp = p for all 4 € M, Py, is a linear unbiased
estimator of p and so, by (3.1),

S(PLY) > S(PyY), (5.2)

with equality if and only if
Py Y = PyY. (5.3)

Here we address the question of when (5.3) holds. The deeper problem of how much
larger ¥(P;,;Y) is than X(PyY) when P}, Y # PyY is explored in the problem set
at the end of this chapter.

We need to make a preliminary observation, namely, that for any linear trans-
formation T" mapping V into V, the adjoint 7" of T with respect to (-,-) and the
adjoint T"* of T' with respect to (-,-)* are related by the adjoint identities

T*=A"'T'"A and AT*A™' =T’ (5.4)
because, for example,
(x,Ty)* = (Ax, Ty) = (T'Az,y) = (AATT' Az, y) = (AT Az, y)*

for all z,y € V.

5.5 Proposition. Let A, Py, and Py, be as above. The following are equivalent:
(i) Puv = Py,
(ii) Py, and A commute: Py, A = AP,
(iii) M is invariant under A: A(M) C M,
(iv) M admits a basis of eigenvectors of A,
and imply that the “false” GME Py,Y of p coincides with the true GME PyY.

The proposition remains valid with Pj; replaced by Py in (ii). However, we have
stated (ii) in terms of Pj; because it is presumably Pj, that one has in hand, since
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one is doing the computations with respect to (-, -)*. In interpreting the proposition,
bear in mind that since 21 is by assumption the dispersion operator of Y in the
(-,-) inner product, 02A = %I A is the dispersion operator of Y in the (-,-)* inner
product.

Proof of Proposition 5.5. (i) implies (ii): Pj; is (-,-)*-self-adjoint, so by the
adjoint identity (5.4),

(Pir) = A((Piy)")A™" = AP A~
Given that Pj; = Py, Py is also (-, -)-self-adjoint, whence (P;;)’ = P;; and Py, A =
AP},
(ii) ¢mplies (iil): For each « € M, one has Ax = AP;;x = Py;Ax € M.
(iii) smplies (i): Supposing A(M) C M, the identity

(v,m)* = (v,Am) forveV,meM
tells us that v L M implies v 1* M. For x € V, the decomposition

x = Pyx+ (x — Pyx)

is thus the (necessarily unique) representation of x as the sum of a vector (namely
Pyrx) in M and a vector (namely x — Pyz) (-, -)*-orthogonal to M, whence P,z =
PM£C.

(iii) smplies (iv): Supposing again that A(M) C M, we may view A as a linear
transformation of M into itself. This restricted A is self-adjoint with respect to
(-,-), restricted to M x M. The Spectral theorem gives the existence of a (-, )-

orthonormal basis eq,...,e, for M such that for appropriate scalars \;, Ae; = \je;
for each 1.
(iv) implies (iii): Trivial. "

5.6 Exercise [1]. (1) Show that an additional equivalent condition is
(v) M* is invariant under A: A(M*) ¢ M*.

(2) Show that the proposition remains valid if in its statement A is replaced by A~! and/or
Py, is switched with Pyy.

[Hint: No calculations are needed!] o
5.7 Example. Take V = R", (-,-)* = dot-product, and (-,-) = (-, B~1.)*, where
02B is the dispersion operator of Y with respect to (-,-)*. Suppose M = [e], so
that one is dealing with the one-sample problem. The proposition says that the

least squares estimator Pj;Y is the same as the GME Py/Y if and only if e is an
eigenvector of B. This is the case, for example, in the equicorrelated situation

1, ifi=j,
p, ifi#j;

here e is an eigenvector with eigenvalue 1 + (n — 1)p. °

Correlation(Y;,Y;) = { (5.8)
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5.9 Exercise [2]. Suppose that in Example 5.7 the matrix representing B is diagonal.
Under what further conditions on B will Py Y = P;;Y when: (1) M = [e]; (2) M is given
by (2.3)7 o

5.10 Exercise [2]. Suppose PyY = P;;Y. Show that the corresponding estimators

Iy - PuYP (Y = PaY])?
d(V) —d(M) d(V) —d(M)

of 0% are the same if and only if the restriction of A to M~ is the identity: Am* = m?*

for all m* € M*. In the context of Example 5.7, for what value(s) of p in (5.8) does this
latter condition hold? o

5.11 Exercise [3]. It may be the case that Py Y and Pj;Y are not identical, but yet that
the false GME ¢(Py;Y) and the true GME ¢ (PunY) of a given linear functional ¢ of u
are nonetheless the same. Let ¢ € M be the coefficient vector of ¢ with respect to (-, -)
and let ¢* be the coefficient vector of ¢ with respect to (-, -)*. Show that the following are
equivalent:

(i) Ac* € M,

(ii) ¢ = Ac”,

(iii) ¢* =A™l

(iv) A~ 'ce M,
and

(v) Py =Py
[Hint: assertion (v) says (¢, Pyx) = (c, Pyx) for all x € V. By the adjoint identity (5.4),
this is equivalent to (c,z) = (AP;; A~ c,z) for all z € V and hence to (iv).] o

6. Invariance of GMEs under linear transformations

The following discussion shows that if one is given a nonsingular linear transforma-
tion 7" mapping V into V, it is permissible to carry out the GM estimation process
by first transforming the problem via T, then doing GM estimation in the trans-
formed problem, and finally transforming back via T-!. Such an approach may
be advantageous when projection is relatively easy to carry out in the transformed
problem.

Let then T:V — V be a nonsingular linear transformation. By (3.4.5), TY has
dispersion operator TT” with respect to (-, -) and therefore is weakly spherical with
respect to the inner product

()" = (TT) ™). (6.1)
Moreover,
ETY)=TpueTM={Tm:me M }.

Let projection onto T'M with respect to (-,-)* be denoted Pj,,. By Exercise 6.3
below,

Py =T 'P;y,T. (6.2)
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From a vector point of view, (6.2) says that the GME i = Py/Y of u may be obtained
by applying T~! to the GME Pj,,TY of Ty in the transformed problem. From
a linear functional point of view, (6.2) says that the GME of a linear functional
on M is Y(PyY) = T (P;,,TY), the GME in the transformed problem of the
linear functional T~! on T'M.

If ¢ is the linear functional recording the coordinate of a vector in M with
respect to the j*' element x; of a basis x1,...,x, for M, then YT~ records the
coordinate of x in T'M with respect to T'z;, the 71 element of the transformed basis
Txy,...,Txp, since

WTH (Y BiTw:) = (D Bixs) = B

According to the preceding discussion, the GME Bj of 3; can be found either by
projecting Y onto M and reading off the j** coordinate with respect to the z;’s, or
by projecting TY onto TM (using (-,-)*) and reading off the j* coordinate with
respect to the Tx;’s.

6.3 Exercise [3]. Prove (6.2).
[Hint: That T~ Pj,, T is (-, -)-self-adjoint follows from the adjoint identity (5.4).] o

To avoid confusion as to the role of the symbol T', for the rest of this section let
the transpose of a vector € R™ and a matrix A be denoted by x’ and A’, rather
than the usual 7 and AT.

6.4 Example. Suppose Y is a random vector in R” with covariance matrix of the
form o2 B for a known positive-definite matrix B. Then Y is weakly spherical with
respect to the inner product (x,y) = '’ B~'y. Let T be the matrix representing the
transformation T in the preceding discussion. By (6.1), (x,y)* = (T 'z, T ly) =
' (T71)YB T~y = 2/(TBT’) 'y, so if T is chosen so that TBT' = I, then
(-,-)* is the well-understood and easily handled dot-product. °

6.5 Exercise [2]. Continuing Example 6.4, show that such a T' exists. o

6.6 Example. Let V = R", let p = dim(M), and let T be any orthogonal linear
transformation of R™ into itself that carries the given manifold M into the “first

p-dimensional” subspace {(;vl, cenxy) ER Y tapp = =0y, = O} of R™. Since
T is orthogonal, the (T'~!.,T~!.) inner product is the original dot-product, and
P}M((xl, e ,:Un)’) = (x1,...,2p,0,...,0) for all x € R". The transformation 7 is

traditionally called a canonical transformation and is said to reduce the problem to
canonical form; it is often used as a theoretical tool when the GLM is treated from
a coordinatized point of view. °

7. Some additional optimality properties of GMEs

We consider first an optimality criterion of the GME Py;Y outside the class of linear
unbiased estimators of u. We need a criterion to measure the performance of a not
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necessarily unbiased estimator ji of p. In the one-dimensional setting it is customary
to employ the mean square error (MSE)

R(fi, 1) = Bu(i — p)® = Var, (i) + (Bui — p)*. (7.1)

To say [ has a small MSE is to say that i has both a small standard deviation and
a small bias.
In the vector setting, a natural definition of MSE is

R(fi, 1) = Eu( |l — plf*)- (7.2)

Since fi — p has dispersion operator I with respect to (-,-)* =
dispersion operator of ji, and since || — u|* = (S(2 — ), i
gives

(-, 271}, ¥ being the
— p)*, formula (3.9.1)
R(ji, 1) = trace(S) + | Eufi — ul? (73

this being an analog to (7.1).

The Gauss-Markov theorem implies that PpsY has minimum MSE in the class
of linear unbiased estimators of y. Indeed, letting eq, ..., e, be an orthonormal basis
for V and assuming DY to be a linear unbiased estimator of y, we have

R(DY.p) = Bu(|DY — ul*) = 3 E,({DY — p.e:)?)
— Z Var, (DY, ¢;)) > Z Var, ((PY, e;))
= ZZ E,((PnY — p,e:)?) = R(PuY, ),
the inequality holding because (DY ¢;) is a linear unbiased estimator of its expected
value (Dpu, e;) = (i, e;), the GM estimator of which is (Py/Y, €;).

7.4 Exercise [3]. Show that for any linear transformation A: V' — V| the quantity

Zlgign@“ Ae;) (7.5)

does not depend on which orthonormal basis e1,...,e, is employed in V; the common
value of all these sums is called trace(A). When A is self-adjoint, trace(A) is thus the sum
of the eigenvalues of A, multiplicities included, as defined in part A of Section 3.9. Check
that for self-adjoint transformations A and B,

A < B implies trace(A) < trace(B) (7.6)

and use this together with (3.1) and (7.3) to give an alternate proof of the fact that Py Y
has minimum MSE among linear unbiased estimators of u. o

One can push these ideas a bit further to obtain

7.7 Proposition. i = PyY has minimum MSE in the class of affine estimators
of u with bounded MSE.
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Proof. Let DY + g be an affine estimator (D:V — V is linear, ug € V') of u with
bounded MSE. Note that

R(DY + pio, 1) = EulIDY + g —
= E,|| (DY — D) + (Dp — o + po) ||
= B,||DY — Dyu|* +2E, (DY — Dy, Dp — p+ po)
+ | D — p1+ pol|?
= E[D(Y — ) [|> + 0+ || (Dp — ) + paol*-

Were Dy # py for some py € M, DY + py would have unbounded MSE (consider
| (Depy — cpr) + pol|? as a function of ¢ € R), so we must have

Dpu=p forall pe M.

But then DY is a linear unbiased estimator of u, and the effect of translating it by
1o is only to make the bias, and so also the MSE, bigger:

R(DY + po, pt) = Eu||DY — Dp|l* + ||uo||* > R(DY, p) > R(PyY, ). w

Finally we consider an invariance argument that also leads to Pp;Y as the
“ideal” estimator of u. Consider a generic estimator g(Y') of the mean E(Y) € M
of our weakly spherical random vector Y. It is reasonable to ask that

gly) e M forallyeV. (7.81)
Now for m € M, the random vector Y + m is weakly spherical with mean
EY +m)=EY)+meM,

and so it would be natural to use g(Y + m) to estimate the left-hand side of the
above equation. Since g(Y') + m estimates the right-hand side, it is reasonable to
ask also that

gly+m)=g(y)+m forally eV and all m € M. (7.82)

Similarly, for each orthogonal transformation O:V — V that maps M into M, the
random vector QY is weakly spherical with mean

E(OY)=0(E(Y)) € M,
and it is reasonable to ask also that
9(Oy) = Og(y) for all y € V and all such mappings O. (7.83)

7.9 Proposition. The unique g:V — V satisfying (7.8) is g = Py;.

7.10 Exercise [3]. Prove the proposition.
[Hint: First show that g(y) = 0 for each y € M+ ] o
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8. Estimable parametric functionals

When V = R" the regression manifold M is often written as
M={XB:BcR"}, (8.1)

where the n x k matrix X may or may not be of full rank. This situation can be
abstracted to the case of a general V' by stipulating that

M={XB3:8€B} (8.2)

is the range of a linear transformation X mapping an inner product space B into V;
X may or may not be one-to-one. Written out in full, the distributional assumptions
on Y corresponding to (8.2) read

the random vector Y is weakly spherical
in V and has mean ¢ = E(Y) of the (8.3)
form X3 for some unknown g lying in B.

The parameter [ in (8.3) is of special interest. When X is one-to-one, X’ X is invert-
ible so that 3 = (X'X)~! X’y is a linear function of p = X 3. By the Gauss-Markov
theorems, 8 and all linear functionals of it accordingly have best linear unbiased esti-
mators. On the other hand, when X is not one-to-one, various structural difficulties
arise. [ itself is not uniquely determined by u and so has no natural estimator what-
soever. The same is true of some linear functionals of 5. As it turns out, other linear
functionals of 3 are uniquely determined by u, and in fact linearly so, and therefore
do have best linear unbiased estimators. This section delineates which functionals
of (8 are so estimable and what their optimal estimators are. Until further notice we
adopt (8.3) as the running assumption and refer to (8.1) and (8.2) as the “matrix
case” and “general case,” respectively. We will call an arbitrary linear functional
of B a parametric functional. In the matrix case a parametric functional can be
thought of as a linear combination p13; + - -+ 4+ pg B of the coordinates 31, ..., G

of 3.
8.4 Proposition. Let ¢ be a parametric functional with coefficient vector p, so
that ¢(3) = (p, B) g for all § € B. The following are equivalent:

(i) ¢(B) admits a linear unbiased estimator in the sense that there existsav € V.
such that Eg(v,Y)y = ¢(f) for all possible values of the parameter ( in
(8.3),

(ii) there exists a linear functional 1) on M such that

&(B) = w(XB) for all B € B, (8.5)

(iii) ¢(0) is uniquely determined by X3 in the sense that ¢((31) = ¢(fB2) when-
ever (31, B2 € B satisfy X1 = X 3a,

(iv) p LN(X),
(v) p € R(X'),
(vi) p € R(X'X).
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Proof. (i) implies (ii): If ¢(8) = Eg(v,Y )y, then ¢(8) = (v, EgY )y = (v, X )y =
Y(XPB) for o = (v, )v.

(ii) implies (iii): Trivial.

(iii) émplies (iv): Suppose § € N(X), so that X3 =0 = X0. Condition (iii) (with
B1 = [ and B2 = 0) then implies that ¢(5) = ¢(0) = 0, so that p L 3.

(iv) <= (v) <= (vi): By Exercises 2.5.9, 2.5.17, and 2.5.20, N1 (X) = R(X') =
R(X'X).

(v) implies (i): Suppose p = X'v for some v € V. Then Eg(v,Y)y = (v, EgY)y =
(v, XB)v = (X"v, B)5 = (p, B) B = (D). .

A parametric functional ¢([3) is said to be (linearly and unbiasedly) estimable if
¢ satisfies any of the equivalent conditions of Proposition 8.4; otherwise, ¢(/3) is said
to be nonestimable. By (8.5), the estimable parametric functionals are precisely the
ones that are linear functionals of the mean of Y.

8.6 Exercise [2]. Suppose ¢(3) is an estimable parametric functional with coefficient
vector p. Show that the coefficient vector of the linear functional ¢ in (8.5) is the unique
element m in M such that p = X'm. o

8.7 Exercise [3]. Show that if the parametric functional ¢(3) is nonestimable, then it is
completely undetermined by u = X3, in the sense that for each p € M and each ¢ € R,
there exists a 8 € B such that X3 = p and ¢(08) = c. o

It is worth spelling out what conditions (iv)—(vi) of Proposition 8.4 have to
say about the estimability of p?3 in the matrix case (8.1). Condition (iv) requires
pTb =0 for all b € R* such that Xb = 0. Condition (v) requires p to be a linear
combination of the columns of X7, that is, that p” be a linear combination of
the rows of X. Since multiplication of the i*" row of X into B gives the expected
value of Y;, this result says that the only linear combinations of 1,..., 0, that are
estimable are the ones that are linear combinations of the coordinates of u = X 3.
Finally, condition (vi) requires that p be a linear combination of the columns of
XX or, equivalently, that p” be a linear combination of the rows of that symmetric
matrix.

8.8 Example (The one-way layout). Consider the one-way layout parameterized
in the form

E(Yij)=0o+ 0 for1<j<n;,1<i<I

with no restrictions on the 3;’s. One thinks of Gy as what the expected value of each
Y;; would be in the absence of any treatments and of 3; as an incremental effect due
to the treatment applied to the i*" group. A linear combination pyBy + - - - + pr5r
of Bo,...,0r is estimable if and only if it can be written as a linear combination
c1(Bo+ 1)+ - +cr(Bo+ Br) of the coordinates E(Y;;) of p. A moment’s reflection
shows that the condition for estimability is that

Po = Zlgiglpi’ (8.9)
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Thus no single §3; is estimable — without further assumptions on the g;’s, it is impos-
sible to disentangle the background level (y from the incremental effects 31, ..., 3;.
Moreover, a linear combination ), _,.; pif; of the incremental effects is estimable
if and only if ), ..., pi = 0; for example, > — 31 and 5 — (1 +[B2)/2 are estimable,
but (1 + B2 + (B3)/3 is not. o

8.10 Exercise [3]. Consider the additive two-way layout

with no restrictions on the parameters v, a1,...,ar, f1,...,0s. Show that a linear com-

bination
i+ iB; +rv
Zlgiglp Zlgig.f % /0i

is estimable if and only if

E pi=r= E q;- 1%
1<i<I 1<5<J

8.11 Exercise [2]. Suppose V = R". In the model
E(Y:) =pi —fBi—1, 1<i<n,

what linear combinations of the parameters (o, ..., 3, are estimable? o

Returning to the general case (8.2), suppose ¢(f3) is an estimable parametric
functional. As in (8.5), let ¢ be a linear functional on M such that ¢(5) = (X [5)
for all 8 € B; v is uniquely determined by ¢ because X maps B onto M. The
Gauss-Markov estimator $(Y) of $(8) is defined to be the GME ¢)(Y) = ¢(Pp/Y)
of Y(EY).

8.12 Proposition (Gauss-Markov theorem for estimable functionals). The
best linear unbiased estimator of an estimable parametric functional ¢(3) is its GME

oY)

Proof. In the framework of (8.3), a linear functional LY of Y is unbiased for ¢(3)
if and only if, for all 5 € B and all possible choices of the distribution of Y as being
weakly spherical with mean X3, one has

E(LY) = ¢(B). (8.13)

Because ¢(3) = (X [3) for all 3, the requirements are that for all u € M and all
choices of the distribution of Y as being weakly spherical with mean p, one has

B(LY) = (u). (8.14)

By the Gauss-Markov theorem for v, the choice of L minimizing Var(LY") subject
to the constraint (8.14), and hence subject to the equivalent constraint (8.13), is
L =Py,. "
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8.15 Exercise [2]. Show that a nonestimable parametric functional ¢(3) does not admit
any unbiased estimator, linear or not.

[Hint: Specifically, show that there is no function f:V — R such that Ef(Y) = ¢(8) for
all B € B and all possible choices of the distribution of Y as being weakly spherical with
mean X (.| o

8.16 Proposition. Let ¢(5) = (p, ) be an estimable parametric functional. Its
GME ¢(Y') can be written variously as:

(i) (Pymv,Y)y, for any v € V such that Eg(v,Y )y = ¢(3) for all 5 € B,
(ii) (Ppv,Y )y, for any v € V such that p = X'v,
(iii) gb(B), for any solution (3 to the normal equations X' X3 = X'Y, or
(iv) (b, X'Y)p, for any b € B such that p = X' Xb.

Proof. (i): By condition (i) of Proposition 8.4 there is at least one v € V' such that
(v,Y)y unbiasedly estimates ¢(3). The first step of the proof of that proposition
showed that for any such v, one has ¢(8) = (X ) for ¢ = (v,-)y. Hence cv(y)) =
Py and ¢(Y) = 9(Y) = (Puv,Y)v

(ii): By condition (v) of Proposition 8.4 there is at least one v € V such that
p = X'v. The last step of the proof of that proposition showed that for any such v,
(v,Y)y unbiasedly estimates ¢(3), so (ii) follows from (i).

(iii): By Exercise 2.5.22 there is at least one solution B to the normal equations,
and any such B satisfies Xﬁ PpY. Let v be as in (ii), so that p = X’v. Then

S(Y) = (v, PuY)y = (v, XB)v = (X'v,8)5 = (p, B) 8 = ¢(B).

(iv): By condition (vi) of Proposition 8.4 there is at least one b € B such that

p = X'Xb. For any such b and any solutionAﬂA to the normal equations, one has
b, X'YYp=(b,X'X0)p = (X'Xb,B) = (p,B)B = (), so (iv) follows from (iii).n

In the matrix case, assertion (iii) of Proposition 8.16 says that the GME of p’3
is pT,é, where B is any solution to the normal equations X7 X B = XTy . If pT can
be recognized as a linear combination b7 XX of the rows of the coefficient matrix of
the normal equations, then the GME of p?3 can be easily obtained without solving
the normal equations; indeed, assertion (iv) of the proposition gives the GME of p’3
as bI(XTY). In general, though, it is no easier to find a b such that X7Xb = p

than it is to solve the normal equations for ,é

8.17 Example (The one-way layout). In the context of Example 8.8, the GME of
an estimable parametric functional ¢(3) = Zog <1 Dili 1s

H(Y) = Zlgiglpi}_/i =, Y)v

Z Divi
v = —_—
1<i<I ny

where



82 CHAPTER 4. GAUSS-MARKOV ESTIMATION

with (v;)i; = 0;i7, since v € M and

Eg(v,Y)y = Z pi(Bo + Bi) = Zogigjpiﬁi = ¢(B)

1<i<I
by (8.9). °

8.18 Exercise [3]. Find the GME of an arbitrary estimable ¢(3) in (1) Exercise 8.10 and
(2) Exercise 8.11. o

8.19 Exercise [2]. Show that if ¢1(8) = (p1,8)s and ¢2(8) = (p2,B)p are estimable
parametric functionals, with p1 = X' Xb; and ps = X' Xbs for by and b2 € B, then

Cov(1(Y), $2(Y)) = 0*(Xb1, Xba)v = 0*(b1,p2) 5 = 0”(p1,b2) 5.

[Hint: See Exercise 8.6.] o

8.20 Exercise [2]. Show that if the vector space of estimable functionals for the model
(8.2) is spanned by ¢1, ..., ¢, then the regression manifold M is spanned by the coefficient
vectors myq, ..., m; of the corresponding GMEs ¢;(Y) = (m;, PuY ). o

8.21 Example. As in Section 2.3, let D be a Tjur design consisting of orthogonal
factors F' (see (2.3.65)). Let V be the inner product space of real-valued functions
on the set of experimental units, let F be a subset of D, and let Y be a V-valued
weakly spherical random vector with mean of the form

E(Y) = ZFE]-‘ (ZfEF 651}[) (8.22)

for some unknown constants ﬂf (f € F, F € F); here Iy is the indicator function
of f (see (2.3.47)). Equation (8.22) postulates that the factors in F are additive in
their effects and that ﬂff is the effect of the £t level of the factor F.

This scenario is a particular case of (8.3): Take

B:{(ﬁf)fEF,Fe}‘:ﬂ? €Rforeach fe FeF}

and let X be the linear transformation from B to V mapping 8 € B to

X = ZFef<ZfeF ﬁf]f)

Fix F' € F and consider a parametric functional ¢(3) of the form
— F
0B =, B (8.23)

We claim ¢(3) is estimable if and only if

for each G € F distinct from F' and each block h

of H = F A G, one has ZfEF,fChpf =0, (8.24)
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and then the GME of ¢(f3) is
OED DD (8-25)

where Y7 is the average value of Y over f (see (2.3.55)).

First we show that ¢(/) is nonestimable if condition (8.24) is false. Suppose
that ZfeF,fchpf # 0 for some block h of H = F A G for some G # F. his a
union of certain blocks of F', say f1,..., fr, and also a union of certain blocks of G,
say gi,.-.,97. Let (81 be the element of B having all coordinates 0, and let 35 be
the element of B having all coordinates 0 except for (82)f, =--- = (62)f, = 1 and

(62)?1 == (52)5, = —1. Then

Xf2 = ZlSiSI L= ZlSjSJ Toy =In = In =0=Xbn

while
d(B2) = Zlgélpf,: = Zfeﬂfchpf # 0= ¢(B).

This violates condition (iii) of Proposition 8.4, so ¢(3) is nonestimable.
Suppose next that condition (8.24) does hold. Put

br
= Ly
V=2 er Tk

where | f| denotes the number of experimental units assigned to level f (see (2.3.29)).
We claim that

E,B<U7 Y> = ¢(ﬁ)
for all 3 € B. This will make ¢(3) estimable and (8.25) will follow because v € M
and (v,Y) =}, ppsYy (see parts (i) of Propositions 8.4 and 8.16). Now

Ey(v,Y) = (v, BgY) = > (v, XaB°),
where

G __ G
X _dec C1,.

