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sion models with nonrandom predictors in a finite-dimensional setting.
This approach is more insightful, more elegant, more direct, and simpler
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cusses the intuition behind and optimal properties of various methods
of estimating and testing hypotheses about unknown parameters in the
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book orthogonal spaces, Tjur experimental designs, basic distribution
theory, the geometric version of the Gauss-Markov theorem, optimal and
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PREFACE

When I was a graduate student in the mid-1960s, the mathematical theory
underlying analysis of variance and regression became clear to me after I read a
draft of William Kruskal’s monograph on the so-called coordinate-free, or geometric,
approach to these subjects. Alas, with Kruskal’s demise, this excellent treatise will
never be published.

From time to time during the 1970s, 80s, and early 90s, I had the good fortune
to teach the coordinate-free approach to linear models, more precisely, to Model I
analysis of variance and linear regression with nonrandom predictors. While doing
so, I evolved my own set of lecture notes, presented here. With regard to inspiration
and content, my debt to Kruskal is clear. However, my notes differ from Kruskal’s
in many ways. To mention just a few, my notes are intended for a one- rather
than three-quarter course. The notes are aimed at statistics graduate students
who are already familiar with the basic concepts of linear algebra, such as linear
subspaces and linear transformations, and who have already had some exposure to
the matricial formulation of the GLM, perhaps through a methodology course, and
who are interested in the underlying theory. I have also included Tjur experimental
designs and some of the highlights of the optimality theory for estimation and testing
in linear models under the assumption of normality, feeling that the elegant setting
provided by the coordinate-free approach is a natural one in which to place these
jewels of mathematical statistics. As he alluded to in his conversation with Zabell
(1994), Kruskal always wished that he could have brought “his book, his potential
book, his unborn book” to life. Out of deference to Kruskal, who was my colleague
here at the University of Chicago, I have not until now made my notes public.

For motivation, Chapter 1 presents an example illustrating Kruskal’s claim in
his 1961 Berkeley Symposium paper that “the coordinate-free approach . . . permits
a simpler, more general, more elegant, and more direct treatment of the general
theory . . . than do its notational counterparts, the matrix and scalar approaches.”
I hope that as s/he works through the book, the reader will be more and more
convinced that this is indeed the case.

The last section of Chapter 2 reviews the “elementary” concepts from linear
algebra which the reader is assumed to know already. The first five sections of that
chapter develop the “nonelementary” tools we need, such as (finite-dimensional, real)
inner product spaces, orthogonal projections, the spectral theorem for self-adjoint
linear transformations, and the representation of linear and bilinear functionals. Sec-
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tion 2.3 uses the notions of book orthogonal subspaces and orthogonal projections,
along with the inclusion and intersection of subspaces, to discuss Tjur experimental
designs, thereby giving a unified treatment of the algebra underlying the models one
usually encounters in a first course in analysis of variance, and much more.

Chapter 3 develops basic distribution theory for random vectors taking values
in inner product spaces — the first- and second-moment structures of such vec-
tors, and the key fact that if one splits a spherical normal random vector up into
its components in mutually orthogonal subspaces, then those components are inde-
pendent and have themselves spherical normal distributions within their respective
subspaces.

The geometric version of the Gauss-Markov theorem is discussed in Chapter 4,
from the point of view of both estimating linear functionals of the unknown mean
vector and estimating the mean vector itself. These results are based just on as-
sumptions about the first and second moment structures of the data vector. For an
especially nice example of how the geometric viewpoint is more insightful than the
matricial one, be sure to work the “four-penny problem” in Exercise 4.2.17.

Estimation under the assumption of normality is taken up in Chapter 5. In
some respects, Gauss-Markov estimators are optimal; for example, they are mini-
mum variance unbiased. However, in other respects they are not optimal. Indeed,
Bayesian considerations lead naturally to the James-Stein shrinkage type estimators,
which can significantly outperform GMEs in terms of mean square error.

Again under the assumption of normality, F -testing of null hypotheses and the
related issue of interval estimation are taken up in Chapter 6. Chapters 7 and 8
deal with the analysis of covariance and missing observations, respectively.

The book is written at the level of Halmos’s Finite-Dimensional Vector Spaces
(but Halmos is not a prerequisite). Thus the reader will on the one hand need to
be comfortable with the yoga of definitions, theorems, and proofs, but on the other
hand be comforted by knowing that the abstract ideas will be illustrated by concrete
examples and presented with (what I hope are) some insightful comments. To get
a feeling for the coordinate-free approach before embarking on a serious study of
this book, you might find it helpful to first read one or more of the brief elementary
nontechnical expositions of the subject that have appeared in The American Statis-
tician, for example, Herr (1980), Bryant (1984), or Saville and Wood (1986). From
the perspective of mathematical statistics, there are some very elegant results, and
some notable surprises, connected with the optimality theory for Gauss-Markov es-
timation and F -testing under the assumption of normality. In the sections that deal
with these matters — in particular Sections 5.4, 5.5, 6.3, 6.4, and 6.6 — the math-
ematics is somewhat harder than elsewhere, corresponding to the greater depth of
the theory.

Each of the chapters following the Introduction contains numerous exercises,
along with a problem set that develops some topic complementing the material in
that chapter. Altogether there are about 200 exercises. Most of them are easy but,
I hope, instructive. I typically devote most of the class time to having students
present solutions to the exercises. Some exercises foreshadow what is to come, by
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covering a special case of material that will be presented in full generality later.
Moreover, the assertions of some exercises are appealed to later in the text. If you
are working through the book on your own, you should at least read over each
exercise, even if you do not work things out. The problem sets, several of which
are based on journal articles, are harder than the exercises and require a sustained
effort for their completion.