Since

(v, XpB") = ZfeFZf,eFmﬂf FOF=2, opeBF = (8),

it suffices to show (v, XgB%) = 0 for G € F distinct from F. Fix such a G and put
H = F AN G. Because F and G are orthogonal factors, we have |f N g| = |f]||g|/|h]
whenever the blocks f of F' and g of G are nested in the same block h of H (see
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Proposition 2.3.57), while trivially | fNg| = 0 if f and g are nested in different blocks
of H. Hence

(v, XaB%) = ZfeFZ e |f! 5G If Nyl
_ /119l
a ZheH Zf,ch,feF 9€eG |f] /BG |h
1
- ZhEH m [(ZfEF,fChpf> (ZQEG,gCh /69G|g|)] -

the last equality holding by (8.24). °

8.26 Exercise [3]. In the context of Example 8.21, show that for fixed F' € F and fixed
f1, f2 € F, the parametric functional ¢(8) = ﬂf; — ﬂfl is estimable if and only if for each
factor G € F distinct from F', f; and fs are nested in the same block of H = F A G. o

8.27 Exercise [3]. In the context of Example 8.21, suppose that F' and G are factors
such that ¢r(8) = 3, pf Bf and ¢c(B) = 3, o p§ 85 are both estimable. Find the

variances and covariances of the GMEs ¢ (Y) and ¢g (V). o

8.28 Exercise [3]. Consider the split-plot design of Exercise 2.3.66. Suppose F = {P, A x
B}. For each choice of F' € F, what parametric functionals ¢(3) = ZfeF pfﬂf are
estimable, and what are their GMEs? Repeat for the case when F is augmented to F* =
{P,A x B, A, B,T} by including those factors in D that lie below P and/or A x B in the

factor structure diagram. <o

The exercises that follow deal with the case when certain linear restrictions are
imposed on . For the rest of this section suppose that R is a linear transformation
mapping B into a inner product space C' and modify (8.3) to read

the random vector Y is weakly spherical in V'
and has mean 1 = E(Y) of the form X for (8.29)
some unknown 8 € B such that RF =

Put
M={Xp:8€ Band R6=0}. (8.30)

8.31 Exercise [2]. Show that 3 € B satisfies X3 = PyY and R3 = 0 if and only if there
exists a ¢ € C such that # and c¢ jointly satisfy the normal equations

X'XB=X'Y+Rc¢ and RS =0. (8.32)

[Hint: Use N (R) = R(R').] o

8.33 Exercise [3]. Let ¢ be a parametric functional with coefficient vector p € B, so that
@(B) = (p,B)p for all B € B. Show that the following are equivalent:

(i) ¢(B) admits a linear unbiased estimator, in the sense that there exists a v € V
such that Eg(v,Y)y = ¢(8) for all 8 € B such that RG = 0,
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(ii) there exists a linear functional ¢ on M such that
@(B) = (Xp) forall § € B such that R =0, (8.34)

(iii) ¢(B) is uniquely determined by X8 when RS = 0, in the sense that ¢(51) = ¢(52)
whenever (1, B2 € B satisfy X381 = X2 and RB1 = 0 = Rfs,

(iv) p L (W (X)NN(R)),

(v) p € R(X') + R(R),

(vi) p€ R(X'X + RR'). o
8.35 Exercise [3]. Suppose ¢ satisfies the conditions of the previous exercise. Let ¥ be the

unique linear functional on M such that equation (8.34) holds. Show that d(Y)=9(Y) is
the best linear unbiased estimator of ¢(3) and that ¢(Y") can be written variously as:

(1) (Puv,Y)v, for any v € V such that Eg{v,Y)v = ¢(8) for all 3 € B with RS = 0,
(ii) (Pmv,Y)yv for any v € V and ¢ € C such that p = X'v + R'c,
(iii) qb(ﬁ) for any /3 satisfying the normal equations (8.32), or
)

(iv) (b,X'Y + R'c¢)p for any b € B such that p = (X'X + RR')b and any ¢ € C
satisfying the normal equations (8.32). o

9. Problem set: Quantifying the Gauss-Markov theorem

Let V, (-,+), Y, and M play their usual roles in the GLM—in particular, Y is
weakly spherical with respect to (-,-) and M is the subspace of possible means of
Y. Let (-,-)* = (-, A-) be another inner product on V. In this problem set you will
work out an explicit, albeit somewhat cumbersome, expression for the ratio

Var (zﬂ(PX/IY))

Var(¢(PyY))
of the variance of the false GME of the linear functional ¢(u) to the variance of the
true GME of ¥ (u). The ratio depends on the extent to which vectors L* to M fail
to be L to M, so the problem set begins with some preliminary considerations on

measuring the nonorthogonality of subspaces.
Let K and L be two subspaces of V; assume K # 0 and L # 0. Set

O(K,L) =sup{(z,y):x € K, y e L, [lzf| =1 =yl }. (9-1)

Topological considerations show that the sup is attained.

A. Show that
0<O(K,L)<1 (9.2)

with

O(K,L)=0<= K L L (9.3)
O(K,L)=1<= KNL#0.

[Hint: Use the Cauchy-Schwarz inequality (2.1.21).] o
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B. Suppose z € K and y € L with (K, L) = (x,y) and ||z|| =1 = ||y||. Put

K’ = orthogonal complement of [z] in K = K — [x]
L’ = orthogonal complement of [y] in L = L — [y].

Show that
x L L and yl K’

[Hint: Were there a nonzero z’ € K’ with (2/,y) > 0, then ((z + dz')/||z + é2'|, y)

would exceed (z,y) for small positive §.] o
C. Show that there exist orthonormal bases x1,...,z; for K and yi,...,ye for L
such that
<$i7yj>:0 fOTZ#],ngék‘,lg]Sg,
<xgvyg> = H(K - [-’Ela ceey xg—l]yL - [917 ce 72/9—1])7 (94)
for 1 < g < h = min(k,?).

The bases x1,...,x; and y1, ...,y are called canonical bases for K and L.
[Hint: Use B repeatedly.] o

D. Let z and y be given in V with ||z|| = 1 = ||ly|| and (x,y) > 0. Show that the
linear transformation mapping V into V' that sends z into itself and that annihilates
y and [z, y]* is

o (b) — 60

with
0 = (x,y) = 0([], [y]). o

That finishes the preliminaries. Now let M denote the orthogonal complement
of M with respect to (-,-)*. Let x1,...,z; and y1,...,ye be canonical bases for M
and M, respectively. Put

h = min(k, )
and set

*

0y =60(M — [3101,...,:109_1],ML — Wiy yYg—1]) for1<g<h.

Notel>01292---29h20byA.
E. Show that for each v € V,

PM’U = Zl§i§k<v7 iL'l>I'Z

whereas

. 1
Pyv= Z1gggh 1_793 ((v, xg) — O4(v, yg>);rg + Zh+1§i§k<v, )T (9.5)
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Deduce that the difference between the false GME 4* = P;;Y and the true GME
= PyY is given by
SO g
Ho—= = E 1<g<hﬁ<yﬁg$g_yg>$g' (9.6)
=9= g

[Hint: For (9.5), show that the right-hand side is z; when v = z;, for 1 <¢ <k, and
is 0 when v = y;, for 1 < j < /] o

F. Show that the linear functionals
by

fg(Y):mafaegwg_yg% 1<g<h,
g

appearing in (9.6) are uncorrelated among themselves and with the functionals
<Y,1Ei>, 1§7/§k7

and that the f,(Y")’s have variances

Var(fy(Y)) = o2 | _902 .

[Hint: Compute.] o
G. Now let ¢ (i) be a linear functional of p. Let ¢ € M be the coefficient vector of
1 with respect to (-, -):

(m) = (c,m) forme M.

Put
Y =9(PynY), v =v¢(PyY).
Show that
. o
Var(¢*) Yi<g<h CoT=h2
YAV ) gy o (9.7)
Var(4)) 21<g<k €
where ¢, = (c,z4) for 1 < g <k.
[Hint: Use (9.6) and F.] o

H. Let 7 be the ratio of the largest to the smallest eigenvalues of the operator A
figuring in the definition of (-,-)*. Show that

Var(q%*) < (14 7)? . 9.5)
Var () 4T
[Hint: Var(¢*)/ Var(y) < 1/(1 — 62); now use Cleveland’s identity (2.6.1).] o

I. Exhibit an M and a v for which equality holds in (9.8).
[Hint: First show that (1 +7)%/(47) =1/(1 —67).] o
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J. Suppose V- =R", (-,}* is the dot-product and Y = (Y7, ...

Var(Y;) = 0% for each i
and
Correlation(Y;,Y;) = p for i # j.
Show that the bound on the right-hand side of (9.8) is

2+ (n—2)p)*
41=p)(1+(n—1)p)

,Yo) T with



CHAPTER 5

NORMAL THEORY: ESTIMATION

Let V, (-,+), M, and Y have their customary meanings in the GLM with the weak
sphericity setup. Throughout this chapter we suppose now in addition that Y is
normally distributed in V:

Y ~ Ny (u,0%Iy) with g € M and 2 > 0. (0.1)

We show that as an estimator of p, Py/Y has various nice properties, to wit: (i) It
is the maximum likelihood estimator of p; (ii) it has minimum dispersion in the
class of all (linear and nonlinear) unbiased estimators of y; and (iii) it is minimax
with respect to mean square error. On the debit side, we exhibit the James-Stein
phenomenon: Py/Y is inadmissible relative to mean square error when dim(M) > 3.
Some admissible minimax estimators are developed in the problem set.

1. Maximum likelihood estimation

Relative to Lebesgue measure on V, Y has density (see (3.7.6))

1
@m)r sz ©
_ (12)/2 o Slly—nl?/o?
2mo)n
_ (212)/2 e~ 3 IPuy=pl¥/o® ~3lIQuylo® (1.1)
Tos)"

— 3 y—p,X N (y—p))

fu,az (y) =

where n = dim(V') and ¥ = 3(Y'). The mazimum likelihood estimators finrE and
62 g of wand o2 are the values of y and 02 that maximize fu,02(Y). Now, regardless
of the value of ¢, the maximum of f, ,2(Y") with respect to p occurs at
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63 is therefore the value of 0 maximizing

o n

Since

i 11 1) = g (- 310800) -~ 35) = 5 (-0 +5)

is strictly positive for 0 < # < a/n and strictly negative for a/n < 6, we have

Y2
ooyl

1.3
MLE n (1.3)

The joint distribution of e and &%ALE is readily obtained from our basic
distributional results under normality (see Theorem 3.8.2):

v ~ Nar(p, 0% 1) (1.4)

independently of
FrLE ~ UZXZ(ML)/”- (1.5)

1.6 Exercise [2]. Suppose ¢ (y) is a linear functional on M, ¢(Y) is its GME, and G5 =
F||l¢|| is its estimated standard error (see (4.4.2)). Show that

YY) — ()

7y
has a t distribution with d(M*) degrees of freedom. o

2. Minimum variance unbiased estimation

Set
2 n_ oo 1QumY|I?
= = . 2.2
g d(MJ_) OMLE d(MJ_) ( )
Evidently

B, o2(ft) = p
g 0’2

E, ,2(6%)

for all 4 € M and 0? > 0. Thus /i and 62 are unbiased estimators of y and o2,
respectively. According to the Lehmann-Scheffé theorem, they have minimum dis-
persion in the class of all unbiased estimators because, as we will now show, they are
functions of a complete sufficient statistic. Recall that a statistic T(Y") is: (i) suffi-
cient for 1 and o2 if for each possible value ¢ of T, the conditional distribution of
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Y given T(Y) = t does not depend on the parameters p, o2; and (i) complete if
whenever g is a function such that

E,,29(T(Y)) =0 for all 4 and o2,

then

P,2(g(T(Y))#0) =0 forall g and o2
The Lehmann-Scheffé theorem (see Bickel and Doksum (1977, p. 122)) states that
when T'(Y) is both sufficient and complete, each function of T'(Y") is the minimum

dispersion unbiased estimator of its expected value.
To find a complete sufficient statistic, write the density of Y as

1 112/ 42
fuo2(y) = W e zlly=—nll/o
1 1 2 2 2 1 2 2
— = oslwli¥e® JLyw/o®) o—slull/e
= e 2 e e 2
(2mo2)n/2
1 1 2 2 2 1 2 2
— = ozlul¥e® (Puyn/o®) —3lull /o
= e 2 e e 2
(2mo2)n/2
=C(6y,...,0p,0,4,) << )0 (2.3)
where, with by, ...,b, denoting an orthonormal basis for M,
Ti(y) = (Pmy, bi), 0; = (u/a*b;), fori=1,...p,
1
Terl(y) = ||yH27 9p+1 = _ﬁ 5
and
1 1 2
C(b,...,0p, Ops1) = an/2 (_9p+1)n/2 e2lazis b
Notice that as (u, 0?) ranges over M x (0,00), = (01,...,0,,0,:+1) ranges over

O = RP x (—00,0).

It follows from (2.3) and the factorization criterion for sufficiency (see Lehmann
(1959, p. 49)) that

T(Y) = (Ti(Y), .. Ty(Y), Ty (V)

is sufficient; moreover, T'(Y") is complete because the possible distributions of T'(Y)
constitute an exponential family and © has a nonempty interior as a subset of RPT?
(see Lehmann (1959, p. 132)). To finish off the argument, note that

fi=PyY = ZlSiSPTi(Y)bi

52 _ 1QuY P _ VI = 1PuY|? _ Torr(Y) = i, TB(Y)

d(Mb) d(MT) d(M+)
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are indeed functions of T'(Y).

2.4 Exercise [4]. Suppose g:V — R is a function such that
J(p,0%) = By, 02 (9(Y)

is defined and finite for all 4 € M and all 6> > 0. Show that J has continuous partial
derivatives with respect to u and o of all orders (indeed, is analytic).
[Hint: See Lehmann (1959, p. 52).] o

3. Minimaxity of PyY

For the rest of this chapter, with exceptions as noted, suppose o2 is known; for
simplicity take 02 = 1, so

Y ~ Ny(u,Iy) with pe M. (3.1)

We will investigate properties of the GME P,/ Y from a decision-theoretic viewpoint
relative to mean square error, under which the risk of using an estimator i when pu
obtains is

R(jis p) = Bullit - ul]® = trace(S(@)) + | it —

(see (4.7.3)). Because Pp/Y has mean p and dispersion operator Py, P, = Py in
V, the risk of Py/Y is

R(PwnY ;) = E,||PuY — p]|? = trace(Pas) + 1|0]|? = dim(M);

note that P;Y has constant risk.
Recall that an estimator g = (Y') of u is said to be minimax if

R(j1) = sup ¢ o R(; 1)

= infs R(J) = value of the statistical game,

the infimum being taken over all estimators § = 6(Y") of p. [ is said to be Bayes
versus a prior I on p if

R0 = [ R0 Tidw) = infs RS = B(1). (3.2)

i is e-Bayes versus I1 if R(j;11) — B(IT) < €. i is extended Bayes if for each n there
exists a prior I, such that £ is 1/n-Bayes versus II,,. We will show that PpY is
minimax using the following lemma.

3.3 Lemma. Suppose {1 is an estimator of y having finite constant risk, say r. If
there exists a sequence {I1,,} of priors on p such that B(Il,) — r, then [i is extended
Bayes and minimax, and r is the value of the statistical game.
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Proof. [ is extended Bayes because R(ji;Il,) = r for each n. To see that [ is
minimax, note that for any estimator ¢ and any n,

R(5) = sup, R(5:p) = [ R:p) L, (dp) = B(IL)

letting n — oo gives

R(6) > r = R(i). .

We now need to work out a recipe for a Bayes rule versus a prior II on u.
For this, let II be given and, for notational convenience, let @ denote an M-valued
random vector defined on the same probability space as Y in such a way that the
marginal distribution of @ is II and, for each u € M, the conditional distribution
of Y, given © = p, is Ny (u, Iy).

For any estimator &,

R(5;1T) = /M B, (1160Y) — ull? )Ti(dps)
= | B(150) = 61* | & = ) T
— B([5(v) - 6]?)

:/VE(H(S(Y)—@H?\Y:?;) P(dy)
= [ Bl =sw)?) Play),

where P denotes the marginal law of Y, the symbol ’ is to be read as “given,” and
E, denotes conditional expectation, given Y = y. The idea now is to set

p(y) = Ey(O)
and to write

E,(lo=6wlI*) =E,(I(©—py)) + (ply) — () II*)
= E, (18 = p()II” +2(0 = p(y), p(y) — 6(y))
+lloly) = W)II*)
= By ([l6 = p@)I?) + llo(y) = 5(»)I%,

(3.4)

whence

R(5;11) > R(p;I1).

Modulo the nuisance of checking that p(y) is well defined (that is, that © actually
has an E,-expectation) and that E, distributes over the summations in (3.4), this
proves
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3.5 Lemma. For any prior I on p, the Bayes estimator versus I is p(Y'), where
ply) = E(O|Y =y) = E,(0) (3.6)

is the mean of the posterior distribution of i given Y = y and where

B(I1) = RipiT1) = [ Rlpip) (). (3.7)

3.8 Exercise [3]. Show that the fact that B(II) < co (PmY has bounded risk) implies
that

Ey(|l6]I*) < oo

for P-almost all y, and thus that the lemma is valid (measure-theoretic considerations set
aside).

[Hint: If E,(||© + v||?) is finite for some v € V, then it is finite for all v € V, in particular
for v =10.] o

A natural activity now is to search for priors II such that the posterior means
can be calculated without undue difficulty. It turns out that certain normal priors
meet this desideratum, thanks to the following result.

3.9 Lemma. Let W;, (-,-)w,, i = 1,2, be two inner product spaces and for each i,
let Z; be a W;-valued random vector. Let

W = W1 X W2
be endowed with the inner product

<(111,U2)7 (wl,w2)>W = (v, wi)w, + (v2, w2)w,
and let Z be the W -valued random vector
(Z1, Zs).
Put
M’L:E(Zz)a 1= 1727
Zij = COV(ZZ‘,Z]‘), ’L,] B 1,2,
and assume that Yoo is nonsingular. The following are then equivalent:

(i) Z has a normal distribution in W;

(ii) Z has a normal distribution in Wy and the conditional distributions of Z,
given Zy = zo, are normal in Wy with conditional means depending affinely
on z, and with constant conditional dispersions, that is,

,C(Zl ‘ oy = 22) = Nw, (w1 + AZQ,B) for all zo € Wy

for some wy € Wj and some linear transformations A: Wy — W; and
B: W1 — Wl,'
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(111) Z2 ~ NW2 (/.LQ, 222) and
L(Z, } Zy = z2) = Nw, (Nl -+ E1222_21(22 — p2), L1 — 21222_21221)

for each z9 € W.

3.10 Exercise [4]. Prove the lemma. To show that (ii) implies (i), argue that for any
c1 € W1 and c2 € W, the linear functional

((c1,¢2), (Z1, Z2))w = {c1, Z1)w, + {(c2, Z2)w,

of Z is normally distributed, by showing it has characteristic function

E(ei§(<011Z1)+<027Z2>))

(¢ € R) of the form e #16-#26%/2 o1 some constants #1,#2 € R. To show that (i) implies
11), start with the observation that Z; — >, 2 an 2 are Independent. <o
ith the ob ion that Z1 — X1,%5, Z» and Z independ

3.11 Example. Suppose the M-valued random vector @ has marginal distribution
L(O) = Npr(0, M)

for some A > 0 and for each p € M, the conditional distribution of Y given © = p
is
LY |©=p)=Ny(uIv),

as in (3.1). Part (ii) of the preceding lemma tells us that ¥ and © are jointly
normally distributed, and by part (iii) of the lemma we know that

(a) E(©) =0,
(b) Yoo = A,

(c) E(Y )-i-EY@E@@(u EO®)=p forall pe M,
(d)

where, for example, Yoo = Cov(©,0). Let Py, be Py considered as a linear
transformation from V onto M, rather than as a linear transformation from V'into V.
(Py; and Py are alike in that Pyv = Pyv for all v € V but are different in that
their adjoints have different domains.) Utilizing (a)—(d) and letting ip;: M — V be
defined by ip(p) = p, we get

@ZQGZ@Y = Iy,

EY)=0 (put =0 1in (c))

Yyo = Ny ((c) now reads Xy ou/A = p)
Yoy = APy, Yoy = Xy and iy, = Pyy)
Syy = Iy + Xin Py (by (d))

=ly+ APy =14+ NPy+Qum
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E;%, = 71+)\PM +Qum
—1 >‘ o o /\ o
YoyXyy = 1+)\PMPM+)‘PMQM: mPM
_ A2 A
Yoo — Z@YZY%/EY@ = AMuy — In = I

A+A™M7 14
It follows, again by part (iii) of the lemma, that the marginal distribution of Y is
L(Y)= Ny(0,Iy + APy),

and, for each y € V, the conditional distribution of @ given Y = y is
A A
£(0|Y =y) = Nu (25 Py, ) -
© | Y) M{Tx Mya1+>\[M o

We now know that

A A 1

is Bayes versus the prior
IT\ = Npr(0, My ).

Note that d,(Y") is a convex combination of the prior mean F(0©) = 0 and the GME

fo = Py Y of p, with respective weights 1 )\ and 3 + 1 depending on the diffuseness A
of the prior. The risk of ¢y is easily computed

R(liA]%ﬂQu):l%(HliA]ﬁﬂ’—uW)

A
:Eu(Hm(PMY—M) 1i)\/~LH )

(A Y 2
= (m) E,(|PuY — u|*)

A1
-2—— ——E,(PyY — E
I+A 1+ il o t) + H

:(1iAY&mMﬂ+

I
T+ A

Tl

:<—£*YRGMYMO+

b
(1+X)2
Since @ ~ Il has a weakly spherical distribution in M with mean 0, we have

E|O|? = Adim(M) + |E(6)||* = Adim(M),
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SO

B(IL\) = R(6x; I15) = E(R(6x; O))

- (—) dim(M). (3.13)
Note that as A — oo,
B(I1)) — dim(M) = R(Py Y -).

By Lemma 3.3, the constant risk estimator P,;Y is extended Bayes and minimax.

3.14 Exercise [3]. Show that when o® > 0 is unknown, Py Y is minimax with respect to
normalized mean square error

A 2
R(ji; p,0%) = E,, » (M) . (3.15)

g

[Hint: This is easily deduced from the minimaxity of PyY when o? = 1.] <&

4. James-Stein estimation

From a decision-theoretic viewpoint, it would be ideal if Py;Y were not only mini-
max — providing the best protection against the worst possible risk—but also ad-
missible—unable to be improved upon. Recall that for an estimator ¢ of u to be
admissible, there can be no other estimator 6* such that

R(6"; ) < R(6;p) for all pe M,

(4.1)
R(6%;u) < R(d; ) for some p € M.

It turns out that Py/Y is admissible if dim(M) < 2. Surprisingly, however, Py/Y is
inadmissible for dim(M) > 3, as we will now show by exhibiting an estimator with
an everywhere smaller risk.

Consider the Bayesian setup of the previous section, where

L(Y | p) = Nv(p, Iv).
We saw that

A 1
— PyY=(1——PyY 4.2
1+A M ( 1+>\> M (4.2)

was the Bayes rule in this case. This rule is admissible, but a potential drawback
to its use is that we do not know A. We can, however, estimate A or, more to the
point, 1/(1 + A) from the data Y, as follows. Put

X = Py, (4.3)
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considered as an M-valued random vector. By Example 3.11, the (marginal) distri-
bution of Y is Ny (0, Iy + APy), so X ~ Nas(0, (1 + X)) and

S= X7~ 1+ N, (4.4)

where
p = dim(M). (4.5)

Now the first reciprocal moment of X;Q) is

<1 1

1
Z ((density of ¥2)(t)) dt = ST e/l b2
/0 t (( €11S1 Y (©) Xp)( )) /; t F(p/2)2p/2 e

=1 T(p/2)202 ~ (p/2—1)2 p-2 =2 (4.6)

Thus for p > 3, B(S) = (p — 2)/S unbiasedly estimates B(\) = 1/(1 + ) and by
(4.2), the estimator
: _(1_P=2
(1-B(S))X = (1 < )X
is worthy of consideration. A little more generally, we may consider rules of the

form
c

(1 - g)X (4.7)

for arbitrary constants c. Like the Bayes rules from which they were extrapolated,
such estimates may be expected to have small risk for y near 0; on the other hand,
for large p such rules will with high probability agree closely with X and so should
have risk close to that of X.

There is another illuminating argument leading to rules of the form (4.7). A
classical statistician might well approach the problem of estimating p from X by
fitting a simple model such as y = BX + error with 8 € R. The choice of 3
minimizing ||error||? is

(X, (X,p)

ﬂ/\ p—y e
X112 S

One can not use X as an estimator because (X, p) depends on p, which is unknown.
However, the expected value of (X, u), namely ||u||?, is unbiasedly estimated by
|X||2—p =S5 — p. Replacing the unobservable 3 by the observable (1 — p/S) leads
to (4.7) with ¢ = p.

4.8 Theorem (James-Stein). Suppose p = dim(M) > 3. The estimator of j1 of

the form (4.7) having minimum risk, uniformly in p, is

Qs = (1 — ]%Q)X - (1 - M)PMY; (4.9)
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its risk is

R(fsi ) = Eullfigs — pl?

1 (4.10)
=p—(p—2?Eu(g) =p— (0 — & (Iul).
where, for t > 0,
iy (t/2)F 1 1
t) = 2 L - 5( ) 411
E(t) Zogk@oe K p—2+2k p—2+2K/" (411)
K being a Poisson random variable with mean t/2.
Proof. Let us consider the risk
R(uU(X); 1) = Eplli(X) = pll?
of an estimator of u of the form
i(X) = o(5)X, (4.12)

where ¢: R — R. Presuming the risk of /i(X) to be everywhere finite or, equivalently,
that

E,(¢%(S)S) < oo forall p€ M, (4.13)

we may write

R(i(X): 1) = B, (6*(S)S) — 2B, (6(S) (X, 1)) + l|ull> (4.14)

By Proposition 3.8.7,

2 2 . 2
S = X[ ~ Xpillpll = Zogk<oo p(k; p) Xp+2k>

where
k 2
)= e P i _ el
p(k;p) =e pﬁ with p= 5
The first term on the right side of (4.14) is thus
E,(4%(5)S) = ZOSK / ¢°(s)s (density of x 2 e)(s)ds
- Zogk<oo p(k; p) E(6(Sk)Sk) (4.15)

where, for k > 0,

Sk denotes a random variable with a X127 4oy, distribution. (4.16)
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To calculate the second term on the right of (4.14), let ey, ..., e, be an orthonor-
mal basis for M with e; pointing in the direction of u, that is,

= p/u,
where

w=lpl-

For © € M write z; for (z,e;); similarly write X; for (X, e;). Since the X;’s are
independent unit normal random variables with means E(X;) = d;1u,

Eu(6(S)(X, 1)) = uE ( (> x? Xl)
= p/2/x1¢ Zx exp[—fZ:r —i—xlu—fu}dml -dxy,
= i [ g (A ) e[ E ot ]
= e /2 27r1p/2 8u/¢ exp[ Zx?%—xw] dzy - -dxy
=que ¥ °/2 aau (€u2/2Eu¢(S))

2,5 O 2/2
" ou 20§k<oo - li') Ee(Sk)

= Zo<k< (k; p) 2k E¢(Sk);

in order to justify the interchange of [ and %, we assume
E,(|¢](S)) < oo forall pe M. (4.17)

To summarize, supposing the integrability conditions (4.13) and (4.17) to be in
effect, 1(X) has finite risk given by

R(A(X)sp) = »(k; p) (BSke®(Sk) — 4kE(Sk) + 2k) (4.18)

with p = ||u||*/2 and Sy, satisfying (4.16).
Now let us look at the special case

o(s)=1——.

S

For such a ¢, conditions (4.13) and (4.17) hold if (and only if) S and 1/S have finite
expectations. But

E,(S) = 20§k<oo p(k; p) ES = ZO§k<oo p(k; p) (p+ 2k)
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is trivially finite and by (4.6)

1 1
Bu(g) = X pepen 20 B ()
= Zogk@ p(k:P) -5 on 21+ o7 = & (@)

is finite because of the assumption p > 3. By (4.18),

R((1=)Xin) = 3 plkip) E[Si6*(Sk) — 4ko(Sk) + 2K]

2

= o PR ) B[ (Si =20+ ;—k) + (—ak+ Zf;) + 2]

2
= Zogk<oo p(k;p) [p_ 26<1 T Zk; Qk) Tz ;+2k]

=p—2¢c(p — 2)&p(u?) + &, (u?). (4.19)
This expression is minimized uniformly in v = ||u|| by
c=p—2,

the minimum being
1
p—(p =260 =p— (p—2°Eu(3) .

4.20 Exercise [2]. Suppose ¢ satisfies conditions (4.13) and (4.17). For s > 0 put ¢™ (s) =
max(¢(s),0). Show that R(¢T(S)X;u) < R(¢(S)X;p) for all p, with strict inequality if
the set {s: ¢(s) < 0} has positive Lebesgue measure. o

Remarks. (1) From Jensen’s inequality applied to the convex function

1

fly) = b2ty Y > 0,
we obtain
1
&0 = B —555) = BK) 2 J(EK)
; X (4.21)
:f(§> Tp—2+¢t’
whence
o2
Risii) =p— (=226 (Jul?) <p— —Z=2_p (422)

(p—2)+ [[pl?
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Equality holds in (4.21) when ¢t = 0, so
R(fiys;0) = 2. (4.23)

As (4.22) shows, the Gauss-Markov estimator X = PyY of p is inadmissible with
respect to mean square error for p = dim(M) > 3; indeed, Pp/Y is dominated by
the James-Stein estimator

ﬂJS==<1—-£i%2)XZ (4.24)

By (4.22), the domination is considerable for p large and u near 0.