The students in my courses have typically worked through the whole book in one
quarter, but that is admittedly a brisk pace. One semester would be less demand-
ing. For a short course, you could concentrate on the parts of the book that flesh
out the outline of the coordinate-free viewpoint that Kruskal set out in Section 2 of
his aforementioned Berkeley Symposium paper. That would involve: Chapter 1, for
motivation; Sections 2.1, 2.2, 2.5, and 2.7 for notation and basic results from linear
algebra; Sections 3.1–3.8 for distribution theory; Sections 4.1–4.7 for the properties
of Gauss-Markov estimators; Sections 5.1 and 5.2 for estimation under the assump-
tion of normality; and Sections 6.1, 6.2, and 6.5 for hypothesis testing and interval
estimation under normality.

Various graduate students, in particular Neal Thomas and Nathaniel Schenker,
have made many comments that have greatly improved this book. My thanks go
to all of them, and also to David Van Dyke and Peter Meyer for suggesting how
easy/hard each of the exercises is. Thanks are also due to Mitzi Nakatsuka for
her help in converting the notes to TEX, and to Persi Diaconis for his advice and
encouragement.

Michael J. Wichura
University of Chicago





CHAPTER 1

INTRODUCTION

In this chapter we introduce and contrast the matricial and geometric formulations
of the so-called general linear model and introduce some notational conventions.

1. Orientation

Recall the classical framework of the general linear model (GLM). One is given an
n-dimensional random vector Y n×1 = (Y1 . . . , Yn)T , perhaps multivariate normally
distributed, with covariance matrix (Cov(Yi, Yj))n×n = σ2In×n and mean vector
µn×1 = E(Y ) = (EY1, . . . , EYn)T of the form

µ = Xβ,

where Xn×p is known and σ2 and β p×1 = (β1, . . . , βp)T are unknown; in addition,
the βi’s may be subject to linear constraints Rβ = 0, where Rc×p is known. X is
called the design, or regression, matrix , and β is called the parameter vector.

1.1 Example. In the classical two-sample problem, one has

XT =
(

1 1 . . . 1
0 0 . . . 0︸ ︷︷ ︸

n1 times

0 0 . . . 0
1 1 . . . 1︸ ︷︷ ︸

n2 times

)
and β =

(
µ1

µ2

)
,

that is,

E(Yi) =
{

µ1, if 1 ≤ i ≤ n1,

µ2, if n1 < i ≤ n1 + n2 = n.
•

1.2 Example. In simple linear regression, one has

XT =
(

1 1 . . . 1
x1 x2 . . . xn

)
and β =

(
a

b

)
,

that is,
E(Yi) = a + bxi for i = 1, . . . , n. •
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Typical problems are the estimation of linear combinations of the βi’s, testing
that some such linear combinations are 0 (or some other prescribed value), and the
estimation of σ2.

1.3 Example. In the two-sample problem, one is often interested in estimating the
difference µ2 − µ1 or in testing the null hypothesis that µ1 = µ2. •
1.4 Example. In simple linear regression, one seeks estimates of the intercept a
and slope b and may want to test, for example, the hypothesis that b = 0 or the
hypothesis that b = 1. •

If you have had some prior statistical training, you may well have already en-
countered the resolution of these problems. You may know, for example, that pro-
vided X is of full rank and no linear constraints are imposed on β, the best (minimum
variance) linear unbiased estimator (BLUE) of

∑
1≤i≤p ciβi is

∑
1≤i≤p ciβ̂i, where

(β̂1, . . . , β̂p)T = CXT Y , with C = A−1, A = XTX;

this is called the Gauss-Markov theorem.
In this book we will be studying the GLM from a geometric point of view,

using linear algebra in place of matrix algebra. Although we will not reach any
conclusions that could not be obtained solely by matrix techniques, the basic ideas
will emerge more clearly. With the added intuitive feeling and mathematical insight
this provides, one will be better able to understand old results and formulate and
prove new ones.

From a geometric perspective, the GLM may be described as follows, using
some terms that will be defined in subsequent chapters. One is given a random
vector Y taking values in some given inner product space (V, 〈·, ·〉). It is assumed
that Y has a weakly spherical covariance operator and the mean µ of Y lies in a
given manifold M of V ; for purposes of testing, it is further assumed that Y is
normally distributed. One desires to estimate µ (or linear functionals of µ) and
to test hypotheses such as µ ∈ M0, where M0 is a given submanifold of M . The
Gauss-Markov theorem says that the BLUE of the linear functional ψ(µ) is ψ(µ̂),
where µ̂ is the orthogonal projection of Y onto M . As we will see, this geometric
description of the problem encompasses the matricial formulation of the GLM not
only as it is set out above (take, for example, V = R

n, 〈·, ·〉 = dot-product, Y = Y ,
µ = µ, and M = the subspace of R

n spanned by the columns of the design matrix
X), but also in cases where X is of less than full rank and/or linear constraints are
imposed on the βi’s.

2. An illustrative example

To illustrate the differences between the matricial and geometric approaches, we
compare the ways in which one establishes the independence of

Ȳ = µ̂ =

∑
1≤i≤n Yi

n
and s2 = σ̂2 =

1
n − 1

∑
1≤i≤n

(Yi − Ȳ )2
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in the one-sample problem

Y n×1 ∼ N(µe, σ2In×n) with e = (1, 1, . . . , 1)T . (2.1)

(The vector e is called the equiangular vector.)
The classical matrix proof, which uses some facts about multivariate normal

distributions, runs like this. Let Bn×n = (bij) be the matrix

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1√
n

1√
n

1√
n

1√
n

· · · 1√
n

1√
n

1√
2

−1√
2

0 0 · · · 0 0

1√
6

1√
6

−2√
6

0 · · · 0 0

1√
12

1√
12

1√
12

−3√
12

· · · 0 0
...

...
...

... · · ·
...

...

1√
n(n−1)

1√
n(n−1)

1√
n(n−1)

1√
n(n−1)

· · · 1√
n(n−1)

−(n−1)√
n(n−1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Note that the rows (and columns) of B are orthonormal
(∑

1≤k≤n bikbjk = δij ≡{
1, if i = j

0, if i �= j

)
and that the first row is 1√

n
eT . Set

Z = BY .

Then

Z ∼ N(ν,Σ)

with

ν = B(µe) = µBe = (
√

n µ, 0, . . . , 0)T

and

Σ = B(σ2I)BT = σ2BBT = σ2I;

that is, Z1, Z2, . . . , Zn are independent normal random variables, each with variance
σ2, E(Z1) =

√
n µ, and E(Zj) = 0 for 2 ≤ j ≤ n. Moreover,

Z1 =
1√
n

∑
1≤i≤n

Yi =
√

n Ȳ , or Ȳ =
Z1√

n
,

while

(n − 1)s2 =
∑

1≤i≤n
(Yi − Ȳ )2 =

∑
1≤i≤n

Y 2
i − nȲ 2

=
∑

1≤i≤n
Y 2

i − Z2
1 =

∑
1≤i≤n

Z2
i − Z2

1 =
∑

2≤i≤n
Z2

i

(2.2)
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because ∑
1≤i≤n

Z2
i = ZTZ = Y TBT BY = Y T Y =

∑
1≤i≤n

Y 2
i .

This gives the independence of Ȳ and s2, and it is an easy step to get the marginal
distributions: Ȳ ∼ N(µ, σ2/n) and (n − 1)s2/σ2 ∼ χ2

n−1.
What is the nature of the transformation Z = BY ? Let b1 = e/

√
n, b2, . . . , bn

denote the transposes of the rows of B. The coordinates of Y =
∑

1≤j≤n Cjbj with
respect to this new orthonormal basis for R

n are given by

Ci = bT
i Y = Zi, i = 1, . . . , n.

The effect of the change of coordinates Y → Z is to split Y into its components
along, and orthogonal to, the equiangular vector e.

Now I will show you the geometric proof, which uses some properties of (weakly)
spherical normal random vectors taking values in an inner product space (V, 〈·, ·〉),
here (Rn, dot-product). The assumptions imply that Y is spherical normally dis-
tributed about its mean E(Y ) and E(Y ) lies in the manifold M spanned by e. Let
PM denote orthogonal projection onto M and QM orthogonal projection onto the
orthogonal complement M⊥ of M . Basic distribution theory says that PMY and
QMY are independent. But

PMY =
〈e, Y 〉
〈e, e〉 e = Ȳ e (2.3)

and
QMY = Y − PMY = Y − Ȳ e = (Y1 − Ȳ , . . . , Yn − Ȳ )T ;

it follows that Ȳ and (n − 1)s2 =
∑

1≤i≤n(Yi − Ȳ )2 = ‖QMY ‖2 are independent.
Again it is an easy matter to get the marginal distributions.

To my way of thinking, granted the technical apparatus, the second proof is
clearer, being more to the point. The first proof does the same things, but (to the
uninitiated) in an obscure manner.

3. Notational conventions

The chapters are organized into sections. Within each section of the current chapter,
enumerated items are numbered consecutively in the form

(section number .item number).

References to items in a different chapter take the expanded form

(chapter number .section number .item number).

For example, (2.4) refers to the 4th numbered item (which may be an example,
exercise, theorem, formula, or whatever) in the 2nd section of the current chapter,
while (6.1.3) refers to the 3rd numbered item in the 1st section of the 6th chapter.



SECTION 3. NOTATIONAL CONVENTIONS 5

Each exercise is assigned a difficulty level using the syntax

Exercise [d ],

where d is an integer in the range 1 to 5 — the larger is d, the harder the exercise.
The value of d depends both on the intrinsic difficulty of the exercise and the length
of time needed to write up the solution.

To help distinguish between the matricial and geometric points of view, matrices,
including row and column vectors, are written in italic boldface type while linear
transformations and elements of abstract vector spaces are written simply in italic
type. We speak, for example, of the design matrix X but of vectors v and w in an
inner product space V .

The end of a proof is marked by a , of an example by a • , of an exercise by
a � , and of a part of problem set by a ◦ .



CHAPTER 2

TOPICS IN LINEAR ALGEBRA

In this chapter we discuss some topics from linear algebra that play a central role in
the geometrical analysis of the GLM. The notion of orthogonal projection in an inner
product space is introduced in Section 2.1 and studied in Section 2.2. A class of
orthogonal decompositions that are useful in the design of experiments is studied in
Section 2.3. The spectral representation of self-adjoint transformations is developed
in Section 2.4. Linear and bilinear functionals are discussed in Section 2.5. The
chapter closes with a problem set in Section 2.6, followed by an appendix containing
a brief review of the basic definitions and facts from linear algebra with which we
presume the reader is already familiar.

1. Orthogonal projections

Throughout this book we operate in the context of a finite-dimensional inner product
space (V, 〈·, ·〉) — V is a finite-dimensional vector space and 〈·, ·〉: V × V → R is an
inner product:

(i) (positive-definiteness) 〈x, x〉 ≥ 0 for all x ∈ V and 〈x, x〉 = 0 if and only if
x = 0.

(ii) (symmetry) 〈x, y〉 = 〈y, x〉 for all x, y ∈ V .

(iii) (bilinearity) For all c1, c2 ∈ R and x1, x2, x, y1, y2, y ∈ V , one has

〈c1x1 + c2x2, y〉 = c1〈x1, y〉 + c2〈x2, y〉
〈x, c1y1 + c2y2〉 = c1〈x, y1〉 + c2〈x, y2〉.

The canonical example is V = R
n endowed with the dot-product

〈x, y〉 = x · y =
∑

1≤i≤n
xiyi = xT y

for x = (x1, . . . , xn)T and y = (y1, . . . , yn)T . Unless specifically stated to the
contrary, we always view R

n as endowed with the dot-product.
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Two vectors x and y in V are said to be perpendicular, or orthogonal (with
respect to 〈·, ·〉), if

〈x, y〉 = 0;

one writes
x ⊥ y.