(2) Consider again the Bayesian framework where

By (3.13) the Bayes rule (1-B(\))X = (1— 1%\)X has Bayes risk p HLA’ which is
an improvement of

>

A P
1+A 1+

over the Bayes risk p of the GME X. On the other hand, since S ~ (1 + \) X;,Z) by
(4.4), the Bayes risk of jijs = (1 — B(S))X = (1- L?)X is

E<p—(p—2fﬁh(;)>==p—(p—2VE(;>==p—(pfﬁggﬁ:w,

which is an improvement of

p

p—2
14+ A

over the Bayes risk of the GME X. Thus, from the perspective of improvement
in Bayes risk, the James-Stein rule in fact compares very favorably with the Bayes
rule it was designed to emulate; moreover, it has the advantage of not requiring
foreknowledge of the diffuseness parameter .

(3) fiss is minimax, since it dominates the minimax estimator X = Py/Y. fi s is not,
however, admissible, since by Exercise 4.20 it is itself dominated by the so-called
positive-part estimator

. N -9

gﬂz(LlLf)X:mm@J—ﬂ—)x (4.25)
S S

which, unlike [is5, never reverses the sign of X in estimating p. It is known that

every admissible rule in the problem at hand must be a smooth function of the data,

S0 fiys is also inadmissible; a dominating rule has yet to be found.
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4.26 Figure. For the case p = 10, the following diagram displays the risk functions of
the GME gy = X = PuY, the James-Stein estimator fijs (4.24), the positive part
estimator fug (4.25), and the generalized Bayes estimator fi, of the next section for the
cases a = 1/2 and a = 2 (see (5.13)). The risk functions depend on p only through ||p/,
which is given on the horizontal axis. Fvidently all four of the alternatives to figyr have
substantially smaller risks than fgypg for p’s near 0, but there is not much difference in
the risks of the alternative estimators. The Bayes estimator fi,—1/2 15 somewhat preferable
to fiyjs and fug in the region where those estimators provide a considerable reduction in
risk. [lo=2 dominates [ig.

L0

9,

LEGEND

“““““““““““““ risk of ﬂGME
risk of /i 75

Risk = Mean square error
ot
|

3 risk of [i g
s —_———— — risk of flq—1/2
2 = // ------------------ risk of ﬂa:2
i
=
1. -
0- T T T T T 1 ! ‘ ‘

4l

4.27 Exercise [3]. Suppose ¢ is unknown. Let 6% = ||QumY||*/d(M™*) be the usual
unbiased estimator of ¢2. Show that, with respect to normalized mean square error

E[L,(TQ Hﬂ - :u’HQ

R(fi; p,0°) = 3

)

the best estimator of p of the form

A2
Cco
1—— | PyY
( ||PMY||2> M
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is

q @—%ﬁ>
1— 4 P—2)0 )y
( g+2 | X

with risk
q 2 ||#||2>

in these expressions p = dim(M) > 3 and ¢ = dim(M™).
[Hint: In view of the independence of 6 and X = Py/Y, this result follows easily from

(4.19) ] o

The estimators considered so far have “shrunk” the GME X toward the origin,
in accordance with the semi-Bayesian idea that u is near 0. In some instances one’s
prior belief may be only that p lies near some given subspace L of M. One way to
shrink X towards L is to estimate the component of p in L by its GME PrY and
to estimate the component of u in M — L using the previous techniques as applied
to Pp—pY; the resulting estimator is then

Cc

L= PLY + (1 - c
ne Par— Y|P

)PM, LY. (4.28)

For example, when V = M = RP and L is spanned by the equiangular line
(1,1,...,1)T, equation (4.28) reads

_ C
fii =Y+ (1- == |(Yi=Y) for1<i<p; (4.29)
( Z1gjgp(yj - Y)2>

this is the so-called Efron-Morris estimator.

4.30 Exercise [3]. Give the risk function of the estimator (4.28) and determine the opti-
mum choice of ¢. How might you shrink toward the flat m + L for a given m € M? o

5. Problem set: Admissible minimax estimation of u

Adopt the setup of the GLM under normal theory, with o2 taken to be 1 for the
sake of simplicity:

Y ~ Ny(p,Iy), p€ M, punknown.

Suppose throughout that
p=dim(M) > 3.

The end result of this problem set is an admissible estimator i = (YY) of p domi-
nating the GME Py/Y with respect to the mean square error

R(jis ) = Bu( 1 — ull?) = /V 14(w) — pll? m(y) dy,
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where
1
n.(y) = W exp(—% ly — /~L||2) : (5.1)

Since

is a sufficient statistic, there is no real loss of generality in supposing, as we do, that
V=MandY = X.
We will be considering estimators of p of the form

0= (1 220

=7(5) ((1— p;?)X) +(1-7(9)X, (5.2)

where
S=Xx|?

and 7:[0,00) — R. By way of motivation, we note that such estimators are linear
combinations (with coefficients depending on 7(S)) of the James-Stein estimator
f17s and the Gauss-Markov estimator X; moreover, every estimator i of p that
is spherically symmetric, in the sense that (OX) = Ou(X) for all orthogonal
transformations O: V' — V| must be of the form (5.2).

Our first objective is formula (5.8) below for the risk of such an estimator. Unlike
formula (4.18), formula (5.8) gives a way of estimating the risk R(ji(X); u) of (X))
directly from X. We begin with a preliminary technical result. Let F (respectively,
F+) be the collection of functions f:R — R (respectively, f:[0,00) — R) that are
continuous and have a piecewise continuous derivative.

A. Prove

5.3 Lemma (Stein). Let f € F and let Z be a normal random variable with
mean 0 and unit variance. If

f(Z) and (Z —0)f(Z) have finite expectations,

then

[Hint: Integrate by parts.] o
Now we turn to

5.5 Theorem (Stein-Efron-Morris). If 7 € F; and if

S g,

72(9)
S

<oo, and E,|7(9)] < oo, (5.6)
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then the risk R(j{u(X); p) of the estimator

A(X) = (1 . @—25)7(5)))( = (1- B(S))X

is finite and estimated unbiasedly by

R(S)=p-(p-2)|(r-2)(
that is,
R(U(X); 1) = Eu(R(S)). (5.8)

Here is a sketch of the proof, setting aside questions of integrability. One has,
writing simply £ in place of F,,,

R(i(X); 1) = E([|(1 = B(S)) X — ull*)
= B([|X = ull* = 2(X — i, B(S)X) + | B(S)X|*)

2
=p—2 219519 E(B(S)Xi(X; — ) + E(B*(S)S),
where, for some fixed orthonormal basis ey, ..., e, for M,

Xi=(X,e;) and p; = (u,e;) fori=1,...,p.

The conditional expectation of B(S)(X; — ;) X;, given X1 = x1, ..., X;_1 = x;_1,
Xi+1 = Tit1ls -+« Xp = Tp, is
E[(B 2+ X7 Xi) Xi— i:|7
(D, w5+ XE)X2) (X — i)

which by Stein’s lemma is the same as

BIB(Y o5+ X7) +2B'(Y a3+ X})X7].

JF VE
Consequently
R(f(X); ) =p —2pE(B(S)) —4E(B'(S)S) + E(B*(5)S);
expressing B(S) and B’(S) in terms of S, 7(S5), and 7/(S), one arrives at (5.8).

B. Complete the preceding argument, making it rigorous in the process.
[Hint: You will need the following facts about the integrability of random variables,
say F' and G, defined on a common probability space:
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(a) If F and G are each integrable (that is, have finite expectations), then so is

F + G, and
E(F+G)=E(F)+ EG).

(b) If F? and G? are each integrable, then so is FG.

(c) If F is integrable, then the conditional expectation, E(F ! G =g), of F

given G = g is defined for (almost) all g and is integrable in g with

E(F) = /E(F | G = g) P(G € dyg).

(d) If |F| < |G| and G is integrable, then so is F'.]

o

C. Show that the integrability condition (5.6) in the Stein-Efron-Morris theorem is

met if
/ (5| ds < oc.
0

For t € R, use the Stein-Efron-Morris theorem to verify that the risk of

fys(X) = <1 _ (p ;2)t )X

is unbiasedly estimated by

2 12— 1)

Rysu(S)=p—(p—2) 5

(compare (4.10)) and the risk of

(r— 2)t)+X _[1- (p—2) min(t, 5/(p - 2))

sse(X) = (1= S

=

is unbiasedly estimated by

Rjs4(S), if S > (p—2)t,

Rysa(S) =
s5:(5) {S—p, it S < (p—2)t.

D. Use the Stein-Efron-Morris theorem to deduce

(5.9)

5.10 Theorem (Baranchik). If 0 < 7 < 2 and 7 is nondecreasing, then ji(X)

defined by (5.2) is minimax.

[Hint: For 7 € F this follows from (5.7)-(5.8). For a nonsmooth 7, first approxi-

mate 7(s) by

T (s) = /Z \/;TW exp(— (82_/;)2 ) 7(t) dt

(put 7(t) = 0 for ¢ < 0) and then pass to the limit as n — 0.
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Now let II be a prior distribution on p. By(3.6), the II-Bayes estimator of y is
arr(X), where

Jrenr 1) TH(dp)
[ et (@) T1(dp2)

and where n, is defined by (5.1) with V' = M. Up to now we have thought of
priors as having unit probability mass. It is clear though that /i is well defined for
any nonnegative measure Il of nonzero finite mass; in fact such a measure could be
renormalized to unit mass without changing the value of fiy. There are technical
advantages in considering fi; even for nonnegative measures Il of infinite mass,
subject to the proviso that the integrals appearing in (5.11) are finite for all x.
When II has finite mass, fir;(X) is called a proper Bayes estimator. For II of infinite
mass, fr(X) is called a formal, or improper, Bayes estimator. Both cases are
subsumed under the term generalized Bayes. In what follows we will be considering
the generalized Bayes estimators for priors II having the following structure. For
a given a € R, one first selects § in the interval (0,1) at random according to the
density

~

fin(z) =

(5.11)

Zf (5.121)
and then selects p at random in M according to
N (0, M), (5.129)
where
A= ; —1. (5.123)

Denote the resulting distribution of p by II,. Note that the bigger is a, the more
dB/p* favors smaller values of 5 and hence larger values of A. Note also that when
a > 1, II, has infinite mass.

E. Show that the generalized Bayes estimator versus the prior II, defined by (5.12)
is well defined for each

p
1 it
a<l1l+ 5
and is given by the formula
fia(X) = fm, (X) = (1 — B,(9)) X, (5.13)

where

1 op/2—a+1 ,—Bs/2 d <
B,(s) = ) 15 c B _ 1 PGy <] (5.141)
fo Bp/2—a e=Ps/2 43 p PGy, <1]

2673/2 )

1
= - (p +2—2a— —
s I gria-ae-ps/2 4

(5.145)
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in (5.141) G, denotes a gamma random variable with shape parameter r = p/2 —
a + 1 and rate parameter p = s/2.
[Hint: Use the results of Example 3.11.] o

F. The final result provides explicit admissible minimax estimators of u for each p
(> 3). Prove

5.15 Theorem (Strawderman-Berger). Let a < 1 + p/2 and let [i,(X) be
defined by (5.13). Then
(i) fi, is minimax if 3 —p/2 < a,
(ii) fio is admissible if a < 2,
(iii) fi, is proper Bayes if a < 1.

[Hint: (i) follows from Baranchik’s theorem. (iii) is trivial and covers the case
a < 1in (ii). For the rest of (ii), use the following result of Larry Brown (1971):
If p > 1 and II is spherically symmetric, in the sense that II(A) = II(OA) for all
(measurable) sets A of M and all orthogonal transformations O: M — M, then
fr(X) is admissible if

supgen [lfm(z) — xf] < oo

/°° dt
Lo trTle()

o) = [ w()mn)

and

where

is the (generalized) marginal density of X at any point z € M with ||z| = t.] o



CHAPTER 6

NORMAL THEORY: TESTING

Suppose V, (-,-) is an inner product space. Throughout this chapter, we assume
that

Y ~ Ny (u,0?Iy) (0.1)

with 4 (unknown) lying in a given proper subspace M of V and with ¢ (unknown)
> 0. We are interested in the problem of testing

H:pe My versus A:p & My, (0.2)

where My is a given subspace of M.

0.3 Example (The triangle problem). Asin Example 4.1.5,let V = R3 and E(Y;) =
G; for i =1, 2, and 3 with 81 + B2 + 83 =0, so

M={> _ _ BieV B+ B+ =0}

with (e()); = ;5. Thinking of the (3;’s as the angles, less 60°, of a triangle, the
hypothesis that “the angles are equal” is expressed as 31 = B2 = O3 or as 1 = B2 =
B3 = 0 in view of the constraint. The “equilateral hypothesis” therefore corresponds
to u € My, where

MOZO. L

0.4 Example (Simple linear regression). Here V. = R™ and EY; = «a + fz; for
1<1<n,so
M =le,x] with (x); ==z;.

The hypothesis that the slope 3 is 0 corresponds to p € My with
My = [e]. o

0.5 Example (One-way analysis of variance). As in Example 4.2.2(C), suppose
V= {(xij)j=1 ..... nizi=1,...,p € ]R”} with n =), n; and E(Y;;) = f; for j =1,...,n;,
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1=1,...,p, so
- @3, -
M={> __ w8 :p....BcR|

with (v(i))i,j, = §;;. The hypothesis that the group means ; are equal corresponds

to u € My with
My = [Zlgigp v(’;)} = le]. °

0.6 Exercise [1]. Which of the following hypotheses fall directly within the context of
(0.2) or can be made to do so by a simple modification?

(a) In the triangle problem, the hypothesis that angles 1 and 2 are equal.

(b) In the triangle problem, the hypothesis that the triangle is isosceles.

(¢) In simple linear regression, the hypothesis that the slope is 1.

(d) In simple linear regression, the hypothesis that the slope is positive.

(e) In one-way ANOVA, the hypothesis that 81 < B2 < --- < (p.

(f) In one-way ANOVA, the hypothesis that (81 + £2)/2 = Bs.

(g) In one-way ANOVA, the hypothesis that 51 =B =fs and Ba =05 =+ = (3,.©

In the next two sections we show that both the likelihood ratio principle and
several appealing heuristic arguments point to the classical F-test as the “right”
test of (0.2). In Section 6.3, the power of the F-test is shown to be a nondecreasing
function of the distance from u € M to My in o units; this fact is used in Section 4
in establishing the optimality of the F-test within a certain class of invariant tests.
Section 5 shows how the problem of simultaneous inference on linear functionals of
1 relates to the F-test. The chapter closes with a problem set that examines the
optimality of the F-test with respect to a criterion involving average power.

1. The likelihood ratio test
We will derive the likelihood ratio test of (0.2). By (3.7.6), Y has density

1

_ 1 _ 2 0_2 . .
W ez ly—ull?/ (n = dim(V))

f,u,az (y) =

with respect to Lebesgue measure on V. The likelihood ratio test employs the
criterion
SUP e My,02>0 fu,02 (Y)

SUP,eM,02>0 f/l«,O'Q (Y)

A(Y) =

together with the rejection region
AY) <c,

where ¢ is chosen to give the test the desired size. For notational convenience, set
My =M. Fori=0or 1, u € M;, and 0® > 0 one has
1

uer () = (o gmyere e~ B I1P Y =ull*/0 o= 1Qui, Y%/ 0®
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This expression is a maximum at the maximum likelihood estimators fimpg = P, Y

and 635 = [|Quar, Y ||*/n, the maximum being
1 n n/2
. R Y) = < ) —-n/2
fuMLE,al%,[LE( ) (2m)"/2 \||Qar, Y12 €

Thus

lQuY 2 \»/2

- (1
1Qns, Y[

and the likelihood ratio test rejects for small values of the ratio of the distance of Y
from M to the distance of Y from the smaller subspace Mj.

2. The F'-test

It is convenient to put the likelihood ratio test in an equivalent form in which the
distributions of the test statistic are more readily dealt with. We do this now:

Y 2
the LHR test rejects <= M is small
Mo
1QuaY I |
[OnY 2 is large
1@ar YII* — 1QueY [
= 1
OnY |2 is large

|Prs— 1o Y|/ d(M — Mo)
1@ Y |[%/d(M~)

at the last step we used the Pythagorean identity

1@, Y I = 1QasY II” + [ Par—2s, Y-

<— F =

is large; (2.1)

By Theorem 3.8.2, for any p € M and o2 > 0,
2 2.2
128 =216 Y I ~ 0% Xaar—at0) 1 Pas —ssgull o

independently of
QY [|* ~ o XTasey -

It follows that when g and o? obtain, the distribution of F' is the (noncentral)
Fa(M—My),d(M~+):~ distribution, the noncentrality parameter vy being given by

Py - P
o = WPaanoitll _ e = Parpll _ 1 Qasorl (2.2)
o o o

note that - is the distance from p to My, in units of o. Under the hypothesis H
that p lies in My, one has v = 0, and so to achieve size « one rejects for

F>ec, (2.3)
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where c is the upper « fractional point of the central Fyps—s,),q(ar+) distribution.
This is the so-called F'-test (of size o). To summarize:

2.4 Proposition. For the testing problem (0.1)—(0.2), the likelihood ratio test (of
size «) coincides with the F-test (of size «).

In view of the orthogonality of My, M — My, and M=, the quantities figuring
in the F-statistic (2.1) may be expressed in various ways:

d(M+) =d(V) - d(M),
d(M — Mo) = d(M) — d(Mo),
1Pr-a0, Y12 = 1 ParY |2 = 1Par, Y I1* = Quse Y|P = [QurY 1%,
lQuY|I? = [IY]* = | ParY 1%,
1@ YII? = [Y]1* = | Pas Y%
The following schematic diagram may be helpful in thinking about these identities;

M, lies along the horizontal axis, M along the vertical axis, and M — M, along an
axis receding into the page.

ML

7 T Mo
Pu,Y

| Prr—ar, Y ||? is often called the sum of squares for testing H, denoted SSp, and
|QarY||? is often called the sum of squares for error, denoted SS.. The terminology
comes from the case of (V, (-, )) = (R", dot product), where the squared length of
a vector is the sum of squares of its components.

The F-test has the following simple interpretations:

A. For any p € M and o2 > 0, formula (3.5.5) for the expected squared length of
a weakly spherical random vector implies that

6% = |Pr—a, YI?/d(M — M)
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has expectation

Qs

E(E%) =0 + A0 - M)

while
5% = |QmY||%/d(M+)
has expectation
E(6%) = o
When H:pu € My is true, both 6% and 62 unbiasedly estimate o and one
expects their ratio

o
F=-A
52

to be around one. When H is false, 62 still unbiasedly estimates 02 while 6%
tends to overestimate o2, so one expects F to be larger than one. Hence it is
reasonable to reject H for large values of F.

B. PY is the best estimator of p under the general assumptions (u € M), while
Py, Y is the best estimator of 4 under the hypothesis H (u € Mp). The F-test
rejects if the discrepancy ||PaY — Pag, Y || between these two estimators of p is
too large compared to the estimate & of the underlying variability in the data;
that is, the F-test rejects for large values of

| PrY — Pa Y|
- .

C. Suppose we regard ||QaY]|? as the variability in YV left “unexplained” after
taking into account the assumption p € M, and ||Q s, Y ||* as the corresponding
variability left “unexplained” by the hypothesis p € My. The quantity

1@, Y11 = lQu Y|
1QnY |2

is then the relative increase in unexplained variation as we pass from M to the
smaller, and hence poorer, explanatory manifold My; the F-test rejects if the
increase is too large.

2.5 Exercise [2]. When H:p € My is true,

52 = Qo Y|
° T d(My)
unbiasedly estimates o, and more accurately so (there being more degrees of freedom)
than the usual
o lQuY]?
d(M+)
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It might be thought that a better test of H: u € My would be obtained by rejecting for
large values of the statistic

[ Par—a10 Y [|%/d(M — Mo)

)
)

)

the null distribution of which does not depend on p € My or on . How does this test
relate to the F-test? o

The power of the F-test is

B(p,0%) = P, e [reject H] = Fa(M—My),d(M-)~ ([€,00)) (2.6)

where the noncentrality parameter + is given by (2.2) and ¢ is the upper a point of
the central Fgns—nsy),q(m+) distribution. Notice that

0-2,72 — ”‘F)J\47]\40/‘LH2 (2 7)
d(M — Mo)  d(M — Mo) .

is just the numerator of the F-statistic evaluated for Y = p; this observation is
helpful in obtaining . In the next section we will prove that the power of the
F-test is an increasing function of ~.

2.8 Example (The triangle problem). Here V = R3 and E(Y;) = 3; for i = 1, 2,
and 3 with 81 + 82+ 83 =0, so
M = [e]*

and
My=0

for the equilateral hypothesis. One has

M*t=le], QuY =Ye, dM™*)=1,
M —My=M, d(M— M) =2,
PM_MOY:PMY:Y—QMY:Y—YG.

The F-statistic for testing H: yu € My versus A: yu & My is thus

| Prs—ag, VI d(M — Mo) — Di<i<s(Yi —Y)?/2
1QuY [[/d(M*L) 3Y2/1 ’

distributed as F3 1, with

Vi -7 SiasB
- ]

g o (o2

(B = (61 + B2+ P3)/3 =0 by the constraint). o
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2.9 Example (Simple linear regression). Here V.= R™ and E(Y;) = o + [z; for
1<¢<n,so
M = [e,x] = [e,v],

where (x); = 2; and v = Q[¢jz. For the hypothesis of 0 slope

My = [e].
One has
QuY =Y —PyY =Y — P,Y — P,Y =Y —Ye — fv,
d(M*)=n -2,
with
= GME) = (c0().Y) = (s V) = o)
and

M — My =[v], Py_aY =pv, d(M— M) =1.
The F-statistic is
[ Prr— s, Y|/ d(M — My) B2 3w — )1
o’ S (Y=Y = fla; ) (n ~2)

distributed as Fi 2.4 with

\/»32 Zlgign(xi —7)?
v = .

g

2.10 Exercise [2]. In the spirit of the two preceding examples, develop the F-test for the
hypothesis posed in Example 0.5. o

2.11 Exercise [3]. In the context of the GLM, suppose v is a given linear functional
on M, 1 its GME, and 6,; = &[|¢|| its estimated standard error (see (4.4.2)). Show that
the F-statistic for testing

H:4(u) =0 versus A:¢p(u) #0

is

7 2
(@AEY)) , (2.12)
7y
distributed as Fy a1y, With
= Pl (2.13)
7y

Review Example 2.9 from this perspective. o
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3. Monotonicity of the power of the F-test
Here we will prove:

3.1 Proposition. The power of the F-test is an increasing function of the noncen-
trality parameter

N Par—nro el
Y= pn .

In fact we will prove even more than this, namely, that for fixed m and n, the
noncentral F family { Fp, n:y : v > 0} has the so-called monotone likelihood ratio
property with respect to -; the desired monotonicity of the power of the F-test will
follow as a simple corollary.

Let (Pp)peco be a family of probability distributions on R indexed by a subset ©
of R. This family is said to have a monotone (increasing) likelihood ratio with respect
to 0, in brief, MLR, if the Py’s have densities fy with respect to some measure v
on R such that, for all #; < 6,

— f92 (:L')

2l = g )

(3.2)

is nondecreasing in x over the region in which it is not indeterminate (: %). To put
it another way, (Pp)geco has an MLR if and only if, for all ; < 6, and 21 < x5, one
has

faz(xl) fez(xQ)
for (1) = fo (22)

. . . . . . . Q .
— ) Y
(with < holding by convention if either side is §) or, equivalently.

f91 (xl) f91 (:EQ)
det <f92 (1) fo, (1:2)> > 0. (3.32)

(3.31)

Since this condition is symmetric in z and 6, one says that fy(z) has an MLR in x
and 6.

Examples of families (FPy)pco having an MLR are the one-parameter exponential
families with densities of the form

fo(z) = C(0) h(x) T @), (3.4)
where Q(0) is nondecreasing in 6 and 7'(x) is nondecreasing in z; indeed, for such a

family,

foo () _ C(02) rwies)-aen)

fo.(x) — C(61)

is nondecreasing in x for 61 < 6. Here are a couple of specific cases:
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1° The Poisson family {P(0) : 0 > 0} with P(f) having density

po(x) =e? E 0° = C(6) h(z) e*'os®)

x!

with respect to counting measure on the nonnegative integers.
2° The unnormalized F family {Fy,, : m > 1} for fixed n > 1. F}, , is the

distribution of U/V for U ~ X%m V ~ X%, and U and V independenyt; it has
density

1 xm/Z—l
- Beta(m/2,n/2) (1 + z)(m+n)/2

= C(m) h(x) eloslz/(1+z)] m/2

S ()

with respect to Lebesgue measure on [0, 00).

Now consider the noncentral unnormalized Fy, .. distribution, defined to be
the distribution of U/V for U ~ x2,.., V ~ x4, and U and V independent.

3.5 Proposition. For fixed m and n, the family {F}, : v > 0} has an MLR
in 7.

Proof. By Exercise 3.8.13,

1Y

2
mnyy ZO§k<<>op9(7) (k) ‘Fm+2k,n with 9(7) = ? ’

whence F7, ... has density

P @) = o P () Fiai ().

By 1° above, py(,)(k) has an MLR in v and k while by 2° above, f; .o, (7) has
an MLR in k£ and z. The proposition below guarantees that f . . (z) has an MLR

m.niy
in v and = and hence that the family {F;, .., : v > 0} has an MLR in ~. "

sy
3.6 Exercise [2]. The noncentral normalized F, n;y distribution is the distribution of
(U/m)/(V/n) for U ~ x%,.,, V ~ x2, and U and V independent. Show that for fixed m
and n, the family { Fr n;y : v > 0} has an MLR in ~. o

3.7 Proposition. Suppose 0 < p(z,t) has an MLR in x and t and 0 < q(t,y) has
an MLR in t and y. Let 7 be a nonnegative measure such that

r(z,y) = / P, t)a(t,y) 7(dt) (3.8)

is finite for each x and y. Then r(x,y) has an MLR in x and y.
Proof. We have to show that when z; < x5 and y; < 2,

r(z2,91) < r(z2,Y2)
r(wy,y1) — (2, Y2)
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in the case that neither side above is of the form %. We will do this assuming

r(x1,y1) > 0, r(z1,y2) >0, and

(3.10)
p(z2,t) = 0 for each ¢ such that p(z1,t) = 0;

the general case is left to the reader as an exercise. For y = y; or yo, write

(i (B2 pas, t)q(t,y) 7(dt)
(z2,y) _ (p( ht)) @ :/¢(t)sy(t)7(dt),

r(x1,y) [ p(z1,t)q(t,y) T
where
_ plxo,t)

¢(t) - p(l'l,t)

and
_ plzy, t)g(t,y)
0=y

Note that

0 <sy(t) and /sy(t) T(dt) =1,

so that the measure S, having density s, with respect to 7 is a probability measure;
moreover, because ¢(t,y) has an MLR in ¢ and y = yi,y2, the family {S, : y =
Y1, Y2 } has an MLR with respect to y = y1,y2. Because p(z,t) has an MLR in z =
x1, 2 and t, ¢(t) is nondecreasing in ¢ (off of the region { ¢ : p(z1,t) = 0 = p(z2,t) },
which has probability 0 under S, and Sy,). That (3.9) holds now follows from
Proposition 3.12 below. ]

3.11 Exercise [3]. Deduce (3.9) without assuming (3.10).
[Hint: Replace p(x1,t) by p(z1,t) + p(xe,t), and hence r(x1,y;) by r(x1,y:) + r(x2,y;) for
1=1,2] o

3.12 Proposition. Let (Py)gco be a family of probabilities having an MLR. Let
¢:R — R be a nondecreasing function such that

Fyp = / 6(x) Py(da) (3.13)

is finite for each 0. Then Ey¢ is a nondecreasing function of 0.