The quantity
‖x‖ =

√
〈x, x〉

is called the length, or norm, of x. The squared length of the sum of two vectors is
given by

‖x + y‖2 = 〈x + y, x + y〉 = 〈x, x + y〉 + 〈y, x + y〉
= ‖x‖2 + 2〈x, y〉 + ‖y‖2,

which reduces to the Pythagorean theorem,

‖x + y‖2 = ‖x‖2 + ‖y‖2, (1.1)

when x ⊥ y.

1.2 Exercise [1]. Let v1 and v2 be two nonzero vectors in R
2 and let θ be the angle

between them, measured counter-clockwise from v1 to v2. Show that

cos(θ) =
〈v1, v2〉
‖v1‖ ‖v2‖

and deduce that v1 ⊥ v2 if and only if θ = 90◦ or 270◦.

[Hint: Use the identity cos(θ2 − θ1) = cos(θ1) cos(θ2) + sin(θ1) sin(θ2).] �
1.3 Exercise [3]. Let x, y, and z be the vectors in R

n given by

xi = 1, yi = i − n+1
2

, and zi = (i − n+1
2

)2 − n2−1
12

for 1 ≤ i ≤ n. (1.4)

Show that x, y, and z are mutually orthogonal and span the same subspace as do

(1, 1, . . . , 1)T , (1, 2, . . . , n)T , and (1, 4, . . . , n2)T . Exhibit x, y, and z explicitly for n = 5.�
1.5 Exercise [1]. Let O: V → V be a linear transformation. Show that O preserves
lengths, that is,

‖Ox‖ = ‖x‖ for all x ∈ V

if and only if it preserves inner products, that is,

〈Ox,Oy〉 = 〈x, y〉 for all x, y ∈ V .

Such a transformation is said to be orthogonal.
[Hint: Observe that

〈x, y〉 =
‖x + y‖2 − ‖x‖2 − ‖y‖2

2
(1.6)

for x, y ∈ V .] �
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1.7 Exercise [2]. (1) Let v1 and v2 be elements of V . Show that v1 = v2 if and only if

〈v1, w〉 = 〈v2, w〉 for each w ∈ V , or just for each w in some basis for V . (2) Let T1 and T2

be two linear transformations of V . Show that T1 = T2 if and only if 〈v, T1w〉 = 〈v, T2w〉
for each v and w in V , or just for each v and w in some basis for V . �

As intimated in the Introduction, the notion of orthogonal projection onto sub-
spaces of V plays a key role in the study of the GLM. We begin our study of
projections with the following seminal result.

1.8 Theorem. Suppose that M is a subspace of V and that x ∈ V . There is
exactly one vector m ∈ M such that the residual x − m is orthogonal to M :

(x − m) ⊥ y for all y ∈ M, (1.9)

or, equivalently, such that m is closest to x:

‖x − m‖ = inf{ ‖x − y‖ : y ∈ M }. (1.10)

The proof will be given shortly. The unique m ∈ M such that (1.9) and (1.10)
hold is called the orthogonal projection of x onto M , written PMx, and the map-
ping PM that sends x ∈ V to PMx is called orthogonal projection onto M . In the
context of R

n with x = (xi) and m = (mi), (1.9) reads∑
1≤i≤n

(xi − mi)yi = 0 for all y = (yi) ∈ M,

while (1.10) is the least squares characterization of m:∑
1≤i≤n

(xi − mi)2 = inf
{∑

1≤i≤n
(xi − yi)2 : y ∈ M

}
.

1.11 Exercise [1]. Let M be a subspace of V . (a) Show that

‖x − PM x‖2 = ‖x‖2 − ‖PM x‖2 (1.12)

for all x ∈ V . (b) Deduce that

‖PM x‖ ≤ ‖x‖ (1.13)

for all x ∈ V , with equality holding if and only if x ∈ M . �
Proof of Theorem 1.8. (1.9) implies (1.10): Suppose m ∈ M satisfies (1.9). Then
for all y ∈ M the Pythagorean theorem gives

‖x − y‖2 = ‖(x − m) + (m − y)‖2 = ‖x − m‖2 + ‖m − y‖2,

so m satisfies (1.10).
(1.10) implies (1.9): Suppose m ∈ M satisfies (1.10). Then, for any 0 �= y ∈ M and
any δ ∈ R,

‖x − m‖2 ≤ ‖x − m + δy‖2 = ‖x − m‖2 + 2δ〈x − m, y〉 + δ2‖y‖2;

this relation forces 〈x − m, y〉 = 0.
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Uniqueness: If
m1 + y1 = x = m2 + y2

with mi ∈ M and yi ⊥ M for i = 1 and 2, then the vector

m1 − m2 = y2 − y1

lies in M and is perpendicular to M , and so it is perpendicular to itself:

0 = 〈m1 − m2, m1 − m2〉 = ‖m1 − m2‖2,

whence m1 = m2 by the positive-definiteness of 〈·, ·〉.
Existence: We will show in a moment that M has a basis m1, . . . , mk consisting
of mutually orthogonal vectors. For any such basis the generic m =

∑
1≤j≤k cjmj

in M satisfies
(x − m) ⊥ M

if and only if x − m is orthogonal to each mi, that is, if and only if

〈mi, x〉 = 〈mi,
∑

1≤j≤k
cjmj〉 =

∑
1≤j≤k

〈mi, mj〉cj = 〈mi, mi〉ci

for 1 ≤ i ≤ k. It follows that we can take

PMx =
∑

1≤i≤k

〈mi, x〉
〈mi, mi〉

mi. (1.14)

To produce an orthogonal basis for M , let m∗
1, . . . , m

∗
k be any basis for M and

inductively define new basis vectors m1, . . . , mk by the recipe m1 = m∗
1 and

mj = m∗
j − P [m∗

1 ,...,m∗
j−1]

m∗
j = m∗

j − P [m1,...,mj−1]m
∗
j

= m∗
j −
∑

1≤i≤j−1

〈m∗
j , mi〉

〈mi, mi〉
mi (1.15)

for j = 2, . . . , k; here [m∗
1, . . . , m

∗
j−1] denotes the span of m∗

1, . . . , m
∗
j−1 and [m1, . . . ,

mj−1] denotes the (identical) span of m1, . . . , mj−1 (see Subsection 2.6.1).