Remarks. (1) If (Py)geco has an MLR, then for any zp € R

Pol[50,50)) = [ Tjag0)(0) Pa(d)

is nondecreasing in #; this says that the mass of Py “moves to the right” as 6 in-
creases. This property is called stochastic monotonicity.
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(2) The power of the F-test is

By) = fd(M—MO),d(MJ-);ry( [c, OO)),
where ¢ is chosen so that
B(0) = a,

the prescribed level of significance. Since { Fy, 5.4 1 7 > 0} has an MLR in v, (%)
is nondecreasing in 7, as asserted. In particular, 5(y) > « for all v > 0, that is, the
F-test is “unbiased.”

Proof of Proposition 3.12. Let 6; < 05 and let fp, and fy, be the densities of

Py, and Py, with respect to the base measure v. Then

By — Ep, = / () (fon (@) — for (2)) vldz) = / (for — for) du
_ / (for — for) dv + / (for — for) v,
L G

where
L=A{w:fo,(x) < fo,(x)} and G={w:fo,(x)> fo(z)}.

Since A, 0, () = fo,(x)/ fo, (z) is nondecreasing in x, L lies to the left of G. Because
¢(x) is nondecreasing in z,

sup,er, ¢(x) =0 < g = infreq o(2).
Thus
E02¢_E91¢ > E/(f@z - f91)dy+g/ (f92 —fgl)dl/
L G

. (9—5)/G(f92 — fo,)dv >0,

with the equality on the preceding line holding because

[ o= o+ [ o, foydo = [, = fu)ar

:/fezdy—/fglduzl—lzo. "

3.14 Exercise [2]. Show that for fixed m the family {x2,., : v > 0} of noncentral x>
distributions has an MLR in ~. o

3.15 Exercise [3]. The unnormalized noncentral t}, , distribution is the distribution of
U/\V, where U ~ N(0,1), V ~ x2, and U and V are independent. Show that for each
fixed n, the family {t,.4 : —0oo < 6 < oo} has an MLR in 6.

[Hint: The density of t;, 4 is

o) = ———— I O T (3.16)
n;0 - \/%F(n/2)2"/2 ) e v e V. .



SECTION 4. AN OPTIMAL PROPERTY OF THE F-TEST 121

When t > 0, the change of variables w = t1/v and Proposition 3.7 show that f; ,(t) has
an MLR in 6 and t. For t <0 use f,.,(t) = f,._o(—t).] o

3.17 Exercise [4]. Deduce Proposition 3.12 from Proposition 3.7.
[Hint: Think about ffg et (z) v(dz) for € near oo and ¢ near 0.] o

4. An optimal property of the F-test

We will show that the F-test is uniformly most powerful (UMP) in a certain class
of invariant tests. We begin by describing the notion of invariance in the context of
a general hypothesis test.

Let X be an X-valued random variable whose distribution belongs to some given
class (Py)geco of distinct probabilities on the given observation space X. Consider
testing

H:0€ Oy versus A:0 € Oy, (4.1)

with © being the disjoint union of O and ©4. Let g: X — X be a transformation
of X, that is, a one-to-one (bimeasurable) mapping of X onto itself. g is said to leave
the testing problem invariant, written g € Z, if the possible distributions of g(X)
are precisely the possible distributions of X and if g(X) is distributed according to a
hypothesis distribution if and only if X is. Clearly the identity transformation, which
maps each x € X to itself, leaves the problem invariant. Since the composition hg
of two transformations g and h of X acts on X by the rule

(hg)(X) = h(g(X)), (4.2)

one has hg € Z whenever g € Z and h € Z, and g~ ! € T whenever g € Z. (g~ de-
notes the inverse of g.) Consequently, if C is a class of transformations each of
which leaves the problem invariant, then each element of the subgroup G (of all
transformations of X) generated by C is in Z.

4.3 Example. Consider the setup of the GLM (but identify Y there with X here):
X =V and

X ~ Ny (p,0%Iy) = P, 2
©={(o*):peMoc*>0}=Mx(0,00)
@H:M()X(0,00), @A:{9€@9¢@H}

The problem of testing 6 € ©p versus 6§ € © 4 (that is, p € My versus p & M) is
left invariant by the following transformations:

Imo- (xMoaleaxMJ-) - (JfMO + mo7$M1,$Ml) mo € My

goMl:(ﬂvMO,a:Ml,le) — (%MO,OMIZ'MI,.%ML) OM1:M1 — M1
orthogonal



122 CHAPTER 6. NORMAL THEORY: TESTING

) Ry 1
g@A’{J_.(.rMO,.%Ml,l‘ML) - (.ZUMO,l'Ml,OMLLUML) OML.M — M

orthogonal

Ge: (Tatys Tary, Tprr ) — (Cxpgy, CTAL , CT L) c>0.

Here we have written the typical x € V' as (xar,, T, € a2 ), where zp, = Pag,,
xy, = Payx, and zp,0 = Pyyix are the components of x in the subspaces My,
M, = M — My, and M+, respectively. The general element of the group G generated
by all such transformations can be written in the form

9mo,0n 0, 1 5t (xMovamei) - (CwMo + m07COM1xM1>COMixML)> (4'4)

where mg, Our,, Op1, and c are subject to the above constraints. °

4.5 Exercise [1]. Let g and h be two transformations of V of the form (4.4). Write f in
the form (4.4) for (1) f = hg and (2) f =g " o

4.6 Exercise [2]. Let G be a group of transformations leaving the testing problem (4.1)
invariant. For g € G and € ©, let g(#) € © be the index such that Pjg) is the distribution
of g(X) when Py is the distribution of X, and let g be the mapping 6 — g(6). Show that:
(1) If g is the identity transformation on X, then g is the identity transformation on ©.
(2) hg = hg for all g,h € G. (3) For each g € G, g is one-to-one, maps O onto itself, and
maps ©4 onto itself. o

Returning to the general setup, let G be a group of transformations leaving the
problem invariant. Let g € G and put Y = ¢g(X). The testing problem based on Y is
formally equivalent to that based on X. Soif ¢: X — [0, 1] is a (possibly randomized)
test (¢(x) being the conditional probability of rejecting H, given that x is the value
of X), we could apply it equally well to Y as to X. But Y is distributed according
to a hypothesis distribution if and only if X is. To avoid the awkward situation of,
for example, deciding that Y is hypothesis distributed (¢(Y) = 0) simultaneously
with deciding that X is alternative distributed (¢(X) = 1), we ought to require that
we reach the same decision in applying ¢ to X and to Y, that is, that

P(X) = o(Y) = o(9(X)).
A test ¢ is said to be invariant under the group G if
¢(z) = ¢(g(z)) forallz € X and g€ g. (4.7)

The principle of invariance states that attention should be limited to invariant tests.

To implement this principle we need a simple way to come up with invariant
tests. If z and y are in X, say x ~¢ y if there exists a g € G such that g(x) = y. Since
G is a group, = ~g y is an equivalence relation and X splits up into ~g equivalence
classes, called orbits. ¢ is invariant if and only if it is constant on orbits. Let M be
a mapping from X to another space 91. M is said to be a mazimal invariant if

(i) M is constant on orbits (x ~g y implies M(x) = M(y)), and
(ii) M distinguishes between orbits (x 7¢g y implies M(z) # M(y)).
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Suppose M is a maximal invariant. It is easily seen that a test ¢: X — [0, 1] is invari-
ant if and only if there exists a test : 0 — [0, 1] such that ¢ is the composition M
of M and . Hence the invariant tests are the tests that are functions of M.

4.8 Example. Consider the group G in Example 4.3 above; G leaves the testing
problem for the GLM invariant. We claim that the mapping M from X = V to
M = [0,00] U {5}, defined by

_ 1Pzl _ s,
[Qual® ~ Jlaars P

M(x)

is a maximal invariant.
M is constant on orbits: Suppose y and x are on the same orbit, so
y= (yM07yM1 ) yML) - (CxMo + mo, COM1xM1 ) COMixML)

for appropriate mg, On,, Oyre, and c¢. Then |y || = cllzag || and |Jypre]] =
cllzpre], so that

M(y) = M().

M distinguishes between orbits: We need to show that
implies

We do this by cases.

Case 1°: 0 < M(x) < oo (this is the basic case). Here none of xpr, Zpre, Ynr,
and y,,. are 0. Choose orthogonal transformations Oy, and Oy,1 of My and M+,
respectively, so that

(’)Ml( My )— UM and OML< Tags )— Ypt

lzan I/ llyas a7 Nlyaeell
Then choose ¢ so that
lyarll _  _ lyaeell
(EAval lzprell’

such a choice is possible because
2, || lyar, |I”
T M) = M(y) = L0
[EFvan i lynee |2

Finally, set mo = ynm, — cxp,. Then

(yMovyMlayMJ-) = (C:I:Mo +m07COM1xM1acOMJ-xMJ—)'
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Case 2°: M(z) = 3. Here zp, =0 =22 and yp, =0 =yjpy2, S0
(yMoa yMpyMJ-) = (cwMo + myo, COM1$M17COMLxMJ-)

for O, = Ingy, Oppr = Ipge, ¢ =1, and mo = Yy, — T, - .
4.9 Exercise [2]. Work out the details of

Case 3°: M(z) = 0.

Case 4°: M(x) = oo. o

Return again to the general setup, where M: X — 91 is assumed to be a maximal
invariant for the action of G on X. Restricting attention to invariant tests amounts
to considering a testing problem on the space 91, as we will now show. For g € G
and 0 € ©, let g(f) € © be the index such that

Lawy (9(X)) = Lawg(g)(X), (4.10)

where Law denotes “distribution of.” It follows from Exercise 4.6 that the function
6 — g(#) is a one-to-one mapping of © onto itself and the collection G = {g: g € G}
of all such induced transformations of © is a group. Let N, mapping © onto some
space I', be a maximal invariant for the action of G on ©; in effect, N is a means
of indexing the orbits of G. The basic observation is that the distribution of M(X)
under # depends on 6 only through N(#): For each g € G,

Lan(g) M(X) = Lan M(g(X)) = LaW9 M(X)

because M is invariant. Let
{Qy:vel'} (4.114)
be the possible distributions of M(X):
@y = Lawg M(X) for any # such that N(0) = ~. (4.115)

The possible distributions of M[(X) under H: 0 € O (respectively, under A:0 € © 4)
are {Qy : vy €'y} (respectively, { Q, : vy €T'a}), where

FH = N(@H) and FA = N(@A); (4.12)
note that
I'gnl'y =2

because O NO 4 = & and Oy and © 4 are each unions of orbits, and
Tpull'y =T
because © = Oy U O 4 and N is onto. Passing from the original problem of testing

H:0 €O versus A:0€ 0Oy
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on the basis of X to the so-called reduced problem of testing
H:veTy versus A:vyeTly

on the basis of M(X) is called an invariance reduction. In order that the reduced
problem be well posed, we need to assume that the distributions @, of (4.11) are
distinct.

4.13 Exercise [3]. Let X = {0,1}, let ® = [0,1], and let Py be the distribution on X
assigning mass 6 to 1 and mass 1 — 0 to 0. Show that the problem of testing H:0 = %
versus A: 6 # % is left invariant by the transformation of X that exchanges 0 and 1. Find
maximal invariants for the action of the associated group G on X and the action of G on O,
and observe that all the QQ,’s are the same. o

The idea now is that if a test ¥ has an optimal property in the reduced problem,
then ¥YM will have the same property among invariant tests in the original problem.
The following result illustrates this principle. Recall that the power function 34 of
a test ¢ of H versus A based on X is defined by

Bs(0) = Pyreject H using ¢] = Fy(¢(X)) for 6 € ©. (4.14)

One would like 84(6) to be near 0 for all § € Oy and near 1 for all 6 € ©4. ¢ is
said to be uniformly most powerful of level o (UMP(«x)) in a given class 7T of tests
if

1° ¢ € T and (4(0) < « for all § € O, and

2° for any other test 7 € 7 with (,(6) < « for all § € O, one has §,(6) <
By(8) for all § € © 4.

Similar definitions apply to tests 1 of H versus A based on M(X).

4.15 Lemma. If ¢ is a UMP(«) test in the reduced problem, then ¢ = )M is
UMP (o) among invariant tests in the original problem (in brief, ¢ is UMPI(«)).

Proof. Suppose ¢ is UMP(«) in the reduced problem. Consider ¢ = ¥M. This
is an invariant test in the original problem. Its power function 34 is related to the
power function 3, of ¢ by the identity

B4 (0) = Eg¢(X) = Ep ((vM)(X)) = Ep (p(MX)) = 5y (N(9)) (4.16)

for all 6 € ©. In particular, 34(0) < « for all § € ©y, because [, () < « for all
veTly.

Now let ¢* be an invariant test in the original problem satisfying B4+ (6) < a for
all # € ©g. Because M is a maximal invariant, there exists a test ¥* in the reduced
problem such that

" =y¢™™,
and by analogy with (4.16),

By+(0) = By~ (N(9)) for all § € ©.
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Consequently, By« (y) < a for all v € I'y. Because ¢ is UMP(«) in the reduced
problem, we must have

By (v) < By(y) forall y € Ly,

and this implies that
By (0) < By(0) forall @ € ©y.

Hence ¢ is UMPI(«), as claimed. "
4.17 Example. Consider again the testing problem of the GLM. The transforma-

tion

9: (Targ, Tary, Tars ) — (cxary, + mo, cOV,y Tty , OO0yt )

of X induces the transformation

g: (/’LMOMU’MNO-Z) - (C,U’MO + mO)COM1HM1762U2)

of ©. A maximal invariant for the action of G on © is N:©® — [0,00) = I, defined
by

P
N(0) = N((tazy, sy, 0°)) = Wle _ MUMOMII .

We have seen that a maximal invariant for the action of G on X is

lan, [I2/d(My) |1 Par—nao ]|/ d(M — Mo)
[ ag [/ d(M) |@ur|?/d(M*)

M: (@ pry, Tary s Tpgt) —

and we know that the distribution of F' = MX under 6 = (upy,, far, , 02) is

Fany,dmtyy = @y with v = N(0);

this illustrates the general fact that the distribution of the maximal invariant of the
data depends on the parameter only through the maximal invariant of the parameter.
We have

'y =N(©O©g)={0} and T'y =N(O4)=(0,00).
The reduced problem consists of testing

H:v €Ty, thatis,y =0 versus A:vy € T4, thatis, v >0

on the basis of F. Since the family (Q,),>0 has an increasing MLR in v by Propo-
sition 3.5, the Neyman-Pearson fundamental lemma (see Lehmann (1959, p. 65))
implies that for any given 0 < o < 1 there is a UMP(«) test in the reduced prob-
lem, namely the test that rejects for F' > ¢, where ¢ is chosen so that

Q{F =z c}) =a.
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Consequently, the test that rejects for values of X such that

1Pas ey X7/ d(M = My)
|Q@u X[/ d(M+)  —

that is, the F-test of size o, is UMPI(«x) in the original problem. o
To summarize:

4.18 Theorem. The F'-test of size « is uniformly most powerful of level o« among
tests invariant under the group of transformations (4.4).

In thinking about this result, it should be borne in mind that transformations
that leave the testing problem invariant in the mathematical sense above need not
be substantively meaningful. For example, while it might be reasonable to regard a
linear combination of the prices of apples, bananas, pears, oranges, and lettuce as
an object of interest (the price of fruit salad), it would be nonsensical to include the
price of motor oil in the equation.

4.19 Exercise [3]. Suppose the variance parameter o2 in the GLM is known; for definite-
ness, take o0? = 1. The problem of testing H: u € Mo versus A: u ¢ My is left invariant by
transformations of the form (4.4) with ¢ = 1 and O,;1. = I;1. Use the approach of this
section to find a UMPI(«) test in this situation. o

5. Confidence intervals for linear functionals of p
We return to our old notation:
Y ~ Ny (u,0%Iy), p€ M, o*>0. (5.1)

Let
Y(u) = (cv(¥), )

be a nonzero linear functional of p. Recall that cv(v), or cv ) for short, designates
the coefficient vector (in M) of 1. The best unbiased estimator of ¢(u) is the GME

DY) = (cv1),Y) = (cvp, PrrY).
The standard deviation of (V) is
o4 =ollcvdll;

this may be estimated by

65 =0l coyl,

Y 2
o lQuY]

d(M+t)

where
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is the best unbiased estimator of o2. Because

G(Y) ~ N (), 0| cvds]|?)

independently of
6% ~ o X prey /M),

it follows that

W)&; V() _ (90) - YA 1, 5.2

as asserted by Exercise 5.1.6. In particular, if ¢,,(3) denotes the upper g fractional
point of the ¢ distribution with m degrees of freedom, then

H(Y) itd(ML)(%)%;

is a 100(1 — )% confidence interval for ¥ (u):
Pyo2 (V(Y) % taasey (§) 5y covers (p)) =1-a (5.3)

for all 4 € M and all 02 > 0. By Exercise 2.11, this interval fails to cover 0 if and
only if the size av F-test of H:1(u) = 0 versus A:¢(u) # 0 rejects H.

5.4 Example. Consider simple linear regression: V = R", Y7,...,Y,, are uncor-
related with equal variances o2, and E(Y;) = a + B(z; — z) for 1 < i < n, with
Z1,...,T, known constants. Here

p=EY)=ae+ pv,

where (Y);, =Y, (e); =1, and (v); = x; — % for 1 < i < n. Fix an z¢ in R and
consider the point on the population regression line above zq:

%o(ﬂ) =a+ ﬂ(l‘o - j) - <CU¢$O,[J,>,
with

e W
Yoo = e T T e

The GME of 1, (p) is the corresponding point on the fitted line:

ﬁxo(Y) - <vax07Y> = OA‘"’—B(xO _j:>7

where

f= (- Y oand G (Y y) = 2@V
0= (oY) =Y and 0= Y) = 50—y

are the GMEs of a and [, respectively. One has

1 (#o—7)?
o, =0l =0 + =0
¥ro ’ el o]

S|
7
)

Kl
S~—

Do



SECTION 5. CONFIDENCE INTERVALS 129

and
oIV = PuY? X (Yi— (a4 Bl - @)
o dMy n—2 '
Thus
. B ar. |1 To— )2
a+ ﬁ("lfo - (17) + th(Q)O'\/ E + Z(l(oxl—)l’)z (55)

is a 100(1 — )% confidence interval for o + B(xg — ).

Up to now zg has been fixed. But it is often the case that one wants to estimate
Ve () = a + B(zo — T) simultaneously for all, or at least many, values of zy. The
intervals (5.5) are then inappropriate for 100(1 — «)% confidence, because

P, (@Zxo (V) + tn—2(5)0y , covers Vo (p) for all zg eR) <1 — (5.6)

Tip,

(see Exercise 5.20 below). We will develop a method of making simultaneous infer-
ences on 1, (u) for all xop—in fact, we will treat the general problem of making
simultaneous inferences on () for an arbitrary family of linear functionals in the
context of the GLM. °

Return to the setting of (5.1). Let K be a collection of linear functionals of
and set

K={cwy:peK}CM. (5.7)

Let £ be the subspace generated by /C in the vector space M° of all linear functionals
on M and set

L={cvy:¢peLlL}C M, (5.8)
equivalently,
L = span(K).
L and L are isomorphic, so
d(L) =d(L).

Assume some 1 € K is nonzero, so d(£) > 1. We will produce a constant C
(depending on d(L), d(M+), and «) such that
P, 52 (Qﬁ(Y) +C6,; covers Y(p) for all o € L)=1-a (5.9)

for all y, 0?; this says that the intervals

YY) +Coy (5.10)

cover the 1(u)’s for ¢ € L with simultaneous confidence 100(1 — a)%. Of course,
(5.9) implies

Py o2 (V(Y) £ C6, covers p(u) forall p €K) >1—a (5.11)
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for all u, 0%, whence the intervals (5.10) cover the 1(u)’s for ¢ € K with simultaneous
confidence at least 100(1 — a)%.
Now

~

YY) £ C6, covers ¢(u) forall ¢ € £

if and only if

2
SUPo£yeL = < C"

But

((cow,Y — )

SupO;é@ZJEE ~2 = Sup(];éweﬁ || cv wHQ 52

1 <$7Y_M> ? 1 Y 2
=52 SUPo£zeL (H:UHQ) =52 SuPO;ézeL«mvPL(Y - “)>)

[1PL(Y — )| _
= g = Q, (5.12)
the last equality holding by the Cauchy-Schwarz inequality (2.1.21). Since Y — u ~
Ny (0,0%Iy) and L L M+, we have

Q _ |Pu(Y - p)|P/d(L) ~F .
d(L)  ||Qa(Y — p)||2/d(ML) d(L),d(ML)}

notice that it is the central F distribution that figures here. It follows that for all
p, 02,
Pw,z(zﬁ(Y) + C6, covers ip(u) for all i € L)

= P,02(Q < C?) = Fyryamusy ([0,C%d(L)]).

Letting Fy¢, ,(c) denote the upper a fractional point of the F distribution with f;
and f5 degrees of freedom, and setting

Sflaf2(a) Y/ flffl,fz(a)v (5'14)

we find that (5.9) holds with C' = Sy1) a1y (@):

(5.13)

5.15 Theorem. If L is a subspace of M° and L = {cvy : ¢ € L} C M is the
corresponding subspace of coefficient vectors, then the intervals

A~

V() £ Sary,amas)(@)dy (5.16)

cover the 1(u)’s for ¢ € £ with simultaneous confidence 100(1 — «) %.
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The intervals (5.16) are called Scheffé intervals; Sgr) aarr)() is the Scheffé
multiplier. Note that Sy f(a) = t7(§), so that when £ = [¢] is one-dimensional,
Theorem 5.15 reduces to the simple assertion (5.3) that ¢(Y) + Loty (%)&1/; is a
100(1 — @)% confidence interval for ¥(u).

5.17 Example. Return to the simple linear regression model. Put

K={tz :x0 € R},

=g * 0~y <R

SO

and

L=span(K)=[e,v]=M and d(L)=d(M)=2.
From Theorem 5.15, the Scheffé intervals

gy (V) £ Sz,n—z(a)ad;mo (5.18)

cover the various ¢, () = a + f(xo — z) for ¢ € R with simultaneous confidence
at least 100(1 — a)%; note that K is properly contained in £ = span(K). °

5.19 Exercise [2]. Let K, K, £, and L be as in the discussion leading up to Theorem 5.15.
Show that for any constant C, simultaneous coverage by the intervals (V) £ C6 for all
1 € K is equivalent to simultaneous coverage for all ¢ € £ provided

L= UxeK span(z). o

5.20 Exercise [3]. Use the result of the preceding exercise to deduce that the intervals

(5.18) in fact have simultaneous confidence ezactly 100(1 —a)%. Use (5.13) to evaluate the

left-hand side of (5.6). Verify that for large n the probability of simultaneous coverage for
(0%

all zo € R by the t-intervals (5.5) is given approximately by the formula 1 —exp(—3t2,(5)),
as exemplified by the following table:

Nominal Actual Simultaneous Nominal Actual
Confidence Level Confidence Level Failure Rate  Fuailure Rate
90.0% 74.0% 10.0% 26.0%
95.0% 85.0% 5.0% 15.0%
99.0% 96.4% 1.0% 3.6% o

5.21 Exercise [5]. Suppose the variance parameter o in (0.1) is known. Let L C M° be
the line segment { wio + (1 — w)1p1 : 0 < w < 1} between two given linear functionals v
and 1 of p, and suppose 0 ¢ K. Let

1 (Po,91) \ _ 1 (cvtho, cvahr)
0= gonceos (i) = 22 (T ol Teodal) (5.22)

be half the angle between 1o and 11; by convention, 0 < 6 < %7‘(’. Show that the failure
probability

g.c = P.(p(Y) + Co; fails to cover 9 (u) for at least one ¢ € K) (5.23)
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depends only on 0 and C' and is given by the formula

w/2—6
q0,c = %(66_02/2 + / =7/ (2c0s? (@) da). (5.24)
0
[Hint: Use the ideas behind (5.12).] o

5.25 Figure. Failure probabilities and confidence coefficients for simultaneous confidence
intervals for (p) for v € K in the case when K is a line segment in M°. Let K be
the collection of linear functionals of p described in Ezercise 5.21 and let qo,c be the
failure probability defined by (5.23)—(5.24). In the left graph below, qg,c is plotted versus
sin(f) for C = two(5) = 2(5) with o = 0.10, 0.05, and 0.01. The graph shows that
46,2(a/2) 15 substantially larger than o = qo .(a/2) unless the angle 8 is quite small. The
right graph below exhibits the confidence coefficient C = Cy(«) that makes qo.c = «.
The quantity Do(a) = aexp(2C5(a)) is plotted on the vertical azis against sin(f) on
the horizontal axis, for o« = 0.10, 0.05, and 0.01. The graph shows that for a given «,
Dy () is to a close approzimation given by linear interpolation with respect to sin(0) between
Do(a) = aexp(32%(%)) and Dy ja(e) = 1. Crz(a) is the Scheffé multiplier Sa o0(c) =

\/2log(1/a).

Failure probabilities

for C = z(%) with Confidence coefficients
a = .10, .05, and .01 for a = .10, .05, and .01
0.25 - a=.10
0.20 1
0.15 1
.0 Dy(a)
0.10
0.05 7// a=.01
0.00 0.2

T T T T T T T T ] T T T T T T T T ]
0.0 02 04 06 08 1.0 00 02 04 06 08 1.0
sin(0) sin(0)

5.26 Exercise [3]. As in Example 5.4, let ¢, (Y) be the GME of ¢, (1) = o+ B(z0 — Z)

in the simple linear regression model. Suppose that ¢ is known. Using the result of the
preceding exercise, show that for £ > 0 and C' > 0,

Pt (V) % 001/310 fails to cover 1., (p) for some xo with |zo —Z| < &) = go,c, (5.27)

where gp,c is given by (5.24) with

0 = arctan< \/:LZK’LE" (zi — T)2 ) (5.29)

if half of the design points z1,...,x, are at £ and the other half are
%71’ if the x;’s are evenly spaced over the interval from —¢ to &. o

Verify that 6 = %ﬂ'
at —¢, and that 0 =~
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The Scheffé intervals (5.16) have an interesting and important relationship to
the F-test for

H:y(u) =0 for all v € K versus A:1(u) # 0 for some ¢ € K. (5.30)

This is a testing problem of the usual kind, because

My={peM:yp(u)=0 forallyp e K}
={peM:yp(u)=0 forally € L}
={peM:(x,u)y=0forallze L}

M-I (5.31)

is indeed a subspace of M; note that
M—-My=L={cvy:9¢ €L}

The hypothesis p € My fails if ¢(u) # 0 for some 1 € L. The canonical estimator
of ¥(p) is the GME ¢(Y'); say that (YY) is significantly different from zero (SDFZ)
at level o according to the Scheffé criterion if

121(Y) + Sd(LLd(Ml)(a)&d; does not cover 0 (5.32)
R 5.32
= [Y(Y)] = Sacwyars) ()6

One then has

Y(Y') is SDFZ at level a for some ¢ € £

= supye, [D(Y)P/6% > d(L)Fay,anisy (@)

Pr(Y)[]*/d(L
||Q|ML(§/))||H2//d(§\4)L) > Fam—mo),dm+) (@)

<= the size a F-test rejects the hypothesis H: y € My, (5.33)

where the second <= uses (5.12) with 4 = 0. For the case d(L) = 1, this phe-
nomenon was pointed out in the discussion following (5.2).

5.34 Exercise [1]. Show that the testing problem (0.2) can always be put in the form
(5.30) for a suitable choice of K. o

5.35 Exercise [2]. Let £ be a subspace of the vector space of linear functionals on M and
let Mo be defined by (5.30) with I = £. Write p € M as (g, i, ), where pnr, = Pargpe
and pn, = Puyp with My = M — Mg. For each mi € My, let 2,,,, be the acceptance
region of a nonrandomized test of the hypothesis Hy,, : pua, = m1 versus the alternative
Ayt par, # ma. For each v € V, let €(v) be the subset of M; defined by the rule

my € C(v) <= v € Wpy;
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€(Y) can be thought of as the set of values of uas, that are plausible in the light of the
data Y, as judged by the given family of tests. (1) Show that each acceptance region 2,,,
is similar of size «, in the sense that

P 2(Y¢§2[m1)=a

BMq>mM1,0

for all s, € Mo and o > 0, if and only if € is a 100(1 — a)% confidence region procedure
for pa,, in the sense that

2(€(Y) covers pn, ) =1 —

PMMOJMJIJ

for all puam, € Mo, pm, € M1, and a2 > 0. (2) Show that when 2,,, is taken as the
acceptance region of the size o F-test of H: u € my + My versus A: p ¢ mq + Mo, then

&Y)={mi € Mi:|[mi—Pu,Y| < Sd(Ml).,d(Mi)(a)&}Q

moreover, for each py, € M,

zﬁ(Y) + Sd(Ml),d(Ml) (a)&qﬁ

Y e, < €(Y) covers uy, < .
K (¥) covers par, [covers () for all ¥ € £

5.36 Example. Consider one-way ANOVA, in which V' = {(2;)j=1,... n;;i=1,..p €
R"} withn =3, n; and E(Y;;) =@ for j=1,...,n;, i =1,...,p, so

_ 3. .
M = {Zlgigp’” Bi:Pi,....B eR}
with (v(i))i/j/ = ;. Notice that
(0

b= (e ) =il for1<i<p,

A linear functional of y of the form

bW =) el =D i (5.371)

with
ZlSiSP %=1 (5.372)
is called a contrast in the group means 31, ..., 3,. For example, 3 — 31 and 3; —

%(52 + (3) are contrasts, but 3; is not. The space C of all contrasts has dimension
p — 1, because it is the range of the nonsingular linear transformation

c—»E cip;
1<i<p z’@z}z

defined on the p — 1 dimensional subspace

{CERP:ZISiSPCi:0}:RP—[e]
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of R?. The GME of the contrast Zlgigp c; B; 1s

YY) = Zlgigp cifbi = Zlgigp ¢iYi;

it has estimated standard deviation

A~ A 2
o, =0 g cs/n;
¥ 1<i<p o/

with

oY =PV Siciy Sy, (V= 1)
d(ML) n—op :

By Theorem 5.15,

P, (@/}(Y) £ Sp—1,n—p(a)d,; covers 1(u) for all contrasts Y)=1-a

for all p € M and o? > 0. Moreover, by (5.33), some estimated contrast 1[1(Y)
is significantly different from 0 at level « if and only if the size a F-test of the
hypothesis H: ¢ (u) = 0 for all ¢ € C, that is, of the hypothesis

HiﬁlZﬁzz'“:ﬁp

rejects:

1Py Y1/ (p=1) _ 3imiYi = Y)%(p—1)
1@uY [/ (n=p) 32 32,(Yi; — Yi)% (n —p)

5.38 Exercise [2]. In the context of the GLM, suppose 1, ..., %, are p linear functionals
of . Show that the space

€= {Zlﬁiép et : Zléiép “= 0}

of contrasts in the ;’s can be written in the form

2 fp_l,n_p(a). ®

C =span(t; — ¢ :1<i<p),

where 1) = Zl<i<p w;; Jw is the weighted average of the 1;’s with respect to any given

nonnegative weights wq, ..., w, with sum w > 0. o
5.39 Exercise [3]. Suppose 91,...,%, are p nonzero orthogonal linear functionals of pu.
Put

Mo ={peM:p(u) =0 for all contrasts ¢ in the 1;’s }.

Show that
dM —My)=p—1
and

|Par—aio Y2 = Zlggp wi(i(Y) —p(¥))? =Y wid? (V) —wi(Y),  (5.40)
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where
¥i(Y) is the GME of ¢; ()
1 A . . (5.41)
e Var(yi(Y)) /0" = [[¢i
for 1 <i¢<pand
~ - 1
Y(Y) is the GME of ¥(u) = p” Zlgz‘gp withi ()
. X (5.42)

= Var($)/o” = [|9]>.

1
WD icicy Wi

[Hint: Check that [¢1 —,...,%p — ] = [¥1,...,%p ] — [¢] and use the result of Exer-
cise 5.38.] o

5.43 Exercise [2]. Use the result of the preceding exercise to obtain the numerator of the
F-statistic in Example 5.36. o

6. Problem set: Wald’s theorem

This problem set is devoted to the proof of yet another optimality property of the
F-test. Consider the testing problem (0.2): For given subspaces M and M, of V,
we have

Y ~ P@ = Nv([,b,()'zfv)
for some unknown 6 = (u, 0?) in
© =M x (0,00),

and we wish to test
H:0€ Oy versus A:0 € Oy, (6.1)
where

Oy =My x(0,00) and O, ={0€O:0£0Op}.

We will sometimes write the generic § € © as (uas,, par,, 02), where pn, = Pagypt
and pp, = Pyp are the components of p € M in My and My = M — M),
respectively. A (possibly) randomized test ¢ of H versus A is a mapping from V to
[0, 1] with the interpretation that for each v € V, ¢(v) is the conditional probability
of rejecting H when Y = v. The power function of ¢ is the mapping 3, from © to
[0, 1] defined by

Bo(0) = Eg(Y) = /V 6(y)Py(dy) = Py (rejoct H using o).

For given iy, € Mo, p > 0, and 2 > 0, let

Bd)(ﬂMoapv 02) (62)
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denote the average of 3,(0) with respect to alternatives 6 = (uas,, par, , 02) With g,
chosen at random according to the uniform distribution U, on the sphere { m € M :
|lm|| = p}. This problem set is devoted to proving

6.3 Theorem (Wald’s theorem). In regard to the problem (6.1), among tests ¢
such that

Bs(0) = forall 0 € Oy, (6.4)

the size o F'-test maximizes the average power B¢(MMO,p, o?) for every upg, € Mo,
p >0, and 0% > 0.

Loosely speaking, the F-test is best when whatever might be p, € My and

02 > 0, all alternatives with sy, of a given magnitude are of equal, and hence

“uniform,” concern. A test ¢ such that (6.4) holds is said to be similar of size c.
A test ¢ such that

By(0) <o forall§ € © and [4(0) >« forall § € O4

is said to be unbiased of level .

A. Show that the size o F-test is unbiased of level a and (for the problem at hand)
every unbiased test of level « is similar of size «.

[Hint: The second assertion follows from the continuity of (4(f) in 6 (see Exer-
cise 5.2.4).] o

A reformulation of Wald’s theorem is somewhat easier to prove. Put
0" = { (NM07/)70-2) P M, € M07 P > 07 02 > O} = MO X [O)OO) X (0700)7

and for 0* € ©* let Pj. be the average of Plurrgopn, 02) with ppr, chosen at random
according to the uniform distribution U, above. Consider testing

H* : 0" € O3 versus A*:0" € ©F, (6.5)

where
O = { (1-0.0%) €070 =0} and €} = (0" €O 0" 20}, ).

For any test ¢: V — [0, 1], write B3 for the power function of ¢ in the problem (6.5):

B5(07) = /V ¢(y) Pj-(dy) = Py (reject H* using ¢).

B. Show that Wald’s theorem is equivalent to

6.6 Theorem. In regard to problem (6.5), the size a F-test is uniformly most
powerful among tests ¢ satisfying the similarity condition

B5(0°) = a  for all 0* € O}. (6.7) o

Parts C through G deal with the proof of Theorem 6.6. To begin with, here is
a technical result that is called upon in the later stages of the proof.
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C. Let U be a random variable uniformly distributed over the unit sphere {m; €
M; :||m|1 =1} in M;. Show that the function

G(c) = E(efmuU)y (6.8)

does not depend on the unit vector m; in M; and is continuous and strictly increas-
ing in ¢ > 0.

[Hint: For the first assertion, use the fact that U and OU have the same distribu-
tions for all orthogonal transformations O of M into itself. For the second assertion,
look at the first two derivatives of G.] o

The next part examines the distributions Py. for §* € ©*.

D. Show that the density of P;. (with respect to Lebesgue measure on V) is

e 1 2 lpeas, |12 + p° Y
fo-(y) = <27TO’2> exp(— (.)‘202 ) eXp(<PMOy’ 020 >)
p lylI?
% G(I1Payll 55 ) exp( =05 ).

where 6% = (uag,, p,0?), n = dim(V), and G is defined by (6.8). Deduce that the
triple

To = PayY, Ti = ||Pag Y|, and T, = [[Y?
is a sufficient statistic for the family { Pj. : 6* € ©* }.

[Hint: For the second assertion, use the factorization criterion for sufficiency (see
Lehmann (1959, p. 49)).] o

In view of the sufficiency of Ty, 11, and T5, we may limit attention to tests ¢ of
the form

Qb(y) = ’QD(PMoya ||PM1yH7 HyHQ)a (69)

where ¢ : My x [0,00) x [0,00) — [0,1]. Bear in mind that we are trying to test
whether p is 0 or, equivalently, whether

p
=3 (6.10)
is 0, regardless of the values of the nuisance parameters gy, /0? and 1/0? figur-
ing in fj.(y). The conditioning argument of the next part makes these nuisance

parameters “disappear.”

E. Show that for each 79 € My and 7 > 0, the conditional Pj.-distribution of T}
given Ty = 79 and To = 75 depends on §* only through the parameter n of (6.10);
specifically, for 71 > 0, the Pj.-conditional density fg. (71 ! To, T2) of Th given Ty = 79
and T5 = 7 has the form

fo- (71 | 70, 72) = G(111) Py 7, (T1) Crg 1y (1),
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where G is as in (6.8) and h,, -,(71) and Cs, -,(n) depend only on the arguments
shown.

[Hint: First work out the form of the Pj.-joint density of Ty, T3, and Tb, and then
use the standard formula for a conditional density; it is not necessary to evaluate
fi- (1 | 70, 72) explicitly.] o

The above result suggests testing (6.5) conditionally on Ty and T5. Write Qyjr,
for the conditional P,.-distribution of 77, given Ty = 79 and T = 7».

F. Show that in regard to the family { Q,-,,-, : 7 > 0} of distributions on [0, c0),
the test
1, ifr >c

6.11
0, ifm < c, ( )

Y(70,71,T2) = {
with ¢ chosen as the upper a fractional point of Q| -,, is UMP(«) for testing
H. ,:n=0 versus A; ,,:n>0.
Show that for ¢ as defined by (6.11), the test

U (Parey, | Pyl )

is the size a F'-test.

[Hint: For the first assertion, use part C and the Neyman-Pearson fundamental
lemma. For the second assertion, use the independence under Py of Py Y, Py, Y,
and P;;.Y along with the fact that if A and B are independent random variables
each having central x? distributions, then A/B is independent of A + B.] o

The next part completes the proof of Theorem 6.6.

G. Let ¢ be a test of the form (6.9) satisfying the similarity condition (6.7). Show
that

/ (10,71, T2) QO\TO,TQ (dn) =«

for all (actually, Lebesgue almost all) 79 and 72, and deduce that ¢ has no greater
power than the size a F-test at each 6* € ©7%.
[Hint: First note that for any 0* € ©*,

/8:;(9*) = E;* (bn(T07 T2))7
where

bn(To,Tz) :/@Z)(TOJ—DTZ) Qn|7'o,7'2(d7—1)'

Then use part F in conjunction with the completeness of the statistic (T, 7%) for
the family {6* : 6* € O3, } (see Section 5.2).] o

The last two parts deal with some corollaries of Wald’s theorem.
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H. Deduce

6.12 Theorem (Hsu’s theorem). The size o F-test is uniformly most powerful
among all similar size « tests of (6.1) whose power depends on the parameter
0 = (1nty, pary, 0%) only through the distance ||pay,||/o from p to My in o units. o

I. Show that the size a F-test ¢ of (6.1) is admissible, in the sense that there is no
test ¢ such that

B5(6) < B4(9) forall @ € O and  [3(8) > y(6) for all 6 € O4,

with strict inequality holding for at least one 6 € ©. o



CHAPTER 7

ANALYSIS OF COVARIANCE

In this chapter we formulate the analysis of covariance problem in a coordinate-free
setting and work out procedures for point and interval estimation and F-testing of
hypotheses. We begin by developing various properties of nonorthogonal projections
that are needed for the abstract formulation and subsequent analysis.

1. Preliminaries on nonorthogonal projections

Throughout this section, we suppose
K=I1I+J

is a direct sum decomposition of a given inner product space K into disjoint, but not
necessarily orthogonal, subspaces I and J. Each z € K can be represented uniquely
in the form

r=xr+xy (1.1)
with z; € I and x; € J. The map

A= Pr.j:x — xy is called projection onto I along J, and

B = Pj.r;:x — x; is called projection onto J along I.

In visualizing the action of, say, Pr.; on x € K, think of x as being translated
parallel to J until reaching I, as illustrated below:

Planeis K =1+ J

1

If I 1 J, then Pr.; = Pr and Pj,; = Qr, with Py and )1 denoting as usual orthog-
onal projection onto I and I+ = J, respectively.
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1A. Characterization of projections
Pr.; may be characterized as follows:

1.2 Proposition. (i) Pr,; is an idempotent linear transformation from K to K
with range R(Pr.;) = I and null space N'(Pr.;) = J.

(ii) Conversely, if T: K — K is an idempotent linear transformation with range
R(T) and null space N(T'), then K is the direct sum of R(T) and N(T) and T =
PR(T)N(T)-

Proof. (i) is immediate. For (ii), write the general x € K as
x=Tx+ (z—Tx).

Tz € R(T) by definition, and z — Tx € N(T) because T(z — Tz) = Tz — T3z =
Tx —Tx = 0. It follows that T' = Pr(7y,x (1), provided K is in fact the direct sum
of R(T) and N(T). Now the preceding argument shows that K is indeed the sum
of R(T) and N (T); the sum is direct because (see Lemma 2.2.39) R(T') and N (T')
are disjoint—if x = Ty € N(T), then x = Ty = T?y = Tz = 0. "

1.3 Exercise [2]. Deduce the characterization of orthogonal projections given in Proposi-
tion 2.2.4 from Proposition 1.2 above. o

1B. The adjoint of a projection

Let T denote projection onto I along J. We inquire as to what the adjoint 7" of T'
is. T" is linear and idempotent (1T'T" = (T'T)" =T"), so T’ must be projection onto
R(T") along N(T"). By Exercise 2.5.9,

N(T") = RH(T).

Since this identity is actually valid for any linear transformation T: K — K, we may
replace T by T" to get

R(T') = N*=(T).
This proves

1.4 Proposition. One has
(P[;J)/ == PJL;IL. (15)

Notice that I and J have been “reversed and perped” on the right-hand side of
(1.5). If I 1 J, then J* =T and I+ = J, and (1.5) reduces to the familiar formula
P} = Pr.

1.6 Exercise [2]. Interpret Proposition 1.4 in the context of R" and the matrix X repre-
senting Pr,; with respect to the usual basis eV, .. e,

[Hint: Think about what (1.5) asserts about the row and column spaces of X and its
transpose.] o
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1C. An isomorphism between J and It

The next result is illustrated by this picture:
Il

Q[Z- z

Y 4 Pj.ry = By

143

1.7 Proposition. Let B denote Pj;.;. Then Q) restricted to J and B restricted

to I+ are inverses; in particular, J and I+ are isomorphic.

Proof. We need to show

(i) BQrz=2z forallzeJ,
(i) QrBy=vy forallye It

For (i), let z € J. Then we have

Q[Z = —P[Z+Z,

with —Pyz € I and z € J, so BQrz = z as claimed. For (ii), let y € I'*. Letting A

denote Pr,y, we have

QrBy=Qr(y—Ay) =Qry — QrAy =y - 0=y,
as claimed.

1D. A formula for Pj,;; when J is given by a basis

If 1,...,yp is a basis for I+, then we know that, for z € K,

xr = E CiYj
@1 1<j<n Y

can be obtained by solving for the ¢;’s in the normal equations

<yi,x — Zlgjgh cjyj> =0 fori=1,...,h,
or

<yi71‘> = Zl§j§h<yi7yj>cj fori=1,...,h,
or

(y, ) = (y,y)e,
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where the h x h matrix (y,y) and the h x 1 column vectors (y,z) and ¢ are given
by

(Cy,2))i = (yir ) (v 9))is = (i y5), and (¢); = ¢; (1.9)

for i,5 =1,...,h. The solution to (1.8) is of course

c=(y.y) (y,x).

We have just considered the orthogonal case, where J = I+. We ask if there
is a similar recipe for Py,; = B for general J (disjoint from I). Let 2q,...,2;, be a
basis for J. By Proposition 1.7, Qrz1,...,Qrz, is a basis for I*+. Now note that
Bz depends on x € K only through Qa:

Bx = B(Qrx + Prx) = BQx.

We have just seen that
Qrr = Z1§j§h ¢j Qrzj,

where

c=(Qr2,Q12) (Qrz, ).

And from Proposition 1.7,

Bxr=B ng c: B z':E CiZi.
@ 1<y BRI 1<j<h I

This gives

1.10 Proposition. Let z1,...,z, be a basis for J. For each x € K,

Pjrx=Bx = Zlgjgh %, (1.11)
where c1,...,cp are the coefficients for the regression of x on Qrz1,..., Qrzp, that
is,

c=(QrzQrz) " (Qrz,7) (1.12)

(see (1.9) for the notation).

Of course, to use the proposition one needs to know about @; in order to
compute the numbers

<szia$>7 <Q1Z’i7QIZj>7 iaj:]-a"'vhv

appearing in (1.12).
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1.13 Exercise [2]. For each u € K, set
R(u) = [|Qrull* = llu — Pru]*. (1.14)
Verify that for u,v € K,

R(u+v) — R(u) — R(v) |

(Qru,v) = (Qru, Qrv) = 5 ; (1.15)
in particular, if
Ruy=2_ _ bil{ww) (1.16)
for by,...,by, real and wy,...,w, in K, then
(Qru,v) = (Qru, Qrv) = Zlggm b; (u, w; ) (v, w;). (1.17) o
1E. A formula for P"hI when J is given by a basis
As above, let z1, ..., z, be a basis for J and let Qrz1,...,Qrz, be the corresponding

basis for I1. Let B denote Py.;. By Proposition 1.4, B’ = Pri.jo. Thus, forz € K,

B/:U:Z d:Qrz;
1<jen BQ1Z5

where the d;’s are determined by the condition that z — B’z lies in J L that is, by
the equations

<ZZ’,£L' - Zlgjgh de[Zj> =0 fori= 1, .. .,h.

Thus

1.18 Proposition. Let z1,...,z, be a basis for J. Then, for each x € K,
Prix =Bz =P o= Z1§j§h d;Qrz;, (1.19)

where
d=(Qrz,Q2)” ' (z,z) (1.20)
(see (1.9) for the notation).

In comparing Propositions 1.10 and 1.18, notice that Pj.;x is a linear combina-
tion of the z;’s with coefficients involving the inner products of x with the Qrz;’s,
whereas PJ.;x is a linear combination of the Qrz;’s with coefficients involving the
inner products of x with the z;’s.

1.21 Exercise [1]. Verify that the recipes for P;,rx in Proposition 1.10 and for Pj,;z in
Proposition 1.18 yield the same result when I L J. o
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2. The analysis of covariance framework

We begin with an example. Consider a GLM consisting of a one-way analysis of
variance design coupled with regression on one covariate t:

E(Y;j)zﬂl—i-’}/tw forj=1,...,n;, t=1,...,p; (21)

here the Y;;’s are uncorrelated random variables of equal variance 0?2, the ti;’s are
known fixed numbers, and 31, ..., 3, 7, and 02 are unknown parameters (for p = 1
the model is just simple linear regression). Notice that

Bi = E(Yi;) — vtij

measures the expected “yield” of thejth replication of the i*" factor, adjusted for the
effect of the covariate. The space M of possible means for Y = (Yj;)i<j<n,,1<i<p
in this problem may be written as

M =M+ N,
where

M: {Zlglgpﬁlvl :ﬁla"-)ﬁp GR}
is the usual regression space in the one-way ANOVA model ((vi)i/j/ = 5”,) and
N = [(t;)] = [¢]

it is assumed that the covariate is not constant within each of the p groups, that is,
that t € M, so M is the direct sum of M and N. Of special interest are the 3;’s
and ~, or, in vector terms,

VS 2199 Bivi = Py,np and  puny =t = Py.yp,

where = E(Y') = par + pn, as illustrated below:

. h=E(Y)
Planeis M = M + N

e M
It is natural to seek procedures for making inferences about pups and py that build
as much as possible on the prior analysis of the one-way ANOVA model.

From a broader perspective, suppose Y is a weakly spherical random variable
taking values in an inner product space V:

Ey = 0'21‘/. (22)
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Suppose also that it is known how to treat the GLM that obtains when p = E(Y")
is assumed to lie in a certain subspace M of V. The problem at hand is how to use
this knowledge advantageously in treating the GLM that arises when the space of
possible means of Y is enlarged from M to

M =M+N, (2.3)
where N is a subspace disjoint from M. For each p € M, write
p=pr + pn = Pynp+ Py = Ap + B, (2.4)

with A = Py.ny and B = Py viewed as mappings of M into itself. Generalizing
from the specific case above, we presume py; and py to be of particular interest.

3. Gauss-Markov estimation
The Gauss-Markov estimator of u € M is
= PyY = PyY + Py _,,Y.

The derived Gauss-Markov estimators (see Exercise 4.3.3) iy = Bji and fips = Afl
of uy = Bu and pps = Ap may be written as

fin = BPyY = BQuPyY = B(Py_ YY) (3.1)
and
fav = Pyt — Pyiy = PyY — Pyfin, (3.2)
as illustrated below:
M-M N Plane is M
AN R
Py Y \ AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA b= PyY
: M
P fi 1 T
M [N 1374 PuY = Puji

Notice that fips is the “old GME” PyY (that is, the GME of pys in the original
problem involving just M) minus the “correction term” P fin, which can be viewed
as the old GME applied to iy in place of Y. Notice also that Py/Y and iy are
uncorrelated.

Turning to linear functionals, note that for any 5 € N, the GME of (xn, un) =
(xn, Bu) = (B'xzn, 1) may be written variously as

<$N7/1N> = <$N,BPMY> = <B,.TN,Y>. (33)
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Similarly, for any x5, € M, the GME of

(zar, ) = (oar, Ap) = (A'zag, ) = (o — B, p)
may be written variously as

(@ars fore) = (xar, PrY) — (s, Prrfon)
=(zm,Y) — (Tm, fin)
= (xp — B'zpy,Y). (3.4)

The second line of this formula expresses the new GME (zy, fins) of (xar, par) as
the old GME (x,/,Y) less a subtractive correction that is the old GME applied to
i in place of Y.

Once iy = BPy_,,Y is in hand, the computations reduce to those of the
original model, which we presume is well understood. The central problem then is
one of getting a handle on fiy. According to the formula jiy = BPy_,,Y, what
one needs to do is to render N orthogonal to M, project Y onto the resulting space,
and transfer the projection back to N. This is readily accomplished in explicit form
if we have a basis z1,..., 2, for N. Indeed, from Proposition 1.10, it follows that

AN = Z1gjgh Yi%j (3.5)

where the 4;’s are the coordinates of Py;_,,Y with respect to the basis Qar21,.. .,
Q 2z, for M — M:

Y =(Quz Qu2) (Quz, Py_yY) = (Quz Quz) (QuzY). (3.6)
With this representation for fiy, (3.2) becomes
fine = PaY =3 4 Parz;. (3.7)
Similarly, (3.4) becomes

GME of (zar, ) = (@, i) = (2m, Y) — Zj Yi(@a, 25)

(3.8)
= (old GME) — > 4; (old GME applied to z;)
J
and (3.3) becomes

If we write
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so that v, is the coordinate of p1y with respect to z; in the 21, ..., 2, basis, and if we
let x(] ) € N be the coefficient vector for the jth-coordinate functional for this basis,
so that <a:§\],), zj) = 0;5 for i =1,..., h, then (3.9) says that ; =, ’y,-(gcg\],), z;) is in

fact the GME of v; = <:1;S\],),,LLN>.
3.11 Exercise [3]. Show how formulas (3.5)—(3.7), with the 4;’s interpreted as the Gauss-
Markov estimators of the «;’s of (3.10), follow directly via basic properties of Gauss-Markov

estimation coupled with orthogonalization of the z;’s with respect to M.
[Hint: Corresponding to the unique representation

= pM + j 25
n=p (ZJ Vi J)
of u € M as the sum of a vector in M and a vector in N, there is the unique representation
= (um + iPrvizy) + 103V
w (M Zj Vi J) (27 Vi i)

of i as the sum of a vector in M and a vector in M — M.] o

3.12 Example. In the model (2.1), where E(Y;;) = (3; + 7ti;, one has for any
Y = (vij)

> Yij

(Pry)ij = ¥i = —, and (Q@umY)ij = Yij — Ui -
By (3.6) )
5 [ . _t) . [%J(Z;‘_“;J] (3.134)

Notice how the numerator in (3.132) can be obtained from the denominator by the
technique of Exercise 1.13 and how (3.133) expresses 4 as a weighted average of the
slope estimators one obtains by carrying out simple linear regression within each
group, with the weights being proportional to reciprocal variances. By (3.8)

B = < ”2, Y) - ’Y(H ||2,>—Yz‘—%z‘- (3.14)

In vector terms

pn =9t and jip = ZZ_ Bz’vi . o
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4. Variances and covariances of GMEs

Under the assumption p = E(Y) € M, for any vector € M the GME of (z, u1) is
(z,Y), and for 1, x5 € M one has

COV(<$17Y>7 <.’L‘27Y>) = 0'2<IL’1,$2>
Var((z;,Y)) = o°||z;||*.
In (3.3) and (3.4) we saw that
(xn,in) = (B'zNn,Y) is the GME of (zn,un) = (B'zn, 1),
(xar, fing) = (wpr — B'zpg, YY) is the GME of (war, uas) = (xp — B'aag, )
for xxy € N and z; € M. Consequently,
Cov({zn1, fin), (Tn2, in)) = 0*(B'zn1, B'ans) (4.11)
Var((zn, in)) = o?||B'zy||? (4.15)
for xn1,zN2,2Nn € N, and since M L R(B’),
Cov((zar1, fing), (Tas2, fing)) = 0> (asy — B'eagy, wage — B'oagg)

= 0'2(<Q7M,171'M72> + (B'zp1, B’$M,2>)

= o%(old expression + correction) (4.21)

Var((zar, fuar)) = 0* (lear|® + [ Bwar|?)

= ¢%(old expression + correction) (4.29)

for xpr1, @2, e € M. Formula (4.25) reflects the fact that (zaz, 1) is the dif-
ference between the two uncorrelated random variables (x s, PyY) = (zpr,Y) and
(xp, vy = (B'zpr, Y). A similar remark applies to (4.21).