The recursive scheme for cranking out the mj ’s above is called Gram-Schmidt
orthogonalization. As a special case of (1.14) we have the following simple, yet key,
formula for projecting onto a one-dimensional space:

P [m]x =
〈x, m〉
〈m, m〉 m for m �= 0. (1.16)

1.17 Example. In the context of R
n take m = e ≡ (1, . . . , 1)T . Formula (1.16)

then reads

P [eee]x =
〈x, e〉
〈e, e〉 e =

∑
i xi∑
i 1

e = x̄e = (x̄, . . . , x̄)T ;
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we used this result in the Introduction (see (1.2.3)). Formula (1.12) reads∑
i
(xi − x̄)2 = ‖x − x̄e‖2 = ‖x‖2 − ‖x̄e‖2 =

∑
i
x2

i − nx̄2;

this is just the computing formula for (n−1)s2 used in (1.2.2). According to (1.10),
c = x̄ minimizes the sum of squares

∑
i(xi − c)2. •

1.18 Exercise [2]. Use the preceding techniques to compute PM y for y ∈ R
n and M =

[e, (x1, . . . , xn)T ], the manifold spanned by the columns of the design matrix for simple

linear regression. �
1.19 Exercise [3]. Show that the transposes of the rows of the matrix B of Section 1.2

result from first applying the Gram-Schmidt orthogonalization scheme to the vectors e,

(1,−1, 0, . . . , 0)T , (0, 1,−1, 0, . . . , 0)T , . . . , (0, . . . , 0, 1,−1)T in R
n and then normalizing to

unit length. �
1.20 Exercise [2]. Suppose x, y ∈ V . Prove the Cauchy-Schwarz inequality :

|〈x, y〉| ≤ ‖x‖ ‖y‖, (1.21)

with equality if and only if x and y are linearly dependent. Deduce Minkowski’s inequality :

‖x + y‖ ≤ ‖x‖ + ‖y‖. (1.22)

[Hint: For (1.21), take m = y in (1.16) and use part (b) of Exercise 1.11.] �
1.23 Exercise [4]. Define d: V × V → R by d(x, y) = ‖y − x‖. Show that d is a metric

on V such that the set {x ∈ V : ‖x‖ = 1 } is compact. �
1.24 Exercise [3]. Show that for any two subspaces M and N of V ,

sup{ ‖PM x‖ : x ∈ N and ‖x‖ = 1 } ≤ 1, (1.25)

with equality holding if and only if M and N have a nonzero vector in common.

[Hint: A continuous real-valued function on a compact set attains its maximum.] �
To close this section we generalize (1.14) to cover the case of an arbitrary basis

for M . Suppose then that the basis vectors m1, . . . , mk are not necessarily orthog-
onal and let x ∈ V . As in the derivation of (1.14),

PMx =
∑

j
cjmj

is determined by the condition

mi ⊥ (x − PMx) for i = 1, . . . , k,

that is, by the so-called normal equations∑
1≤j≤k

〈mi, mj〉cj = 〈mi, x〉, i = 1, . . . , k. (1.26)
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In matrix notation (1.26) reads

〈m, m〉c = 〈m, x〉,

so that
c = 〈m, m〉−1 〈m, x〉,

the k × k matrix 〈m, m〉 and the k × 1 column vectors 〈m, x〉 and c being given by(
〈m, m〉

)
ij

= 〈mi, mj〉,
(
〈m, x〉

)
i
= 〈mi, x〉, and (c)i = ci

for i, j = 1, . . . , k. If the mi’s are mutually orthogonal, 〈m, m〉 is diagonal and
(1.14) follows immediately.

1.27 Exercise [3]. Show that the matrix 〈m, m〉 above is in fact nonsingular, so that the

inverse 〈m, m〉−1 exists.

[Hint: Show that
∑

j
〈mi, mj 〉cj = 0 for each i implies c1 = · · · = ck = 0.] �

1.28 Exercise [2]. Redo Exercise 1.18 using (1.26). Check that the two ways of calculating

PM y do in fact give the same result. �
1.29 Exercise [2]. Let M be the subspace of R

n spanned by the columns of an n × k

matrix X . Supposing these columns are linearly independent, use (1.26) to show that the

matrix representing PM with respect to the usual coordinate basis of R
n is X(XTX)−1XT .

Exhibit this matrix explicitly in the case X = e. �
1.30 Exercise [4]. Suppose X0, X1, . . . , Xk are square integrable random variables defined
on a common probability space. Consider using X1, . . . , Xk to predict X0. Show that
among predictors of the form

X̂0 = c0 +
∑

1≤i≤k
ciXi,

with the c’s being constants, the one minimizing the mean square error of prediction

E(X̂0 − X0)
2

is

X̂0 = µ0 +
∑

1≤i≤k
(
∑

1≤j≤k
σijσj0 )(Xi − µi),

where

µi = E(Xi), 0 ≤ i ≤ k,

σij = Cov(Xi, Xj ), 0 ≤ i, j ≤ k,

and the k × k matrix (σij )1≤i,j≤k is the inverse of the matrix (σij )1≤i,j≤k , with the latter

assumed to be nonsingular.

[Hint: This is just a matter of projecting X0 − µ0 onto the subspace spanned by 1,

X1 − µ1, . . . , Xk − µk in the space L2 of square integrable random variables on the given

probability space, with the inner product between two variables A and B being E(AB).]�
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2. Properties of orthogonal projections

This section develops properties of orthogonal projections. The results will prove to
be useful in analyzing the GLM.

Let (V, 〈·, ·〉) be an inner product space, let M be a subspace of V , and let

M⊥ = {x ∈ V : x ⊥ M } ≡ {x ∈ V : x ⊥ y for all y ∈ M } (2.1)

be the orthogonal complement of M . Note that M⊥ is a subspace of V . Let PM

and QM denote orthogonal projection onto M and M⊥, respectively, and let x ∈ V .
By Theorem 1.8,

x = PMx + QMx

is the unique representation of x as the sum of an element of M and an element of
M⊥.

2.2 Exercise [2]. Let M and M1, . . . , Mk be subspaces of V . Show that

d(M⊥) = d(V ) − d(M),

(M⊥)⊥ = M,

M1 ⊂ M2 ⇐⇒ M⊥
1 ⊃ M⊥

2 ,

(
∑

1≤i≤k
Mi)⊥ =

⋂
1≤i≤k

M⊥
i ,

(
⋂

1≤i≤k
Mi)⊥ =

∑
1≤i≤k

M⊥
i . �

2A. Characterization of orthogonal projections

Let T : V → V be a linear transformation. T is said to be idempotent if T 2 = T .
T is said to be self-adjoint if

〈Tx, y〉 = 〈x, Ty〉 (2.3)

for all x, y in V .

2.4 Proposition. (i) PM is an idempotent, self-adjoint, linear transformation with
range M and null space M⊥. (ii) Conversely, an idempotent, self-adjoint, linear
transformation T mapping V into V is the orthogonal projection onto its range.

Proof. (i) holds: Write P for PM and Q for QM . The properties of PM are all
immediate consequences of the orthogonality of M and M⊥ and the uniqueness of
the decompositions

x = Px + Qx (Px ∈ M, Qx ∈ M⊥)
y = Py + Qy (Py ∈ M, Qy ∈ M⊥),

to wit:

(a) P is linear, since x + y = Px + Qx + Py + Qy implies P (x + y) = Px + Py
and cx = cPx + cQx implies P (cx) = c(Px);
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(b) P is idempotent, since Px = Px + 0 implies P 2x = Px;

(c) P is self-adjoint, since 〈Px, y〉 = 〈Px, Py + Qy〉 = 〈Px, Py〉 = 〈Px +
Qx, Py〉 = 〈x, Py〉 for all x, y ∈ V ;

(d) M is the range of P , since on the one hand x ∈ V implies Px ∈ M and on
the other hand x ∈ M implies x = Px;

(e) M⊥ is the null space of P , since x ∈ M⊥ ⇐⇒ x = Qx ⇐⇒ Px = 0.

(ii) holds: For x ∈ V write
x = Tx + (x − Tx).

Since Tx ∈ R(T ), we need only show x−Tx ∈
(
R(T )

)⊥. For this observe that for all
y ∈ V , one has 〈x−Tx, Ty〉 = 〈T (x−Tx), y〉 = 〈Tx−T 2x, y〉 = 〈Tx−Tx, y〉 = 0.

2.5 Exercise [2]. Given 0 �= m ∈ M , show that the transformation

T : v → 〈v, m〉
〈m, m〉 m

has all the properties required to characterize it as orthogonal projection onto [m]. �

2.6 Exercise [2]. Let M be a subspace of V . Show that the orthogonal linear transfor-

mation T : V → V that reflects each x ∈ M through the origin and leaves each x ∈ M⊥

fixed is T = I − 2PM . �
2.7 Exercise [2]. Let T : V → V be self-adjoint. Show that

(R(T ))⊥ = N (T ) (2.8)

and deduce

R(T 2) = R(T ). (2.9)

[Hint: To get (2.9), first show that N (T 2) ⊂ N (T ).] �

2B. Differences of orthogonal projections

If M and N are two subspaces of V with M ⊂ N , the subspace

N − M = {x ∈ N : x ⊥ M } = N ∩ M⊥ (2.10)

is called the (relative) orthogonal complement of M in N .

2.11 Exercise [2]. Let M and N be subspaces of V with M ⊂ N . Show that if the vectors

v1, . . . , vk span N , then the vectors QM v1, . . . , QM vk span N − M . �

For self-adjoint transformations S and T mapping V to V , the notation

S ≤ T (2.12)

means 〈x, Sx〉 ≤ 〈x, Tx〉 for all x ∈ V .
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2.13 Proposition. Let M and N be subspaces of V . The following are equivalent:

(i) PN − PM is an orthogonal projection,

(ii) M ⊂ N ,

(iii) PM ≤ PN ,

(iv) ‖PNx‖2 ≥ ‖PMx‖2 for all x ∈ V ,

(v) PM = PMPN ,

and

(vi) PN − PM = PN−M .

Proof. (ii) implies (i) and (vi): Suppose M ⊂ N . We will show

PN = PM + PN−M

so that (i) and (vi) hold. PM +PN−M is a self-adjoint, linear transformation that is
idempotent

(
(PM + PN−M )2 = P 2

M + PMPN−M + PN−MPM + P 2
N−M = PM + 0 +

0+PN−M

)
; its range R is contained in N and yet R contains N because R contains

both M and N − M . According to Proposition 2.4, these properties characterize
PM + PN−M as PN .

(i) implies (iii): Write P for PN − PM . For all x ∈ V one has

〈PNx, x〉 − 〈PMx, x〉 =
〈
(PN − PM )x, x

〉
= 〈Px, x〉 = 〈P 2x, x〉 = 〈Px, Px〉 = ‖Px‖2 ≥ 0.

(iii) implies (iv): For all x ∈ V , ‖PNx‖2 = 〈PNx, PNx〉 = 〈x, PNx〉 ≥ 〈x, PMx〉 =
‖PMx‖2.

(iv) implies (v): For all x ∈ V ,

‖PMx‖2 = ‖PN (PMx)‖2 + ‖QN (PMx)‖2

≥ ‖PN (PMx)‖2 ≥ ‖PM (PMx)‖2 = ‖PMx‖2;

this implies QNPM = 0. Thus, for all x, y ∈ V ,

〈y, PMQNx〉 = 〈PMy, QNx〉 = 〈QNPMy, x〉 = 0,

so PMQN = 0 also. Now use

PM = PM (PN + QN ) = PMPN + PMQN

to conclude PM = PMPN .