Supposing z1, ..., 2z, is a basis for N, formulas for the inner products

<B/IE1, B/QZ‘2>

figuring in (4.1) and (4.2) can be obtained easily with the aid of Proposition 1.18.
According to that result, for any « € M one has

B/x = Zl<j<h deMZja (431)

where
d=C{zuz), (4.32)
with
C=R"' for R={(Qunz Quz). (4.33)
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For z1, x5 € M, after setting
dY =C{zz;) fori=1,2
we thus have
(B'wy, B'ry) = <Z , d(l)QMng Zk d;EQ)QMZQ
=> A (Qarz Quuzi)dy”

gk Y
= (dNTRA® = (z,2)7C(z, 2). (4.4)
In particular,
|B'z||> =d"Rd = (z,2)"C(z,2) with d=C/{(z,x) (4.5)

for x € M.
To see the probabilistic significance of these algebraic manipulations, write as

before
AN = Z 5%

and again let a:gf,) be the coefficient vector of the j*'-coordinate functional for the
basis z1,..., 2, 50 ¥ = <x(j) fin). Then (4.11) and (4.4) give

Cov(%;,4k) = o2(B'z{), B’z
= 0(z.a) €z, 2Y)

2 .
=0 Cjk,
in other words,

02C is the variance-covariance matrix of 4, (4.6)

as could have been anticipated from (3.6) (see (4.2.22) and (4.2.24)). Since, for any
T, X9 € M,

(@) = 3 (5w,

(4.4) and the rule for figuring the covariance of two linear combinations of a given
set of random variables give

02(B'xy, B'zs) = 0% (z,31) C(z, 2)
= COV(Zj <zj>l'1>§/j’ Zj<zj7x2)ﬁ/j>>
= COV(<$1,,&N>, <$2,ﬂN>). (4.7)

4.8 Exercise [2]. What is the covariance of (xu, fin) and (zn, fin) for given zp € M
and zy € N7 o
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4.9 Example. Consider again our running example, where E(Y;;) = (; + 7ti;.
From (4.6) and (4.33),

Var(§) = 0%Cy; = = (4.10)

as one would obtain directly from
5 i (tij — 13)Y;
Zij (tij - ti)z
Moreover, from (4.22) and (4.5), for any ¢4, ..., ¢, € R we have, upon writing « for
> civifllvill?,
Var (GME of » ~ ¢;8;) = Var((a, i)
= o?(||lz|* + || B'=|?)

- 02(2 e, :B)TC<t,a:>>

ini

202<ij+z(]zj(tjt_)t)2> (4.11)

as one would obtain directly from

GME of » " ¢;f = old GME — old GME applied to jiy

= (ZZ Cﬂ_/z) - ’?Zi Cz‘t_z‘

(recall that Py/Y and fiy are uncorrelated). o
4.12 Exercise [1]. Show that when p = 1, formula (4.10) reduces to the usual expression
for the variance of the GME of the slope coefficient in simple linear regression, and (4.11)
with ¢; = 1 reduces to the usual expression for the variance of the GME of the intercept. ¢

5. Estimation of o2
The standard unbiased estimator of o2 is

Iy
d(M+)

We have

d(M)=d(M)+d(N)

because M and N are disjoint, so

d(M*) = d(M*) — d(N)

= old degrees of freedom — correction term.
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The Pythagorean theorem applied to the orthogonal decomposition
Py Y +QnY =QuY

gives
QY 1P = 1QuY | = |1Pyy_p, Y II?

= old term — correction term.

(5.2)

If z1,..., 2, is a basis for N, so that Qurz1,...,Quzn is a basis for M — M,
then

Py Y =) 4iQuz,

as pointed out above (3.6), and

[Py Y1 =3 45 @rzs, Qurze) i
=4TR%
= (Quz,Y) C(QuzY), (5:3)
with the matrices R and C' being defined by (4.33).

5.4 Example. In our running example with E(Y;;) = 3; + vti;, set

"= Zlgigp i
One has
d(M*) =d(M*) —d(N)=(n—p) -1

and
QuY 1P = IQarY I = 1Py VIP =30, (Vi =V =323 (b — )% o

5.5 Exercise [1]. Show that an alternate expression for ||Q;Y|? in the running example
is

Z_,(Yij — Vi = Aty — 1))*. o

ij

6. Scheffé intervals for functionals of s

Throughout this section suppose that Y is normally distributed. For any vector
space, say L, of linear functionals @E of p e M, Scheffé’s result says

PM,UQ('&(PMY) - Sé—d(}?ﬂy) < Qﬁ(ﬂ) < &(PJ\;[Y) + Sé—zz(PMY)

- (6.1)
foralhbeﬁ):l—a
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for all € M and 62 > 0; here

- Y||?
o 10Y]

6 =6 cv |, L
iy vy = Ollcvd| A1)

5 and S:Sd(i)’d(ML)(a)

We want to particularize (6.1) to the case where £ is essentially a space of functionals

of upr.
Let then £ be a vector space of functionals on M. For each ¢ € L, let x4, € M
be the coefficient vector of :

P(m) = (m,xy) for all me M.

Each ¢ € L gives rise to a corresponding linear functional 1/; on M via the recipe

U(p) = v(par) = (Ap) = (vy, Ap) = (A'zy, 1)
for € M. Let £ be the space {1[) ;¢ € L}. The spaces of coefficient vectors
L:{.%'w:wEﬁ}CM
L={Azy,:peLlL}ycM
are related by
L=A(L).

Now A’, being projection onto M—N along M — M within M, has null space M — M
and so is nonsingular on L. Thus

d(£) =d(L) = d(L) = d(L).

It follows from (6.1) that

P, o2 (9(fnr) — Sp(any < ¥(par) < ¥(fiar) + Sy 62)
forallyy € L) =1—a '
for all i € M and o2 > 0, with

S = Sd(ﬁ),d(]\?[l)(a)7 (6.31)
Gutin) = Bl 4wyl = 1/ g2 + | Byl (6.3,)

- V|2
6% = M . (6.33)

d(M*L)

6.4 Example. In our running example with E(Y;;) = 3;+~t;;, consider the space £
of contrasts in the 3;’s. We know

dL)=p—1
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and we have seen that for any contrast ¥(un) = Y, ¢,

V(i) = Zz ci(Yi —4t:)
2 2

R . c; (Xiciti) i
meM):0<§:in;+§Lﬁaf—hV>

with

52 — Zij(Yij - }71)2 - 'AY2 Zij(tij - ti)z .
(n—p)—1
Thus the intervals
V(i) £ Sp—1,n—p—1(Q) Gy )

have simultaneous confidence 100(1 — «)% for the corresponding contrasts ¥ (pas)
for ¢ € L.

6.5 Exercise [3]. What are the Scheffé intervals for a vector space £ of functionals of pn
in the general augmented model (u € M)? o

6.6 Exercise [3]. An experiment is contemplated in which an even number n = 2m of
observations are to be taken at equally spaced time intervals. For 1 <+ < n, the response Y;
for the i*® observation is assumed to take the form

a+ A+e, ifiisodd,
P = (6.7)

a— A+e¢, ifiiseven,

where « is the mean output of the experimental apparatus in the absence of any treatment
effect, A (respectively, —A) is the incremental mean response due to a treatment applied
in a positive (respectively, negative) direction, and the ¢;’s are experimental errors. « is
of no interest. (1) Assuming that the ¢;’s are uncorrelated with zero means and common
unknown variance ¢ > 0, give explicit formulas for the GME of A and its estimated
standard deviation; also set 100(1 — )% confidence limits on A. (2) The proposed model
(6.7) is defective in that it does not take into account a possible drift of the experimental
apparatus over time. As an improved model one might take

a+ Ot + A+e¢, ifiisodd,
e a+ Bt; — A+e, ifiiseven,

where t; = it1 is the time at which the " observation is to be taken. What now are the
GME of A, its estimated standard deviation, and the confidence limits? o

7. F-testing

To motivate things, consider our running example with E(Y;;) = 5; + 7t;;. The
hypothesis

Hipy === b,

constrains p € M to lie in

MOZMO“FN,
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where
M():{Ziﬂi’viIﬁlzﬁzz"'Zﬁp}Z[e]

is the hypothesis space in the original one-way ANOVA model.
In general, if one has a GLM that presupposes 4 € M and is interested in testing

H:ppe My versus A:p & My, (7.1)

then in the augmented model, where ;1 € M = M + N, the corresponding testing
problem is

H:p€ My versus A:p ¢ Mo, (7.2)

where
MO = MO —|— ]\[7

the sum here is direct because we have assumed N to be disjoint from M. The
F-statistic for (7.1) is

(1R YII? = QY [|2) /d(M — M)

= [QuY |20 T ’

(7.3)

while that for (7.2) is

o (19w Y 1P — QY IP) /(T — 8) -
[QurY IP/d(i1) | |

From our previous work we know how each term in (7.4) can be obtained from the
corresponding term in (7.3) via an appropriate correction:

QY II” = 1QuY I* — 1 Pyr_p, Y17, (7.51)

with
1Py Y1I? = A3 RuAm, R = (Quz,Qumz), 4 = Ry (Quz,Y)
in the basis case;
Q7 Y I? = Qs Y I* = | Przy -, Y II%, (7.52)
with
1Pz —a1, Y P = Adz, BatgYnze,  Razy = (Qnsp 2, Qs 2,
Aaty = Rip (Qny 2, Y)
in the basis case;
d(M+) = d(M*) = d(N); (7.53)

and
d(M — Mo) = d(M) — d(Mo)

= (d(M) + d(N)) — (d(Mp) + d(N))
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= d(M — My). (7.54)
7.6 Example. Consider again the case

E(Yy) =B+t j=1,....n; i=1,...,p,

with
H:py=02="=0p.
Here
@uY)iy =Y =Yi QY| =T, (¥, — ¥)?
(@ Y)ig =Y =Y, Qu Y2 =3, (Y~ Y)*

with ¥ = > i Yi;/ >, ni. One has
QY I? = 1Qu Y|P = | Prr-ar Y|P = Y na(Vi = ¥)?,
1Pig Y 1P = 301Quetl = 43 Y (11— 0%
with

(Qut,Y) _ 2yt — 1)
lQartl® — 305(t; — i

Yi;
v = 2

as in (3.13) and
1Pste— a1 Y I? = A2s 1 Qs 1> = Zij(tij —1)%

with -
’AYM _ <QMOta Y> — Zij( ij
U I@antllF Xt

as in simple linear regression, whence the F-statistic is

H~|v

| SoniFi = ¥ = (33, Syt — 007 = 3% Syt - 077 fio -
[ 325V = Y02 =33 Sty — 82 [ ((n = p) = 1)

7.7 Exercise [2]. Show that an alternative expression for the numerator of the F-statistic
in the preceding example is

D (6= Y A by — 1) = Aang (5 = 1))/ (0 = 1). o
7.8 Exercise [3]. Let Mo be a subspace of M. (1) Find the F-statistic for testing

H:Pyp € My versus A: Pyp & My (7.9)
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in the context of the general augmented model, where € M = M + N. (2) In what
respects does the F-statistic in (1) differ from that for the problem (7.2), and from that
for the problem (7.1) in the context of the original model, where y € M? (3) Verify that
in the context of our running example, where E(Y;;) = B; +ti;, the hypothesis H in (7.9)
is that the unadjusted mean yields 3; +~%:, i = 1, ..., p, are equal. o

7.10 Exercise [2]. In the general augmented problem (p € M), what is the F-statistic
for the null hypothesis that ux = 07 o

Assuming the normality of Y, the power of the F-test of
H:pe My versus A:p & My
(presuming p € M) at (pnr, pun,02) is
FaM—o), dm2)—d(NY: 5 ([Fav— o) anrsy—acny (@), 00) ), (7.11)

where the noncentrality parameter  is determined by the relation

o%0% = [|Q g, pl®

= [1Quz, s + Qg o |® (1 = pas + o)
= [1Q g, e [ (un € N C My + N = M)
= | Quorne I — ||PM0_MOMMH2 (see (7.52))

= |‘QM0MMH2 - ||PMO—MOQM0:UMH2 (PMOILLM 1 (MO - MO))v

that is,
5 — ) 1Quopadll® 1Py, — g, Qotona ||
o? o?
=/ old expression — correction term. (7.12)

Notice that  does not depend on pn and depends on pps only through Qas, pins =
Py pear- In the case that zi,..., 2y is a basis for N,

HPMO_MOQMOMMH2 = Qo2 Quaotinr) { Qs Qaio2) ™ (Qro 25 Qo pinr )

. (<QM0217QM0:U’M>)2 . .
= 0w Qo) 0 =L

7.13 Example. In connection with testing H:3; = 2 = --- = 3, in our running
example (E(Y;;) = B; + vtij), one has

pn = Zl Bivi, Mo =le], Qunopm = Zl(ﬂz — B)vi,
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with 3 being the weighted average (>, n:3;)/ >, ni, whence

- (B = B — D))
1) :Zlnz(,ﬁz_ﬁ) —( Zij(tijff)Z ) .

7.14 Exercise [1]. In the context of Exercise 6.6, what is the F-test of the hypothesis
H: A = 0 versus the alternative A: A # 0, and what is the power of that test? o

o

8. Problem set: The Latin square design

In this problem set you are asked to work through the analysis of a Latin square
design. Clarity of exposition is especially important. Ideas and techniques developed
throughout this book are called upon and should be employed wherever possible.
Parts A-H can be worked using just the material from Chapters 1-6, part I requires
this chapter, and part J requires the next chapter.

Consider an additive three-way ANOVA design with m levels for each of the
three classifications and one observation per cell. This design calls for m? observa-
tions, which may be beyond the resources available for the experiment. An easily
analyzed incomplete design for handling this problem is the so-called Latin square
design (LSD), which requires only m? observations.

An LSD is an incomplete three-way layout in which all three factors have, say,
m > 2 levels and in which one observation is taken on each of m? treatment combi-
nations in such a way that each level of each factor is combined exactly once with
each level of each of the other two factors. The m? treatment combinations ijk are
usually presented in an m X m array, in which the rows correspond to levels of the
first factor, say A, the columns to levels of the second factor, say B, and the entries
to the levels of the third factor, say C. The rule for combining treatments requires
that each integer k =1, ..., m appear exactly once in each row and exactly once in
each column. An m X m array with this property, such as

(8.1)

W N =
oW N
N — oW
W N

for m = 4, is called an m x m Latin square. Each m x m Latin square can be used
to determine an m x m LSD.
So let D be a given m x m Latin square. Set

D = {ijk e {1,2,...,m}>: k is the entry in the i*" row
and the j* column of D }.

Notice that a triple ijk in D is determined by any two of its components. For
example, with D as in (8.1), the triple in D with ¢ = 3 and k = 2 is 342. We
will be dealing with the Latin square design determined by D: Specifically, we will
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be dealing with uncorrelated random variables Y;;i, ijk € D, that have common
(unknown) variance o2 and mean structure of the form

E(Yijx) =v+ai 4—043 +af (8.2)
for some grand mean v and differential treatment effects af‘, 04;3, ag, 1,7,k =
1,...,m satisfying the constraints

at =aP =% =0. (8.3)

Here a“ denotes the arithmetic average of the quantities of,...,a% for G =
A B,C.
Let

V' = { (Yijx)ijkep : Yijx € R for each ijk € D}
be endowed with the dot-product, and let M be the regression space determined by
(8.2) and (8.3):
M={y €V 1y :1/+a;4+a§-3+akc for some
A B>

v, ait’s, aj’’s, and akc’s satisfying ot =af =af = 0}.

Let e and xf‘, xf, xkc for 7,7,k =1,...,m be the vectors in V defined by
(@i =1, (@ )irjr = Gy (2] )irjr = 0550, (2})irjorr = O

for i'j'k' € D.
A. Show that

and verify

m
1292 =m, forG=AB,Candg=1,2,...,m
m, forG=A,B,Candg=12,...,m
(ac?,a:g) =0, for G = A,B,C and g # h,
1, for G# H and g,h=1,...,m. o

E Iu’i’j’k’

i’k €D
1 1
Mieo = — § it 57k E Mirgrkrs e = — E i j k!
m m
i'j'k’'eD z']'k €D k:
i =i i'=j '—k
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for 4,5,k = 1,...,m. These quantities are linear functionals of p and so may be
represented in the form

(z, 1)
for appropriate coefficient vectors « € M. Express these coefficient vectors in terms
of e and the xf"s, :L‘f’s, and :L‘g’s.
Also, show that when p is written as the tuple

(1ijr)ijkep = (v + of* + of + af )ijrep

with
at=af =af = 0,
then
V=pU..
and

A
o = i — e, af} = ftj. — ft..., and ol = pg —p.. .

Express the coefficient vectors for v, af, af , and akc in terms of e and the z'’s,
B> Ch
z;7’s, and xy’s. o

C. Show that the GMEs of v, af, a®, and akc are

and

where Y..., and so on, are defined like f..., and so on, but with u replaced by Y.
Also, verify that

S A LA 4B B 46 ¢
PyY =ve + Z1gz‘gm o; Ty + Z1§j§m ayxy + Z1gkgm af Ty . o
D. Give the variances and covariances of © and the @f’s, df ’s, and &kc’s. (You may
find it helpful to work part E before this one.) o

Now introduce the canonical null hypotheses
Hy:all aiA =0, Hpg:all 04}3 =0, and Hc:all ozkc =0.

These hypotheses restrict © € M to subspaces we denote by M4, Mp, and Mg,
respectively. For notational convenience write

LAZM—MA, LB:M—MB, and LC:M—Mc.

E. Show that
Ly= Span{Q[e]xiA ci=1,...,m}

=Span{z#:i=1,...,m} —[€]
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and that
P, Y = Z}_flazf‘ ~Y.e= Z'éxf‘xf‘ .

Similar formulas hold vis-a-vis Lg and Lo. Show also that
M =le]+La+Lp+ L¢

is an orthogonal decomposition of M. o

F. Use the foregoing results to complete, and verify all entries for, the following
extended ANOVA table.

Grand Treatment Treatment | Treatment
Effect Error Total
mean A B C
Subspace . Ly . . . 14
Dimension
- m—1 -
(d.f)
Sum of squares | SSqs SS4 SSp SSco SSe SStot
_ AN2
closed form m2Y?2 mzi(ai ) - . . Z Yﬁk
open form m Zz 1722 —m?Y?2 . . .
MSaum MSp MSp MSc MSe MSiot
Mean Square
- SSp/(m—1) -
Expected
Mean Square
Remark that SS¢ot = SSanm + 554 + 5SS + SSc + SSe. o

For the rest of the problem, make use of the notation introduced in F wherever
convenient, and assume normality.

G. What is the size a F-test of H4? How does the power of this test depend on

B> CH

m, v, the af"s, aj’s, ap’s, and o?? o

H. What are Scheffé’s simultaneous confidence intervals for the family

{Ziciaf:cl,...,cme]l%}? o

Suppose now that the Latin square design is enlarged through the addition of
one concomitant variable, say ¢ (¢t ¢ M): In the augmented model we have

E(Y;jk) =v+ afl + ajB + Olkc + vtk for ijk € D,

with
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Denote the old GME of, say, a by (V) = Y;.. — Y...; write & (t) for #;.. —t....
Similarly, let SS.(Y) and SS.(t), and so on, have their obvious definitions. Use this
notation to advantage in what follows.

I. In the augmented model, what are the estimators of v, o}, af, ozko, and 027
Redo parts D, G, and H in the context of the augmented model. o

The following question should be worked after study of the next chapter.

J. Return to the original design, without the covariate. Suppose the value recorded
for Y7 51 has been lost. What then would be the estimators of af‘, af, ozkc, and 02?

Redo parts D, G, and H in the context of this missing observation model. )



CHAPTER 8

MISSING OBSERVATIONS

In this chapter we formulate the classical problem of missing observations in a
coordinate-free framework and work out procedures for point estimation, interval
estimation, and F-testing of hypotheses.

1. Framework and Gauss-Markov estimation

We begin with an example. Consider the two-way additive layout with one obser-
vation per cell: the random vector

Y = (Yij)i=1,...1,j=1,...,; is weakly spherical (1.14)
in the space V of I x J arrays endowed with the dot-product of Exercise 2.2.26, and
E(Ym):y—i—az—f—ﬁj fOI‘ZZI,,I,]:L,J (112)

with
21@@%:0:2199@' (1.13)

We presume familiarity with this model (see, for example, Exercises 2.2.26 and
4.2.14). Suppose now that Y7, is missing due to some chance effect. Perhaps its
value was recorded but accidentally lost; or the experimenter never got around to
observing the response to the I*" and J* treatment combinations (time or money
ran out); or the experimental apparatus went out of whack at this point, producing
a grossly spurious value; or whatever. We assume that the loss of Y7; is not due
to treatment effects (for example, death of an experimental subject due to drug
overdose); the chance factors determining the loss of an observation are presumed
to operate independently of the value that observation would take. Thus missingness
conveys no relevant information, and, conditional on Y;; missing, (1.1) is still the
appropriate model, albeit only the Y;;’s with (i, j) # (I, J) are observable.
To separate Y into its observable and unobservable components, introduce

Y = the array Y with 0 at the site of the missing observation,

Y ®) = the array Y with 0’s at the sites of the available observations:
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, s NIxJ IxJ
y® — Yij’s | Yij's g y(©@) 0] O g
Y[j ’s 0 0 Y[ J
observable unobservable

YD and Y@ take values in the subspaces
VO ={veV:vy=0} and V@ ={v e V:v; =0 for (i,5) # (I,J)},
respectively. Note that
v L@
is an orthogonal decomposition of V' and that

YO =p,)Y, YO =PV, and Y=Y 4+v®,

The observable vector Y1) is weakly spherical in V(*) and has regression man-
ifold

MO = {Pyaym :me M} = Pya)(M),

where M is the regression manifold for Y. Thus YV falls under the umbrella of the
GLM; in particular, the Gauss-Markov estimator of its mean

p =E(YW) =E(P,0)Y) = Pyoy(BY) = Py (k)
is just
ﬂ(l) = Py (y(l)).

The point now is that  and p(!) are in fact one-to-one functions of one another, for
Py,1) is nonsingular on M. This assertion is equivalent to the null space of Py 1),
that is, V), being disjoint from M, or to

Apy= (8 ?)M ¢ M. (1.2)

(1.2) holds because, for example, the differences (Ars)r—1,; — (Ars)rj, 1 <j < J,
do not all have the same value. The natural estimator of y is thus

o = (Pyo| M)~ (aM),

where Py )|M denotes the restriction of Py, to M. [ gives rise to estimates of
v, a;, and 3; in the obvious way. The objective is to determine fi in the easiest
possible way, given what one already knows about the analysis of the model (1.1)
with no missing observations.

With this example as motivation, we proceed to describe what we will call the
incomplete observations model. Suppose then that

Y is weakly spherical in V, (1.31)
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where (V, (-, )) is an arbitrary inner product space, and
uw=EY)e M, (1.39)

with M being a given manifold of V. Suppose also that one already knows how to
treat the GLM (1.3) —in particular, Py; and Qp; are known operators.

Let Y be incompletely observed, in the following manner. V is split into two
orthogonal manifolds V") and V(2):

V=v®4+v® ywith v Ly, (1.4)
Set
YO =P, Y and YP = Pp»Y. (1.5)

The interpretation is that only Y1) is observable. As in the example, we assume
implicitly that the unobservability of Y(?) does not vitiate the distributional as-
sumption (1.3) about Y.

The classical missing observations model is obtained by specializing to V = R"
endowed with the dot-product and taking V(1) (respectively, V(?)) to be the subspace
of vectors with 0’s at the sites of the missing (respectively, available) observations.
The construct also covers what is sometimes called the missing observations model
or the mized-up observations model, an example of which is the following. Take
V =R", write Y7 = (Y1,...,Y,), and suppose of Y1, Y5, and Y3 that we know only
their sum or, equivalently, their average, A. This situation falls under the general
scheme with

VO ={veV: v =v,=u3}
VO ={veV:iutuot+v=0uv==v,=0},
corresponding to
YO = (4, 4,AY,,.... V)", YO = (V] —AYs— A, Ys— A,0,...,0)".

In general, the observable vector Y () = P,,)Y is weakly spherical in V(1) with
mean

pV=EYW) = E(Pyo)Y) = Pyo)(EY) = Py (p) (1.6)
lying in the regression manifold
MY ={P,aym:me M} = Py (M). (1.7)
The Gauss-Markov estimator of ;{1 is of course just
i = Ppay®. (1.8)

As suggested by the ANOVA example, we now assume that (") and p are one-to-one
functions of one another, that is, that

Py, 1) is nonsingular on M (1.91)
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or, equivalently,
dim(M) = dim(M D) (1.92)

or, equivalently,
M and V) are disjoint. (1.93)

We take as the estimator of p the unique vector i € M such that
pY = Py (), (1.10)

as illustrated below:

i

Py

Y vy

ﬂ(l)

This is the right way to estimate pu, for if ¢ is any linear functional on M, then
(1) has minimum variance among all linear unbiased estimators of ¢ (u) of the
form (z,Y(V) with 2 € V; it is therefore appropriate to call /i the Gauss-Markov
estimator of p.

1.11 Exercise [2]. Prove the above-stated version of the Gauss-Markov theorem for the
incomplete observation model.

[Hint: Apply the usual version of the Gauss-Markov theorem to the linear functional
Y(Py1y|M) ™" in the context of the model (VY1 A1) ] o

The problem before us is to obtain ji as easily as possible, building upon prior
knowledge of the analysis of the GLM (1.3) with no unobservable components, in
particular on knowledge of Py;. Before taking this up in detail in the next section
we introduce some more notation.

For m € M we write

m(l) = Pv(l)m and m(2) = P\/(2)ma (1‘12)

SO
m = Pyaym + Pyeym=m) +m® (1.13)

is the unique representation of m as the sum of a vector in M) ¢ V() and a vector
in the orthogonal manifold V(?). By (1.9), the map

m — mY

is invertible; we seek a better understanding of the inverse map. For this recall that,
by assumption, M and V® are disjoint; let

M=M+V®
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be their direct sum. If m(") is an arbitrary vector in M), and if m is the unique
vector in M such that

m(l) = PV<1)m
(the notation being consistent with (1.12)), then from
m® =m + (,m(2))
it follows that
MY c M
and
m = Py ye (mW) = Am™) (1.14)
where A = Py (2 is projection onto M along V@ within M. Similarly,

m® = —Pye (mY) = —BmW, (1.15)

where B = Py (2).), is projection onto V@ along M within M.
1.16 Exercise [1]. Show that
M=MD v
with the sum being orthogonal and direct. o

The following figures illustrate some of the relationships between the various
quantities in the preceding discussion. The first shows the relationship between m,
m® and m@ | viewed within the plane M = M + V@ = M1 4 v @),

Ve M
m® — Py ym } {m = PM;V(Q)(m(l)) - Am®
SN S —
— _Bm® : —m® L p®
. MO = Py (M)

m®) = P,aym

Py, (m™M) = Bm®

The next figure shows the relationship between Y, o 4 and 4® = Py o i,
viewed within V. The subspace V() recedes back into the page, passing through
the horizontal axis, the vector YV, and the subspace M (). The construction I is



SECTION 2. OBTAINING /i 169

used to indicate perpendicularity.

Ve M

[ = A[L(l)

M@

p® =Pyep=-BpM

ﬂ(l) = P]\,{(I)Y(l) = Pv(l)/a

vy P,)Y

Horizontal plane is v

2. Obtaining

In the notation of the preceding section,
it = Py y® (2.11)
is the GME of the mean p(!) of the observable component YV of Y,
i =Py (@) = Ap® (2.12)
is the GME of the mean u = Au") of Y, and
1) = Py i = =Py (B) = o — oY (2.13)

is the GME of the mean of the unobservable component Y of Y. The only
operator we know explicitly is Pps, and we seek ways to determine these GMEs,
especially [, in terms of Py; and something easy to calculate. We will describe three
approaches to this problem —the “consistency equation” method, the “quadratic
form” method, and the “analysis of covariance” method. Although these approaches
all lead to essentially the same conclusion, each sheds a somewhat different light on
the solution.

2A. The consistency equation method

[1?) estimates the mean of the unobservable Y (). If we could somehow find (?, it

might seem reasonable to use it as a substitute for the missing Y (® and estimate p
by

Py (YW 4 33).