(v) implies (ii): Since PM = PM (PN +QN ) = PMPN +PMQN , PM = PMPN entails
PMQN = 0 =⇒ N⊥ ⊂ M⊥ =⇒ M ⊂ N .

(vi) implies (i): Trivial.
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2.14 Exercise [3]. Let p and n1, . . . , np be given and let V ≡ { (xij )1≤j≤ni ,1≤i≤p : xij ∈ R }
be endowed with the dot-product

〈(xij ), (yij )〉 =
∑

1≤i≤p

∑
1≤j≤ni

xijyij .

Put

M = { (xij) ∈ V : for some β1, . . . , βp ∈ R, xij = βi for all i, j } = [v1, . . . , vp ]

and

M0 = { (xij) ∈ V : for some β ∈ R, xij = β for all i, j } = [
∑

1≤i≤p
vi],

where (vi)i′j′ = δii′ . Show that for each x ∈ V ,

(PM x)ij = x̄i ≡
1

ni

∑
1≤j≤ni

xij ,

(PM0x)ij = x̄ ≡ 1

n

∑
i
nix̄i· =

1

n

∑
ij

xij ,

(2.15)

with n =
∑

i
ni , and deduce that

(PM−M0x)ij = x̄i − x̄ . (2.16)

[Hint: v1, . . . , vp is an orthogonal basis for M .] �
2.17 Exercise [1]. Let M and N be subspaces of an inner product space V . Put L =

M ∩ N . Show that PM−LPN−L = PM PN − PL . �
2.18 Exercise [2]. Suppose L and M are subspaces of V . Put

K = PL(M) ≡ {PLm : m ∈ M }.

Show that

PV −M − PL−K = P(V −M )−(L−K). (2.19)

Solve this exercise twice: (1) by arguing that L − K ⊂ M⊥ (in fact, L − K = L ∩ M⊥);

and (2) by arguing (independently of (1)) that ‖QM x‖ ≥ ‖PL−K x‖ for each x ∈ V . �
2.20 Exercise [1]. Suppose x1, . . . , x� is a basis for a subspace N of V . Let M =
[x1, . . . , xk ] be the subspace spanned by the first k of the xi’s, where 1 ≤ k < �. For
an element v of V write

PM v =
∑k

i=1
aixi and PN v =

∑�

j=1
bjxj , (2.21)

and for j = k + 1, . . . , � write

PM xj =
∑k

i=1
ci,jxi; (2.22)

the coefficients ai, bj , and ci,j in these sums are of course unique. Show that for i = 1, . . . , k

ai = bi +
∑�

j=k+1
ci,jbj . (2.23) �
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2C. Sums of orthogonal projections

Two subspaces M and N of V are said to be orthogonal (or perpendicular), written
M ⊥ N , if m ⊥ n for each m ∈ M and n ∈ N .

2.24 Proposition. Let P1, P2, . . . , Pk be orthogonal projections onto M1, M2,
. . . , Mk, respectively. Set P = P1 + P2 + · · · + Pk. The following are equivalent:

(i) P is an orthogonal projection,

(ii) PiPj = 0 for all i �= j,

(iii) the Mi’s are mutually orthogonal,

and

(iv) P is orthogonal projection onto
∑

i Mi.

Proof. (i) implies (ii): For each x ∈ V , one has

‖x‖2 ≥ ‖Px‖2 = 〈Px, x〉 =
〈∑

i
Pix, x

〉
=
∑

i
〈Pix, x〉 =

∑
i
‖Pix‖2.

Taking x = Pjy gives

‖Pjy‖2 ≥ ‖Pjy‖2 +
∑

i �=j
‖PiPjy‖2.

As y ∈ V is arbitrary, we get PiPj = 0 for i �= j.

(ii) implies (iii): PiPj = 0 =⇒ Mj ⊂ M⊥
i =⇒ Mi ⊥ Mj .

(iii) implies (i), (iv): For any two orthogonal subspaces K and L of V , part (vi) of
Proposition 2.13 gives PK+L = PK + PL. By induction,

P =
∑

i
Pi = P∑

i Mi
.

(iv) implies (i): Trivial.

The most important thing here is that (iii) implies (iv): Given mutually orthog-
onal subspaces M1, . . . , Mk,

P∑
i Mi

=
∑

i
PMi . (2.25)

Notice how this generalizes (1.14).

2.26 Exercise [3]. Let I and J be positive integers and let the space V of I × J matrices
(xij)1≤i≤I,1≤j≤J be endowed with the dot-product

〈(xij ), (yij )〉 =
∑

i

∑
j
xijyij .
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Let MR be the subspace of row-wise constant matrices (xij = xij′ , for all i, j, j′), MC the
subspace of column-wise constant matrices (xij = xi′j , for all i, i′, j), and MG the subspace
of constant matrices (xij = xi′j′ , for all i, i′, j, j′). Show that

(PMR x)ij = x̄i· =
1

J

∑
j
xij , (2.27R)

(PMC x)ij = x̄·j ≡ 1

I

∑
i
xij , (2.27C )

(PMG x)ij = x̄·· ≡
1

IJ

∑
ij

xij (2.27G)

for each x ∈ V . Show further that

MG + (MR − MG) + (MC − MG)

is an orthogonal decomposition of

M = MR + MC

and deduce that

(PM x)ij = x̄i· + x̄·j − x̄·· . (2.28)

[Hint: The I × J matrices r1, . . . , rI defined by (ri)i′j′ = δii′ are an orthogonal basis

for MR .] �

2D. Products of orthogonal projections

Two subspaces M and N of V are said to be book orthogonal , written M ⊥B N , if
(M −L) ⊥ (N −L) with L = M ∩N . The imagery is that of two consecutive pages
of a book that has been opened in such a way that the pages are at right angles
to one another. Note that M ⊥B N if M ⊥ N , or if M ⊂ N , or if M ⊃ N . In
particular, V and the trivial subspace 0 are each book orthogonal to every subspace
of V .