170 CHAPTER 8. MISSING OBSERVATIONS

In fact, this is & for

PM(Y(I) + /1(2)) - pM(ﬂ(l) + ﬂ(Q)) + PM(Y(I) _ /1(1))
= Purji+ Par(Pypoy + Pyen) (Y — a1y
= i+ PaPryoy (YD = W) 4+ Py Py (Y — V)
=a+0+0=/1

since M ¢ MY + v 50 = p LY and YO — 5 ¢ V() is orthogonal
to V(. Now, from

ﬂ(l) + ﬂ(2) == pM(y(l) + ﬂ(2)),

one obtains the so-called the consistency equation
A2 = pv<2)pM<y(1) + ﬂ(Q))-

Heuristically, having decided to estimate p by Py (Y () +(?)), one ought to estimate
the V@ -component of p by the V®)-component of this estimator.
We have just seen that m = 1(?) satisfies the equation

m = PV(z) PM<Y(1) + m)

We claim that this equation has a unique solution for m € V) (or even for m € V,
for that matter). To see this, suppose

xr = Pv(Q)PM(Y(l) + $)

y =Py Py (Y +y)

for vectors x,y € V, necessarily in V(2. Then the difference d = y — « satisfies

d = Py Pyd,
whence

]l = | Py@ Pad]|| < [[Pad]] < |d]].

The fact that equality holds at the last step forces d € M. Since d € V®) as well,
we must have d = 0.
In summary, we have

2.2 Theorem. The unique solution m in V) (or in V) to the equation

m = Pv(z)PM(Y(l) + m) (2.3)
is
m = it?;
moreover,

f= Py (YD 4+ 53, (2.4)
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This solves the estimation problem in terms of Py;, presumed to be at hand, and
Py 2y, which is often very simple. For example, in the classical missing observations
problem, Py, is just projection onto the coordinate plane determined by the sites
of the missing observations.

2.5 Exercise [2]. Suppose that a sequence mo, m1, ma, ... of approximations to i? is
defined as follows: mg € V@ s arbitrary and

My = Py, ) Py (Y(l) + mp—1)
for n > 1. Show that there exists a real number ¢ < 1 such that
~(2 n ~(2
lmn — 4@ < e lmo — 4|

for all n.
[Hint: See Exercise 2.1.24.] o

2.6 Example. Consider the two-way additive layout with one observation per cell
and with Y7y missing. One has

(Pyy)ij = Ui + 9.5 — Y- (2.7)

for any vector y = (yij)i=1,...1,j=1,..,7 € V and

0lo0 IxJ

According to the theorem,
A =CAL

(C € R) is determined by the consistency equation
a2 = Py Py (Y(l) + /1(2))
or (looking only at the nonzero components of these vectors)
C= ()= (PyoPu(YV +CAL)),, = (Pu¥Y +CAL)),,

_Y[@+C+Y@J+O_Y@@+C
B J I J 7’

where @ denotes summation over all the corresponding nonmissing subscript(s).

(2.8)

Thus
1 1 1 Yie Yas Yae
o(1-3-be )= (e oo
J 1 + 1J J + I 1J
)
= 1 (YI@ Yos Y@ea)
(1-1/H(1—-1/J) \ J 1 1J
Y Y i _ ; _ Yz
_ Yo | Yes Doi<i<i—1,1<j<g—1 Yij (2.9)

J—-1 1-1  (I-1)J-1)
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Having obtained i(?) = CA;;, one now gets i = Py (Y + ) from (2.7), and
thence 7, &;, and (;. °

2.10 Exercise [3]. Work out explicit formulas for &, &1,...da;r, and Bi,..., 8. o

2B. The quadratic function method
If we knew Y (?), the GME of ;& would be

=Py (YD +Y3@), (2.11)
the unique m € M minimizing ||Y ") 4+ Y2 — m||?; the minimum is
58 = 1Qum (Y™ + YE)|2.

But as we do not know Y, it might be reasonable to use in (2.11) a fake Y ()
chosen so as to minimize 55,. Under normal theory this amounts to maximizing the
likelihood function not only with respect to the parameters of the problem but also
the missing Y2,

Let then m® be a variable point in V) and write

§5(m®) = |Qu(Y M + mP)|?
- Hy(l) +m® _ pM(Y(l) + m(2))H2
= [Y® = Pyoy P (YD +m@))2
+ [m® = Py Py (Y +m?)|?
= Y — V)2 4+ 2V = Py P (YD 4+ m@))2
+[Im® = Py Py (YD +m®)|? (*)
> QY PP+ 040 = [|Qy) Y V2. (2.12)

If we take m® = (2 then, by (2.4), Py (Y™ +m®) = i and the second and
third terms of (%) vanish, giving equality throughout (2.12). Conversely, if equality
holds throughout (2.12), then m(? must satisfy the consistency equation (2.3), and
so be 1(?). Thus

2.13 Theorem. The unique vector m® in V?) that minimizes the quadratic func-
tion
SSe(m®) = [|Qu (Y +m®)|? (2.14)
is
m? = ﬁ(Q)‘
Moreover,

min { 58.(m®) :m® e v®@ } = 1Qar (Y + )2
= |Qu YV (2.15)
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Equation (2.15) follows from (2.12) and admits the following interpretation.
Having agreed to estimate p by Py (Y + ), where i(?) is the fake Y(?) min-
imizing S5, the minimum SS; is in fact the sum of squares for error in the bona
fide GLM involving Y (") weakly spherical in V(1) with regression manifold M.

2.16 Example. Consider again our running example. For any y € V', one has
1Qaryll” = Zij(yij — Ui —U;+7.)°
D DNTRY) SR ) SR RN e

If we write m® € V2 as m(® = CA;;, we have

S8 (m?) = [(Z(i,j)i(I,J) Yi5)+ 02} B J[Z#I i <YI%+C)2]

I[Ezjinﬁ%(}%”}+(j)2}%IJ(}%ﬁ?;(j>%

The value of C minimizing this quadratic function is found by differentiating with
respect to C and equating to 0 to get

_Y[@+C_Y@J+C+Y@@+C_

¢ J I 1J

0.

Since this equation is the same as (2.8), C' is again given by (2.9). °

2C. The analysis of covariance method

This approach begins with the observation that

Pyrive (Y(l)) =Py ve (Y(l))
=Py (Y(l)) + Py (Y(l))
=i +0=pW. (2.17)

Hence, by (2.15) and (2.13),

i = Puye (i) = Py (Payve (YY)
—i® = Py (4Y) = Prey o (Pyive (YD)

as illustrated below:

Il
>
g

11l
>
z

. [L(l) — PM+V(2) (Y(l))
Planeis M = M +V®
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That figure looks like the schematic diagram for analysis of covariance and so sug-
gests that one think of py; and pn as the Gauss-Markov estimators of pas and py
in the analysis of covariance model

Z weakly spherical in V (2.181)
E(Z)=p=pyu+pn €M+ N =M, (2.189)

where
Z=YWY and N=V®, (2.183)

The model is only formal because: (i) Y although weakly spherical in V(Y| is
not weakly spherical in V = V1) + V@ and (i) B(Y®)) = 4 is constrained to
lie in the proper subspace M of M = M® + V@),

Nonetheless, one can use the computational formulas of the analysis of covari-
ance to determine /i and (i(®). For example, the analysis of covariance recipe

new GME of pp; = old GME — old GME applied to gy
reads
=Py YW — Pypy = Py YD + Pyn® = Py (YW + 5@),

which is just (2.4) of the consistency equation method. Moreover, we know how to
obtain

ﬂ(2) = —pN = _BPM_M(Y(U)

(B = Py.p with N = V() easily when z, ...,z is a basis for V), to wit,

~(2) _ 5
g = Zlﬁjﬁh%zj

4 ={Qmz Quz) {Quz, YW).

In the classical case of missing observations in R"™, a natural choice for a basis of N =
V() consists of the dim(V () covariate vectors, one for each missing observation,
each consisting of all 0’s except for a 1 at the site of the corresponding missing
observation. Remember that in this case Y1) has 0’s at the sites of the missing
observations.

with

2.19 Example. Consider again our running example, where V) = [A;;]. With
z = Ay, we find

g _ 1 1,1
1Qumzll* = (Qumz,2) =1— -7Vt = (1-1/)(1—-1/J) (2.20)
and

(Quz, YD) = (2, YD) — (P2, Y)Y = 0 — (2, P,y YD)

1 1 1
= —(PMY(U)IJ - _<jYI€9 + fYEBJ - ﬁy@@).
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Since the resulting equation (@2, Qur2)C = (Qarz, Y V) for C = —4 is the same
as (2.8),

A% =4z =40,
is as before (see again (2.9)). o
2.21 Exercise [3]. Suppose z1, ..., z; is a basis for N = V@ Let 20, ... 2™ be vectors

in N such that
(zi, 2y =6;; fori,j=1,... h;

29 is the coefficient vector for the functional Zl cizi — ¢j. Show that

m = E cjzj € N
1<j<h

satisfies the consistency equation
m = Pv(z) Py (Y(l) + m)

if and only if

(D m) = (29 Py oy Pu (Y +m)) fori=1,...,h, (2.221)
if and only if
—(,Quy ™M)y = Z_(:c(i), Quzj)e; fori=1,...,h, (2.223)
J
if and only if
—(zi,Qu YY) = Z_(zi,Qsz)cj fori=1,...,h, (2.223)
J
and if and only if
—(Quz, Y) =" (Qurzi, Quz)e for1=1,....h, (2.224)
J
thereby verifying anew the relation ﬂ(Q) = —pn via the consistency equation characteriza-
tion of 4 and the basis characterization of py .
(Note that in the classical missing observations model with z1,...,z, the usual or-

thonormal basis for \/(2)7 one has 2z = z; for each i, and (2.221) merely expresses the
consistency equation in coordinate form.) o

2.23 Exercise [4]. Consider again the two-way layout with one observation per cell, but
suppose now that Y7_1 s-1, Y7—1.7, Y7,s—1, and Y7; are each missing. Assume I and J are
both 3 or more. Show, using any of the three methods discussed above, that the nonzero
components of 4 are

@)y, = Yig n Yo, Z1§ig1—2 Zlgng—QYij

T J-2 1-2 (I—2)(J-2) (2.24)

(4
fori=1-—1,Iand j=J—1,J. Check (2.24) using the guessing method, which says that
(m(l), Y(1)> is the Gauss-Markov estimator of its expected value, provided m® e M,
[Hint: If(zg) = P, Puy, then a +d=>b+c] o
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3. Estimation of o2

By assumption, the dispersion operator of Y is ¢?Ii,. The dispersion operator of
Y@ is thus o%I,(1), and since Y has regression manifold M), the “proper”
estimator of o2 is

5 SS.
o d(VW) — M)’

o

(3.1)

where (in contrast to its usage in Section 2B above) SS. now denotes ||Q ;)Y (M]|2.
By (1.9) one has

dV® — MWy = vy —g(MD) = q(v V) —d(M)
=d(V) —d(M) —d(V?®)
= d(M*) —d(V®)
= old degrees of freedom

— “dimension” of the unobservable Y (), (3.2)

This is exactly the reduction in the degrees of freedom (d.f.) for the formal analysis
of covariance model (2.18):

new d.f. = old d.f. — dimension of the covariate manifold
=old d.f. — d(N) = old d.f. — d(V®),
As for SS,, from the formulas in the consistency equation method, one has
35, = [Qua YOI = ¥ -
— Hy(l) + 0 — (5 + 5 H — Hy(l) + 0
—[[Y® 4 4® — Py (v + 4| = Qu (YD + A<2>>H2. (3.3)

Thus, if one uses YV +1(2) as a fake Y, then the associated sum of squares for error
is in fact the proper SS.. We discovered this recipe for SS, earlier in connection
with the quadratic function method (see Theorem 2.13, especially (2.15)).

The formal analysis of covariance model (2.18) also gives a valid formula for
SSe. Indeed, from (2.17), that is,

pth) = pMy(l)
with M = M +V® = M + N, there follows
ANCOVA S8, = [|Qz Y| = [|[y® — Py @)
= y® a0 = Quaw Y@
SS. may therefore be determined from the analysis of covariance computing formula

new SS =old SS — adjustment = HQMY(I)H2 - HPMfMY(l)HQ, (3.4)
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with
HPM—MY(I)H2 =4 (Qumz, Qu2)A
= (Quz Y)Y (Qurz, Quiz) " (Quiz, YY)
and

¥ = (Quz Q) {(Quz, YM)

in the basis case.
4. F-testing
Suppose in the unobservable components model we wish to test
H:pe My versus A:p & My, (4.1)

where My is a given subspace of M. Since Py ) is nonsingular on M by assumption,
it is also nonsingular on My, and we may therefore treat

MY = Pyoy (M)
on the same footing as M. To (4.1) there corresponds the testing problem
H: M ¢ Mél) versus  A:put) ¢ Mél) (4.2)
based on Y (1. The appropriate F-statistic is

o (S8 = 55)/d(M® — Mg") _ (SSe,nr — 55.)/d(MD) — M) (43)
88, /d(VD) — MQ) 52 '

with
(MO — M) = d(MD) — d(Mg") = d(M) — d(My) = d(M ~ My)

and
S5 = [Qua ()" and 85 = [|Q 0 (Y|

These sums of squares can be obtained by any of the methods of the preceding
section, in particular from the analysis of covariance formula (3.4). Since (4.2)
translates into

H:ipe My+V® versus A:pd My+ V>

in the formal analysis of covariance framework, that is, since the formal covariate
manifold N is V® under both the general assumptions and under H, use of the
standard analysis of covariance formula for the adjusted F-statistic gives the correct
value.
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4.4 Exercise [2]. In connection with the consistency equation/quadratic function methods
for the calculation of the SS.’s, it is sometimes recommended for the sake of computational
simplicity that the same fake Y(? = ,&(2) obtained under the general assumptions be used
as well under H; this is the so-called Yates procedure. Use Theorem 2.13 to show that the
Yates procedure overestimates the true F-statistic, and discuss the implications. o

Assuming Y (M) is normally distributed, the F-statistic (4.3) is distributed as
F with d(M — M) and d(M~+) — d(V®)) degrees of freedom, and noncentrality
parameter § given by

%0 = | QI

2 ~
= || @ (Mo = Mg" + V)
2

= |Quz, 1 — Qi 2| (1= p + @)

= Qg (n® € VE® c Ny)

= ll@asonll” = | Pry sl

= old formula — correction term (4.5)
with

correction term = (Q s, 2, QMOM)T(QMOZ, QMO,Z)_l(QMOZ, Q pg 10 (4.6)

in the basis case V) = [21,...,2n]. These formulas are just specializations of the

usual analysis of covariance formulas.

4.7 Example. Let us take up again our running example and consider testing the
common null hypothesis of no row effect

Hp:p=0 fori=1,...,1I. (4.8)
Writing M 4 for My and using the formula
(Pray)ij = g

we find u( ) = = Cp, Ay from the consistency equation

2 ~(2
CH (:ugl[i)lj = (Pv(Q)PMA( (1) + i ( )))IJ

Yo +Ch,

— (P (Y(l) _|_ A(2) ))[J 7

or
Yois

Cry = 7%

(4.9)
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With Cy, in hand in simple form, there is now no difficulty in computing SS. r, =
HQMA YO 4 Cy, A]J)H2 via the usual recipe

HQMAyH2:Z Yij =Yg ZU Yij _IZ yg

It may be helpful to give a simple numerical example of the test of (4.8). Take
I =2 and J = 3 and suppose the sample is

J
1 1 2 3
1 -2 0
2 4 2 7

where 7 denotes a missing value. We will compute the F-statistic via the consistency
equation approach. From (2.9) we find that

estimate of the mean of the missing observation

¢= under the general assumptions
_ Yie n Yor doi<i<i—11<j<g—1 Yij
J—1 T-1 (I—-1)(J—-1)
44+2 2 =240
=4z =3+4+2—(—1)=6.
2 1 2 + (=1)

The fake Y, namely “Y” =Y 4+ CA;y, is

row averages Q;
-2 2 -2
(LY” — 0 0
4 2 6 4 2
column averages 1 1 4 2
B;’s -1 -1 2 =2

Thus (see (Exercise 4.2.14))

Wy -1 -1 2 Wy -1 +1 0
PM(Y)I(:& 3 6> and QM(Y):<+1 ~1 0>

and

§Se = Qu(“Y")|* = 4

with
I-1)(J-1)—-1=1x2-1=1

degree of freedom.
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Even more simply, for testing the null hypothesis H 4 of no row effects we obtain
from (4.9) that

Cp, = estimate of the mean of the missing observation under H 4
Y-
=% _9
I—1

(notice that the Yates approximation, namely Cy, =~ C, is very poor here), whence
the fake Y, namely “Yy,” = ym 4 Ch,Ary, under Hy is

“ ” - 2 O 2
Yu," = < 4 2 2 >

column averages 1 1 2
SO
« ” 11 2 «“ 9 -3 -1 0
PMA( Yu, )_<1 1 2) and QMA(YHA )_<3 1 0)
Thus
SSemr=9+9+1+1=20
with

JUI—-1)—1=3x1-1=2
degrees of freedom.
Consequently,

SSe,rr — 98 =20—4=16
with

2-1=1

degrees of freedom, and the test statistic is
16/1
F=——= 4.10
o (4.10)
which is regarded as an F7 ; variate under the null hypothesis.

The power of the F-test in this example depends on the noncentrality parameter
0 given by

262 = old formula — correction

A 2 A 2
— Qur, ll? — <Q$K;) g};j’:>A23> Sy ar - BmQua?

L Qar, A2
2
— 2 %1 _ 2 I s
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where
0 0 0
note that
(0 0 1/2 ({0 0 -—1/2
PMAAQ?’_(o 0 1/2) and QMAAQ?’_(o 0 +1/2> ' *
4.11 Exercise [3]. Arrive at (4.10) following the analysis of covariance route. o

5. Estimation of linear functionals

Suppose ¥ is a linear functional on M with coefficient vector x € M:
Yw(m) = (x,m) for allm e M.
The associated functional ¥* on M) defined by
¢*(m(1)) = w(PM;v@)m(l)) = (=, PM;V(2)m(1)>
= (z, AmW) = (A'z, mV)
has by Proposition 7.1.4 coefficient vector
Az = (PM;V@)),«’B =Py_vegr—m® = Pyoy g pu®; (5.1)

here and throughout this section, the operation of the various nonorthogonal pro-
jections involved is understood to be on the manifold

M=M+V® =MD 4y
We note for future reference that the map
Y —

is one-to-one, because the map = = cvyp — A'x = cvp* = Py,). 572 is nonsin-
gular on M.
The estimator

V() = p(Paya i) =97 (1) = ¢* (Pyw YY)
estimates ¢ (u) linearly and unbiasedly because
Eup(i) = By (i) = " (nV) = v(w).

Moreover, if v € V and (v, Y )y = (Pyayv, YI) ) is an unbiased estimator of
P(p) = *(uM), then by the Gauss-Markov theorem for Y (), MM and ¥*, one
has Var ((Pyv, Y W)ya)) > Var(¢*(41)), or

Var((v, YY) > Var(¢(2)),
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with equality if and only if (v, Y'()) = 4)(f1). Thus ¢(j2) is the best linear unbiased
for ¢ (), as asserted earlier in Exercise 1.11.
Recall B = Py @), and B' = Py 0 By (5.1),

Var(v () = Var (¢ (at")) = Var((A'z, 41V)) = Var((A'z, Y1)
— | Az|2 = o?a — Ball? = o (all® + | Bal?)
= old formula + correction, (5.2)

with £ = cvy € M. Moreover, in the case when z,...,z, is a basis for V(2|
Proposition 7.1.18 gives

correction/o? = || B'z||? = (z, #) (Qurz, Qurz)*{z, )
:¢(Z) (Qumz,Qumz)~ ¢(Z)a (5.3)
where
B(z) = (D), )
with

U(z) = W(Pyzi) = (x, Payzi) = (x,2) for 1 <i<h,

with the "’s here designating Gauss-Markov estimation in the original model, with
no unobservable components. The natural estimator of Var (@Z)(ﬂ)) is of course

&3 E&Q(Htz—i— HB’xH2) (5.4)
($ = cv LZJ) with

52— QY V|2
AV — M)

as in Section 3. Note that (5.2), (5.3), and (5.4) are just the analysis of covariance
formulas associated with the model (2.18).

5.5 Example. Consider again our running example of the two-way layout with one
observation per cell and Y7; missing. V() is spanned by z = A;;. We will use (5.2)
and (5.3) to calculate Var(?), Var(d;), and Var(5;):

Var(?) = old formula + correction (by (5.2))
=02 [Ilj + HQ(;M):HQ] (by (5.3), with 0(2) = Z..)
=0 {% s 11/6()i{)i 1/J)} (by (2:20))
- in 1+ (1—1)1(57—1)} (5.61)
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and

Var(é&;) = old formula + correction

-G 7)o
B
2
511 IJ)
B [ 1—1/1)(1—1/J)]
I— ep -
0217{]1{1—%7([71)21(&]71)], if i #1,
(5.62)
o L+ ], ifi =1,
Of course Var(Bj) is given by (5.62) with the roles of rows and columns inter-
changed. °
5.7 Exercise [3]. Work out Var(}_,_,_, ci&;) for c1,...,c1 € R. o

Suppose next that £ is a space of linear functionals on M. Put
Lr={yY*:ypeLl}

Under the assumption of normality, application of the Scheffé multiple comparison
procedures to £* in the context of the (V1) Y1) A1) GLM gives

Py gz (10 (0) = 9" ()] < S5 coyp™|| for all ¥* € L) =1 - @
for all u € M™ and o2 > 0, with

S = Sd(ﬁ*)yd(v(l)_M(l))(OZ).
But
d(L”) = d(L),
since as observed above the map 1 — * is one-to-one, and
W (V) = () and " (uV) = o (n).
Thus
Pu,a2(|¢(ﬂ) —P(p)| < So,; forall p € E) =1l—a«a (5.8)
for all 4 € M and o2 > 0, with &12; given by (5.4) and

S = Sacy,amty—av @) (@)
(see (3.2)).

5.9 Exercise [2]. Specialize (5.8) to the case where L is the collection of all linear combi-
nations of the a;’s in the running model. o
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6. Problem set: Extra observations

The preceding sections have dealt with the analysis of models in which some of
the observations one would customarily have at hand are missing. In contrast, this
problem set deals with the analysis of models in which observations are available
in addition to those customarily taken. Only material in Chapters 1 through 6 is
called upon.

To state the problem abstractly, let Y be a weakly spherical random vector
(2(Y) = ¢%I) taking values in a given inner product space (V,(,-)) and having
mean y lying in a given subspace M of V. Let

V=v®4y®
be an orthogonal decomposition of V. For i = 1,2, put

Y® = P, Y
and set
M@ = Py, (M).

Suppose that it is known how to treat the general linear models involving Y (*)
weakly spherical in V(¥ with regression manifold M for i = 1,2. The point of this
problem set is to see how one can build on this knowledge in analyzing the general
linear model involving Y weakly spherical in V' with regression manifold M.

As an example of the setup just described, suppose Y7,...,Y;, are uncorrelated
random variables with common variance ¢ and means of the form

E(Y;) = Zlgkgp zife for 1 <j<n,

where the design matrix (2;;)j=1,....n;k=1,...p is of full rank, so one can make infer-
ences on the treatment effects 31, ..., 3,. Suppose now some extra observations are
made on, say, the last treatment combination, that is, the previous model is aug-
mented to include m additional random variables Y,,p, £ = 1, ..., m, having variance
02, zero correlation among themselves and with the original Y;’s, and means

E@J:}lg&gwﬁ for 1 < ¢ <m.

This instance of the so-called replicated observations model falls under the general
framework above upon taking

V:R”+m,
Y =(1,....Y% Yoo, ..., Vo) 7,
and
V(l):{(yla---aynaynly-uyynm)T€V3yn1:"‘:ynmzo}

V(z):{(yla"'aynaynl7"')ynm)TGV:yl:”':yn:O}'
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The regression problem involving Y1) and M) is essentially just the original prob-
lem involving (Y7, ...,Y,)? and its regression manifold —a problem we presume to
be well understood — while the regression problem involving Y and M®) is es-
sentially just the one-sample problem, involving estimation of the common mean of
the extra observations Y,1,..., Yum.-

Return now to the general formulation. Add to the framework already estab-
lished the following two features of the particular replicated observations model
above:

d(MD) = d(M) (6.1)
and
d(M®) =1. (6.2)

Choose and fix a nonzero x € M2,

A. By (6.1), the map
m — mM) = Pyaoym

defined on M is invertible. Show that there exists a unique vector z € M) such
that the inverse map is

mb — m® 4 (2, mW)z, (6.3) o
Now write
pP =Ey® and p® =EY® =z,
by (6.3), v and p(M) are related by
v = {zuM).
The GME of v based on Y (V) alone is
A = (2, D),
while the GME of v based on Y (?) alone is

43 = (y,Y®),

where

g

k4l

Put

v=2z—y.
B. Put

N=MM 4+ M) - M.
Show that
d(N) = d(M®)

and in fact

N = [v]. o
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C. Show that
PyY =Py YD 4+ Pl Y — PyY
= PM(1)Y(1) + ’3’(2).7} — CSU
and
PyayPyY = Pyoy (Y — ¢62),
where
5 = :Y(l) _ :},(2)

and

1 5 9 5 Var(d)

== ol = ol + P = 552 :

D. Show that each linear functional ¢ on M can be written uniquely in the form

w(ﬂ) = w(l)(PM(U:U’) = <w7/1’>7

where (1) is a linear functional on M and w € MW is its coefficient vector.
Show also that the GME of ¢ (u) is

&(Y) = ¢(1)(PM<1)PMY) = 1;(1)(}/(1)) _ c&b(l) (Z)
and that
Var($(Y)) = 0| Payull® = o [[lw]? - c(V(2))?].

What is the corresponding formula for the covariance between the GMEs of two
linear functionals of u? o

E. In connection with the customary unbiased estimator of o2, namely

o QuY?
(ML)
show that
dM*Y) =d(VD — MDY 4 (v @)
and that

1Y I? = [Py ar YOI + [Py —aso YO + [[BaY [
= HP\/*(I)_Mu)Y(l)HQ-i- HY(2) —’Ay(z):cHQ—}-C(§2. o

F. Suppose My is a subspace of M. Put
MY = Py (M), MY = Pye (M), and Ny = (MY + M) — M.
Show that the F-statistic for testing

H:pe My versus A:p ¢ My
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is
2 2 2 2
1Pysr g0 Y U + 1Py gy YO + ([P V™ = || oY |
&2d(MMW — MMy

distributed (assuming normality of Y) as

Y

]:d(Mmeél)),d(V<1>7M(1))+d(V(2>);'y’
where
7 = [Py a1+ | Pageor o s | 4 [ P
What simplifications take place in these formulas when Mé2) = M®? o

G. Consider an I x J two-way additive layout with one observation per cell, aug-
mented by m replications for the IJ* cell, that is, suppose

Yij, i=1,...,1, j=1,...,J, and Yrgp, {=1,...,m,

2

are uncorrelated random variables with common variance ¢, and

E(Y;)=v+4+a;+p; fori=1,...,1,5=1,...,J
E(Y[Jg):I/—i-Oq—l-ﬂJ for/=1,....m

with
Zlgig @ =0= ZlSjSJ bi-

Using the foregoing material wherever appropriate, work out explicit formulas for:

(1) the GMEs 7, &;, and Bj of v, a;, and fj;

(2) the variances and covariances of these GMEs;
(3) the usual unbiased estimator 62 of o?;

(4) the F-statistic for testing

H:a; =0 for each ¢ versus A:q; # 0 for some i;

(5) the degrees of freedom and noncentrality parameter for the above statistic;
and

(6) Scheffé’s simultaneous confidence intervals for all linear combinations of the
Oéi’S. o

H. What modifications would you make in the formulas of parts A through F if
assumption (6.2) on the dimension of M?) were dropped? o
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acceptance region
similar of type «, 134
adjoint identities, 72
adjoint of a linear transformation
definition of, 38, 39
dependence on the inner product, 72
for a nonorthogonal projection, 142
formula for, given a basis for the range
space, 145
“reverse and perp” rule, 142
for an orthogonal projection, 39
for an orthogonal transformation, 38
properties of, 3840
admissible estimator, 97
affine estimator, 77
analysis of covariance
A and B transformations, 147
estimation of 02, 152-153
F-test of H:p € Mo + N, 156
degrees of freedom for, 156
noncentrality parameter for, 158
power of, 158
F-test of H: Py € Mo, 157
formulation of, 146-147
Gauss-Markov estimators, 147-149
one-way layout with one covariate
estimation of o2, 153
F-test of the hypothesis of equal
adjusted group means, 157, 158
F-test of the hypothesis of equal
unadjusted group means, 158
Gauss-Markov estimators, 149
introduction to, 146
simultaneous confidence intervals for all
contrasts in the adjusted group means,
155
variances of GMEs, 152
Scheffé confidence intervals
for linear functionals of pps, 153-154
for linear functionals of un, 155
variances and covariances of GMEs,
150-151

analysis of variance
Latin square design, 159-163
one-way layout
ANOVA table for, 25
estimable parametric functionals, 79-80
estimation of o2, 71
Gauss-Markov estimation in, 63
Gauss-Markov estimator of an estimable
parametric functional, 81
projections in, 15
simultaneous confidence intervals for all
contrasts in the group means, 135
testing the hypothesis that the group
means are equal, 111, 116
with a covariate, see analysis of
covariance, one-way layout with one
covariate
two-way additive layout
ANOVA table for, 25
differential effect, 65
estimable parametric functionals, 80
estimation of o2, 72
Gauss-Markov estimation in, 65, 69
Gauss-Markov estimator of an estimable
parametric functional, 82
grand mean, 65
projections in, 17, 24
with a missing observation, see incom-
plete observations model, two-way
additive layout with a missing
observation
with replicated observations, 187
analysis of variance table
for a Latin square design, 162
for a Tjur system, 25
for the two-way layout, 25
ANCOVA, see analysis of covariance
ANOVA, see analysis of variance

Baranchik’s theorem, 107
bases
canonical, see canonical bases for a pair of
subspaces
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basis, 42
coordinates with respect to, 42
orthogonal, 9
usual coordinate basis for R", 42
Bayes estimator
as the mean of the posterior distribution of
the parameter given the data, 94
definition of, 92
extended, 92
formal, 108
generalized, 108
improper, 108
proper, 108
within €, 92
best linear unbiased estimator, 64
bilinear functionals
definition of, 37
positive-definite, 39
representation theorem for, 38
symmetric, 38
BLUE, see best linear unbiased estimator
book orthogonal, see subspaces, book
orthogonal
Borel o-field, 45

canonical bases for a pair of subspaces, 86
canonical transformation, 75
Cauchy-Schwarz inequality, 10
characteristic function
of a normal random vector, 53
of a random vector, 53
chisquare distribution
central, 54
moment generating function of, 56
noncentral, 54, 55
Poisson representation of, 5657
Cleveland’s identity, 40
closed form of a residual squared length, 71
Cochran’s theorem
algebraic form of, 20-21
for quadratic forms in normally distributed
random variables, 58
coefficient vector, 36
confirmation method for, 37
direct-construction method for, 37
effect of covariates on, 148
effect of missing observations on, 181
for a coordinate functional, 37
in the case of an orthogonal basis, 62
obtained by partial orthogonalization,
61-62
properties of, 62
obtained by projection, 60
collinearity
effect on the variance of a GME, 64
complete statistic
condition for, 91
definition of, 91
in the GLM, 91

composition of linear transformations, 43
confidence intervals
for the value of a linear functional ¥ of u,

128
relation to the F-test of H:¢(u) = 0,
128
simultaneous, see simultaneous confidence
intervals

confidence region procedure, 134
contrasts, 134
spanning set for a space of contrasts, 135
coordinate functional, 37, 43, 61
covariance matrix, 47
covariance operator, 47-48

degrees of freedom
of a chisquare distribution, 54
of a squared length, 25
of a weakly spherical random vector, 51
of an F distribution, 57
design matrix, 1
design of experiments, 26
differential effect
in a Latin square design, 160
in the two-way additive layout, 65
dimension
of a vector space, 42
direct sum, see subspaces, direct sum of
disjoint subspaces, 43
dispersion matrix, 32, 49
dispersion operator (X), 49-50
of the projection of a weakly spherical
random vector onto a subspace, 51
dot-product, 6
convention about re R", 6, 45
weighted, 39
used with uncorrelated random variables,
52
dual space, 43

Efron-Morris estimator of a mean vector
assumed to lie in the space spanned
by the equiangular line, 104
eigenmanifold, 34
eigenvalue, 34
eigenvector, 34
e-Bayes estimator, 92
equiangular vector (e), 3
equicorrelated, 73
equivalence relation, 27
estimable parametric functional, 78-85
and the covariance of Gauss-Markov
estimators, 82
characterization of, 78-79
subject to constraints, 84—85
Gauss-Markov estimator of, 80—81
subject to constraints, 85
in a Tjur design, 82-84
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estimation
of a mean, see estimation assuming
normality, Gauss-Markov estimator,
James-Stein estimator of p
of a variance, see estimation of o2
estimation assuming normality, 89-109
Bayes estimator of u versus the prior
Ny (0, XIns), 96
with a hyper-prior on A, 108
complete sufficient statistic for x4 and o2,
91
conditional distribution of © given Y =y,
when the marginal distribution of @
is Nps(0, A7) and the conditional
distribution of Y given © = p is
Ny (p, Iy ), 96
desirable properties of the GME of u
extended Bayes, 97
maximum likelihood estimator, 89
minimax for mean square error, 97
minimum dispersion in the class of all
unbiased estimators, 90
Efron-Morris estimator of p, 104
maximum likelihood estimators of p
and o2, 89-90
joint distribution thereof, 90
minimum dispersion unbiased estimators
of p and o2, 90
smoothness with respect to p and o2 of the
expected value of a function of Y, 92
undesirable properties of the GME of u
inadmissibility with respect to mean
square error when dim(M) > 3., 102
see also James-Stein estimator of pu,
James-Stein type estimators of p of
the form ¢(S)X, Scheffé confidence
intervals
estimation of o2
effect of covariates, 152—-153
effect of extra observations, 186
effect of missing observations, 176177
in a Tjur system of subspaces, 71
unbiased, 70-72
potential bias in, 71
under normality, see estimation assuming
normality
see also specific models, such as Latin
square designs and simple linear
regression
expectation
as a nondecreasing function of a parameter,
119
of a random vector, 46—47
of the squared length of a weakly spherical
random vector, 52
experimental units, 26
exponential family
and completeness, 91
and MLR, 117

extended Bayes estimator, 92
extra observations model, 184-187

F distribution, 57
central, 57
noncentral, 57
MLR property of, 118
Poisson representation of, 57
unnormalized (F*), 57
F-test of H: u € My
as a likelihood ratio test, 112-113
as a similar test with maximum average
power over the surface of certain
spheres, 137
as a uniformly most powerful invariant
test, 127
when o2 is known, 127
as a uniformly most powerful test whose
power depends only on the distance
from p to Mo in o units, 140
definition of, 113
effect of covariates, see analysis of
covariance
effect of extra observations, 186
effect of missing observations, see incom-
plete observations model
noncentrality parameter for, 115
power of, 115
as an increasing function of the
noncentrality parameter, 117, 120
simple interpretations of, 113-114
sum of squares for error (SS¢), 113
sum of squares for testing H (SSg), 113
unbiasedness of, 120
when M is the null space of a collection of
linear functionals of p
related confidence intervals, 133
when My is the null space of a linear
functional of u, 116
related confidence intervals, 128
when Mj is the null space of a set of
contrasts, 135
factor, 26
balanced, 26
blocks of, 26
equivalence relation for, 27
levels of, 26
orthogonal projection associated with, 30
subspace associated with, 29
sum of squares associated with, 30
trivial, 26
units, 26
factors
cross-classification of (x), 27, 29
maximum of (V), 27
minimum of (A), 28
nestedness of, 27
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factors (cont’d)

orthogonal, 30

condition of proportional cell counts for,
31

partial ordering (<) of, 27

Tjur design of, see Tjur design
fitted values, 68
flat, 43
four-penny problem, 65-66

Gauss-Markov estimator
of a linear functional of u
center of a confidence interval, 128
closure under linear combinations, 63
covariance between the two such
estimators, 64
definition of, 62
effect of covariates, see analysis of
covariance
effect of extra observations, 186
effect of missing observations, see
incomplete observations model
estimated standard deviation of, 70
guessing method for, 63
invariance under linear transformations,
75
mean and variance of, 63—64
minimum variance among linear
unbiased estimators, 64
significantly different from zero, 133
used to estimate a mean vector, 69-70
of an estimable parametric functional
with constraints, 85
without constraints, 80—81
of u
as a unique invariant estimator, 77
as possibly distinct from the least
squares estimator, 72
definition of, 67
effect of covariates, see analysis of
covariance
effect of extra observations, 186
effect of missing observations, see
incomplete observations model
invariance under linear transformations,
74-75
methods for finding, 68, 75
minimum dispersion among linear
unbiased estimators, 67
minimum MSE among affine estimators
having bounded MSE, 76
risk under squared error, 92
used to estimate linear functionals, 69
see also estimation assuming normality,
James-Stein estimator of u, using
the wrong inner product, as well as
specific models, such as the Latin
square design and simple linear
regression

Gauss-Markov theorem, 2
for estimable parametric functionals, 80, 85
for linear functionals of u, 64
for linear transformations of u, 67
for p, 67
when there are missing observations, 167
quantification of, 85—88
general linear model
basis case, see multiple linear regression
geometric formulation of, 2, 60
matricial formulation of, 1
reduction to canonical form, 75
generalized Bayes estimator, 108
GLM, see general linear model
GME, see Gauss-Markov estimator
goodness of fit statistic
asymptotic distribution of, 55
Gram-Schmidt orthogonalization, 9
in the one-sample problem, 10
grand mean
in a Latin square design, 160
in the two-way additive layout, 65

Hsu’s theorem, 140
hypothesis test
admissible, 140
invariant, 122
power function of, 125, 136
randomized, 136
similar of size «, 137
unbiased of level «, 137
uniformly most powerful, 125
uniformly most powerful invariant, 125
see also F-test of H: u € My
hypothesis testing assuming normality
F-test, see F-test of H: u € My
general formulation of the problem,
110-111, 133
likelihood ratio test of H: u € Mo, 112
see also confidence intervals, simultaneous
confidence intervals, estimation
assuming normality, invariance in
hypothesis testing, as well as specific
models, such as the Latin square
design and simple linear regression

idempotent, see linear transformations,
idempotent
identity transformation, 44
improper Bayes estimator, 108
inadmissible estimator, 97
incomplete observations model
A and B transformations, 168
diagrams for, 168-169
estimation of o2, 176-177
F-test of H: p € Mo, 177-178
degrees of freedom for, 178
noncentrality parameter for, 178
Yates procedure, 178, 180
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incomplete observations model (cont’d)
formulation of, 165-169
Gauss-Markov estimator of a linear
functional of p, 181-182
Gauss-Markov estimator of p
ANCOVA method for, 173-174
consistency equation for, 169-171
definition of, 167
quadratic function method for, 172-173
Gauss-Markov theorem for, 167, 182
Scheffé confidence intervals, 183
two-way additive layout with a missing
observation
F-test of the null hypothesis of no row
effects, 178-181
Gauss-Markov estimator of u, 171-175
GMEs of v, «;, and §;, 172
introduction to, 164-165
variances of the GMEs of v, «;, and j;,
182-183
indicator function of a set, 29
inner product
between two sets of vectors, 11
of linear functionals, 61
of vectors, 6
inner product space, 6
integrability of random variables
facts about, 106
intersection of subspaces, 43
and projections, 10
invariance in hypothesis testing, 121-127
and the F-test, 127
constancy on orbits, 122
distinguish between orbits, 122
group of transformations leaving the
testing problem invariant, 121-122
invariance reduction, 125
and UMP tests, 125
invariant test, 122
maximal invariant, 122
orbits, 122
principle of invariance, 122
reduced problem, 125
inverse of a linear transformation, 44
isomorphism of vector spaces, 43

James-Stein estimator of p
Bayesian motivation for, 97-98
definition of, 98
improvement in Bayes risk, 102
inadmissibility of, 102
positive part thereof, 103
regression motivation for, 98
risk of, 99

compared to the risk of other estimators,
103
upper bound on, 101
shrinkage toward a subspace, 104
when o2 is unknown, 104

James-Stein theorem, 98
James-Stein type estimators of u of the form
¢(S)X, 97-104
admissible minimax generalized Bayes, 109
as spherically symmetric estimators, 105
condition to be minimax, 107
motivation for, 105
risk of, 100
compared to the risk of ¢1(S)X, 101
unbiased estimator for, 106

Latin square, 159
Latin square design, 159-163
least squares, 8
least squares estimator of u, 72
Lebesgue measure, 53
Lehmann-Scheffé theorem
for complete sufficient statistics, 91
length of a vector, 7
likelihood ratio test of H: u € Mp, 112
linear algebra, review of, 41-44
basis, 42
composition of two linear transformations,
43
coordinate functional, 43
dimension, 42
direct sum of subspaces, 43
disjoint subspaces, 43
dual space, 43
flat, 43
idempotent linear transformation, 43
identity transformation, 44
intersection of subspaces, 43
inverse of a linear transformation, 44
isomorphism, 43
linear dependence, 42
linear functional, 43
linear independence, 42
linear transformation, 43
manifold, 43
matrix of a linear transformation, 44
nonsingular linear transformation, 44
null space of a linear transformation, 44
range of a linear transformation, 44
rank of a linear transformation, 44
span, 42
subspaces, 43
sum of subspaces, 43
transpose
of a matrix, 44
of a vector, 42
vector space, 42
linear dependence of vectors, 42
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linear functional
coefficient vector of, see coefficient vector
confidence interval for, see confidence
interval for the value of a linear
functional 1 of u
coordinate functional, 37, 43
definition of, 36, 43
Gauss-Markov estimator of, see
Gauss-Markov estimator of a lin-
ear functional of u
inner product for, 61
norm of, 61
representation theorem for, 36
testing an hypothesis about, 116
linear independence of vectors, 42
linear transformation
adjoint of, see adjoint of a linear transfor-
mation
composition of, 43
definition of, 43
eigenmanifolds of, 34
eigenvalues of, 34
eigenvectors of, 34
idempotent, 12, 43
identity, 44
inverse of, 44
matrix of, 33, 44
notation for, 44
nonsingular, 44
null space of (N), 44
orthogonal, see orthogonal, transformation
orthogonal projection, see projections,
orthogonal
range of (R), 44
rank of (p), 44
self-adjoint, see self-adjoint linear
transformation
uniqueness of
in terms of inner products, 8
LSD, see Latin square design

manifold
eigen, 34
regression, 60
see also subspaces
matrix
of a linear transformation, 33
of a quadratic form, 57
of the adjoint of a linear transformation, 38
symmetric
diagonalization of, 36
maximal invariant, 122
maximum likelihood estimators of y and o2,
assuming normality, 89-90
mean
grand
in the two-way additive layout, 65
of a random vector, 46—47

mean square error
definition of, 76
formula for, 76, 92
normalized, 97
method of sup“ scripts, 24
metric induced by an inner product, 10
minimax estimator
as a constant risk, extended-Bayes
estimator, 92
definition of, 92
minimum mean square error predictor, 11
Minkowski’s inequality, 10
missing observations model, 166
see also incomplete observations model
mixed-up observations model, 166
see also incomplete observations model
MLR, see monotone likelihood ratio
Mobius function, 25
Mobius inversion formula, 25
models
analysis of covariance
one-way layout with one covariate, see
analysis of covariance
analysis of variance
one-way layout, see analysis of variance
two-way layout, see analysis of variance
extra observations, see extra observations
model
four-penny problem, 65-66
general linear, see general linear model
incomplete observations, see incomplete
observations model
Latin square design, 159-163
missing observations, see incomplete
observations model
mixed-up observations, see incomplete
observations model
multiple linear regression, see multiple
linear regression
one-sample problem, see one-sample
problem
replicated observations model, see extra
observations model
simple linear regression, see simple linear
regression
split plot design, see split plot design
triangle problem, see triangle problem
two-sample problem, see two-sample
problem
monotone likelihood ratio
and exponential families, 117
and hypothesis testing, 126
and the expectation of a nondecreasing
function, 119
closure under composition, 118
definition of, 117
examples of
exponential families, 117
noncentral F family, 118
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monotone likelihood ratio (cont’d)
examples of (cont’d)
Poisson family, 118
unnormalized F family, 118
unnormalized ¢ family, 120
stochastic monotonicity, 119
MSE, see mean square error
multiple linear regression
coordinate functionals in, 61
estimable parametric functionals, 79
estimation of o2, 71
expected response at the mean values of
the independent variables
Gauss-Markov estimation of, 65
regression coeflicients
covariances of, 66
expectations of, 66
formula for, 66
normal equations for, 63
variances of, 64

noncentrality parameter
of a chisquare distribution, 54
of an F distribution, 57
nonestimable parametric functional, 79
completely undetermined by w, 79
no unbiased estimator for, 81
nonsingular distribution, 50-51
nonsingular linear transformation, 44
norm
of a linear functional, 61
of a vector, 7
normal distribution, 53
and conditional distributions, 94-95
conditional distribution of © given Y =
y, when the marginal distribution of ©
is Njs(0, M) and the conditional
distribution of Y given © = p is
Ny (u, Iv), 96
and marginal distributions, 94-95
and quadratic forms, 57-59
characteristic function for, 53
density of, 53
in a lower dimensional subspace, 54
normal equations
abstract formulation of, 40
and estimable parametric functionals, 81,
85
and Gauss-Markov estimation, 68
basis formulation of, 10, 69
obtained via Gauss-Markov estimation, 63
normalized mean square error, 97
notational conventions
difficulty level of exercises, 5
inner product between
a single vector and a set of vectors, 11
two sets of vectors, 11
markers for the end of a proof, example,
exercise, and part of a problem set, 5

notational conventions (cont’d)
matrices versus linear transformations, 5
numbering scheme, 4
summation over nonmissing subscripts (&),
171

null space of a linear transformation, 44

observed values, 68
one-sample problem
and Gram-Schmidt orthogonalization, 10
condition for the least squares and
Gauss-Markov estimators to be the
same, 73
equicorrelated case, 73
heteroscedastic case, 52
independence of the sample mean and
variance, 2
projections in, 9-10
re Cochran’s theorem, 59
one-way layout, see analysis of variance,
analysis of covariance
open form of a residual squared length, 71
orbit, 122
orthogonal
basis, 9
and Gauss-Markov estimation, 68
complement of a subspace, 12
properties of, 12
complement of one subspace within
another, 13
and spanning vectors, 13
decompositions, 19
factors, see factors, orthogonal
polynomials
derived from 1, 4, and 2, 7
projection, see projections, orthogonal
subspaces, 16
transformation, 7
adjoint of, 38
inverse of, 38
reflection through a subspace, 13
used to characterize strict sphericity, 53
used to characterize weak sphericity, 51
vectors, 7

parameter vector, 1
parametric functional, 78
estimable, see estimable parametric
functional
nonestimable, see nonestimable parametric
functional
partial order relation (<) on
factors, 27
self-adjoint linear transformations, 13
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partial orthogonalization
in the analysis of covariance, 149
partially ordered set, 23
greatest lower bound (A), 28
least upper bound (V), 27
minimal element, 23
Moébius function for, 25
Mobius inversion formula for, 25
principle of induction for, 23
zeta function for, 26
perpendicularity
of subspaces, 16
of vectors, 7
positive definiteness, 6, 39
power function, 125
of the F-test, 115
effect of covariates, 158
effect of extra observations, 187
effect of missing observations, 178
prediction
mean square error of, 11
principle of invariance
in estimation, 77
in hypothesis testing, 122
prior, 92
projections
nonorthogonal
adjoints of, 142
as idempotent linear transformations,
142
definition of, 141
formula for the adjoint, given a basis for
the range space, 145
formula for, given a basis for the range
space, 144
partial inverses to, 143
orthogonal
adjoints of, 39
and minimum distance, 8, see also
Cleveland’s identity
and residuals, 8
as idempotent self-adjoint linear
transformations, 12-13
definition of, 8
differences of, 14-15
matrix for, 11
obtained by making a linear transforma-
tion of the problem, 74
onto OM for an orthogonal transforma-
tion O, 38
onto a one-dimensional space, 9, 13
onto a subspace of a subspace, 14—15
onto a subspace that is an element of a
Tjur system, 23
onto a sum of mutually orthogonal
subspaces, 16
onto arbitrary subspaces, 10
onto the intersection of two subspaces,
18

projections (cont’d)
orthogonal (cont’d)
onto the orthogonal complement of the
null space of a set of contrasts, 135
products of, 17-18
sums of, 16—17
used in establishing the distributions of
quadratic forms, 58
used to find Gauss-Markov estimators,
68
proper Bayes estimator, 108
proportional cell counts
condition for orthogonal factors, 31
Pythagorean theorem, 7

quadratic form
definition of, 39
of a normal random vector
distribution of, 57-59
on an inner product space, 57
representation theorem for, 39

random vectors
characteristic function for, 53
covariance operators for, 47-48
definition of, 45
dispersion operators of, 49-50
spectral representation of, 50
distribution of projections of
under first and second moment condi-
tions, 54
under normality assumptions, 54
expectation of, 46-47
mean of, 46-47
normally distributed, 53
conditional distribution, 94-95
marginal distribution, 94-95
quadratic forms in, 57-59
spherically distributed, 53
uncorrelated, 48
weakly spherical, 51-52
variance parameter of, 51
with nonsingular distributions, 50-51
with singular distributions, 50-51
range of a linear transformation, 44
rank of a linear transformation, 44
reduction to canonical form, 75
regression, see multiple linear regression,
simple linear regression
regression coefficients, 66
dependence on the number of explanatory
variables, 67
regression manifold, 60
regression matrix, 1
relative orthogonal complement, 13
and spanning vectors, 13
replicated observations model, 184
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representation theorem
for bilinear functionals, 38
for linear functionals, 36
for quadratic forms, 39
residual squared length
closed form of, 71
open form of, 71
residuals, 8
inner products of, 145
length of, 8
uncorrelated with fitted values, 68
risk, 92
of the GME of u relative to mean square
error, 92
see also James-Stein estimator of p,
James-Stein type estimators of u
of the form ¢(S)X
R2
as the ratio of explained variation to total
variation, 68
as the square of the correlation coefficient
between the observed and fitted
values, 68

Scheffé confidence intervals
for all contrasts in the group means in
one-way ANOVA, 135
for linear functionals of u, 129-131
effect of covariates, see analysis of
covariance
effect of missing observations, see
incomplete observations model
for linear functionals of the component of u
orthogonal to My, 134
relation to the F'-test, 133
Scheffé multiplier, 131
SDFZ, see significantly different from zero
self-adjoint linear transformation
as a covariance operator, 33
definition of, 12
extremal characterization of the eigenvalues
thereof, 34
matrix for, 33
partial ordering (<) of, 13
positive semi-definite, 36
square root of, 36
positive-definite, 39
range and null space of, 13
spectral theorem for, 33-36
trace of, 58
and preservation of order (<), 76
shrinkage estimator, 104
see also James-Stein estimator of p,
James-Stein type estimators of p of
the form ¢(S)X
significantly different from zero, 133

simple linear regression
coefficient vector for the slope functional,
62
confidence interval(s)
for a single predicted value, 129
for all predicted values, 131
for predicted values when the predictand
ranges over an interval, 132
definition of, 1
estimated SD of
the response at the mean of the
predictor variable, 71
the slope coefficient, 71
estimator of o2, 70
Gauss-Markov estimate of the slope, 63
projections in, 10, 11
testing for zero slope, 110, 116
variance of the GME of the slope coeffi-
cient, 64
simultaneous confidence intervals
for a line segment of linear functionals, 131
for the values of ¢(u) for a linear space
of linear functionals 1, see Scheffé
confidence intervals
singular distribution, 50-51
span of vectors, 42
spectral theorem, 33
spherical distribution, 53
spherically symmetric estimator, 105
split plot design, 31
estimable parametric functionals, 84
Stein’s lemma, 105
Stein-Efron-Morris theorem, 105
stochastic monotonicity, 119
Strawderman-Berger theorem, 109
subspaces
book orthogonal, 17-18
see also Tjur system
definition of, 43
direct sum (@) of, 19, 43
disjoint, 43
eigenmanifolds, 34
intersection (N) of , 43
nonorthogonal
measuring the degree of, 85
orthogonal (L), 16
orthogonal complements (- +) of, 12
properties of, 12
orthogonal decompositions of, 19
perpendicular ( L), 16
relative orthogonal complements of, 13
and spanning vectors, 13
shifted, 43
sum (+) of, 43
Tjur system of, see Tjur system of
subspaces
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sufficient statistic
definition of, 90
factorization criterion for, 91
for u and o2, 91
having minimum dispersion in the class of
all unbiased estimators, 91
sum of squares for error (SS¢), 113
sum of squares for testing H (SSg), 113
summation over nonmissing subscripts (&),
171

t distribution
unnormalized noncentral
definition of, 120
MLR of, 120
test, see F-test of H: u € Mo, hypothesis test
Tjur design, 31
estimable parametric functional, 82—-84
factor structure diagram for, 32
Gauss-Markov estimator of an estimable
parametric functional, 8384
Tjur system of subspaces, 21-26
analysis of variance table for, 25
and estimation of o2, 71
and Gauss-Markov estimation, 69
method of sup“scripts for, 24
Mobius inversion formulas for, 26
partial order on, 21
representation of, 21
structure diagram for, 24
Tjur’s theorem, 21-23
Tjur, Tue, 21
trace
of a linear transformation, 76
of a self-adjoint linear transformation, 58,
76
transformation, see linear transformation
triangle problem
coefficient vectors in, 61
covariances of GMEs, 64
Gauss-Markov estimation in, 63
testing the equilateral hypothesis, 110, 115
trivial factor, 26
two-sample problem, 1-2
two-way layout, see analysis of variance

UMP, see uniformly most powerful
UMPI, see uniformly most powerful invariant
unbiased
estimator, 63
hypothesis test, 137
uncorrelated random vectors, 48
uniformly most powerful, 125
uniformly most powerful invariant, 125
units factor, 26

using the wrong inner product
conditions for false and true estimates to
be the same
for linear functionals of u, 74
for o2, 74
for the mean vector p, 72-73
difference between the false and true GMEs
of u, 87
effect on residual squared length, see
Cleveland’s identity
ratio of the variances of the false and true
GME:s of a linear functional of u,
87-88

value of a statistical game, 92
variance parameter
estimation of, see estimation of o2
of a weakly spherical random vector
assumptions about, 60
definition of, 51
variance-covariance matrix, 49
variation
addition rule for, 68
explained, 68
residual, 68
total, 68
vector space, 42
basis for, 42
dimension of, 42
dual of, 43
finite dimensional, 42
isomorphism of, 43
manifolds of, 43
subspaces of, 43
vectors
angle between, 7
equiangular (e), 3
length of, 7
linear dependence of, 42
linear independence of, 42
norm of, 7
orthogonal, 7
orthogonal projection of, 8
span of, 42
uniqueness of
in terms of inner products, 8

Wald’s theorem, 137
corollaries to, 140
reformulation of, 137
weak sphericity, 51-52
achieved by changing the inner product, 52
achieved by transformation, 52
weighing design, 66

Yates procedure, 178

zeta function, 26
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