2.29 Proposition. Let M and N be two subspaces of V . The following are equiv-
alent:

(i) PMPN is an orthogonal projection,

(ii) PM and PN commute,

(iii) M ⊥B N ,

and

(iv) PMPN = PL = PNPM with L = M ∩ N .

Proof. (iv) implies (i): Trivial.

(i) implies (ii): Given that PMPN is an orthogonal projection, one has

〈PMPNx, y〉 = 〈x, PMPNy〉 = 〈PMx, PNy〉 = 〈PNPMx, y〉

for all x, y ∈ V , so PMPN = PNPM .
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(ii) implies (iv): Set P = PMPN . Using (ii), we have that P is linear, self-adjoint,
and idempotent (P 2 = PMPNPMPN = P 2

MP 2
N = PMPN = P ); moreover, R(P ) =

L, so P = PL by Proposition 2.4.

(iv) is equivalent to (iii): On the one hand, (iv) means PMPN − PL = 0 and
on the other hand, (iii) is equivalent to PM−LPN−L = 0 (use (ii) ⇐⇒ (iii) in
Proposition 2.24). That (iii) and (iv) are equivalent follows from the identity
PM−LPN−L = PMPN − PL of Exercise 2.17.

2.30 Exercise [1]. Show that the subspaces MR and MC of Exercise 2.26 are book

orthogonal. �

2.31 Exercise [1]. In V = R
3, let x = (1, 0, 0)T , y = (0, 1, 0)T , and z = (0, 0, 1)T . Put

L = [x + y], M = [x, y], and N = [y, z]. Show that L ⊂ M and M ⊥B N , but it is not the

case that L⊥B N . �

2.32 Exercise [2]. Suppose that L1, . . . , Lk are mutually orthogonal subspaces of V .
Show that the subspaces

MJ =
∑

j∈J
Lj (2.33)

of V with J ⊂ {1, 2, . . . , k} are mutually book orthogonal. �

2.34 Exercise [2]. Show that if M and N are book orthogonal subspaces of V , then so

are M and N⊥, and so are M⊥ and N⊥. �

2.35 Exercise [2]. Suppose that M1, . . . , Mk are mutually book orthogonal subspaces

of V . Show that
∏

1≤j≤k
PMj is orthogonal projection onto

⋂
1≤j≤k

Mj and
∏

1≤j≤k
QMj

is orthogonal projection onto (
∑

1≤j≤k
Mj)⊥. �

2.36 Exercise [2]. Show that if M1, . . . , Mk are mutually book orthogonal subspaces

of V , then so are the subspaces of V of the form
⋂

j∈J
Mj , where J ⊂ {1, 2, . . . , k}. �

2.37 Exercise [3]. Prove the following converse to Exercise 2.32: If M1, . . . , Mn are

mutually book orthogonal subspaces of V , then there exist mutually orthogonal subspaces

L1, . . . , Lk of V such that each Mm can be written in the form (2.33).

[Hint: Multiply the identity IV =
∏

1≤�≤n
(PM� + QM� ) by PMm after expanding out the

product.] �

2.38 Exercise [4]. Let M and N be arbitrary subspaces of V and put L = M ∩N . Let the
successive products PM , PN PM , PM PN PM , PN PM PN PM , . . . of PM and PN in alternating
order be denoted by T1, T2, T3, T4, . . . . Show that for each x ∈ V ,

Tjx → PLx as j → ∞.

[Hint: First observe that Tj − PL is the j-fold product of PM−L and PN−L in alternating

order and then make use of Exercise 1.24.] �
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2E. An algebraic form of Cochran’s theorem

We begin with an elementary lemma:

2.39 Lemma. Suppose M , M1, M2, . . . , Mk are subspaces of V with M = M1 +
M2 + · · · + Mk. The following are equivalent:

(i) every vector x ∈ M has a unique representation of the form

x =
∑k

i=1
xi

with xi ∈ Mi for each i,

(ii) for 1 ≤ i < k, Mi and
∑

j>i Mj are disjoint,

(iii) d(M) =
∑k

i=1 d(Mi) (d ≡ dimension).

Proof. (i) is equivalent to (ii): Each of (i) and (ii) is easily seen to be equivalent
to the following property:

∑k

i=1
zi = 0 with zi ∈ Mi for each i implies zi = 0 for each i.

(ii) is equivalent to (iii): The identity

d(K + L) = d(K) + d(L) − d(K ∩ L),

holding for arbitrary subspaces K and L of V , gives

d
(
Mi +

(∑
j>i

Mj

))
= d(Mi) + d

(∑
j>i

Mj

)
− d
(
Mi ∩

(∑
j>i

Mj

))
for 1 ≤ i < k. Combining these relations, we find

d(M) = d
(∑k

j=1
Mj

)
=
∑k

j=1
d(Mj) −

∑k−1

i=1
d
(
Mi ∩

(∑
j>i

Mj

))
.

So d(M) =
∑k

i=1 d(Mi) if and only if d
(
Mi ∩ (

∑
j>i Mj)

)
= 0 for 1 ≤ i < k.

When the equivalent conditions of the lemma are met, one says that M is the
direct sum of the Mi’s, written M = ⊕k

i=1Mi. The sum M of mutually orthogonal
subspaces Mi is necessarily direct, and in this situation one says that the Mi’s form
an orthogonal decomposition of M .

We are now ready for the following result, which forms the algebraic basis for
Cochran’s theorem (see Section 3.9) on the distribution of quadratic forms in nor-
mally distributed random variables. There is evidently considerable overlap between
the result here and Proposition 2.24. Note though that here it is the sum of the
operators involved that is assumed at the outset to be an orthogonal projection,
whereas in Proposition 2.24 it is the individual summands that are postulated to be
orthogonal projections.
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2.40 Proposition (Algebraic form of Cochran’s theorem). Let T1, . . . , Tk be
self-adjoint, linear transformations of V into V and suppose that

P =
∑

1≤i≤k
Ti

is an orthogonal projection. Put Mi = R(Ti), 1 ≤ i ≤ k, and M = R(P ). The
following are equivalent:

(i) each Ti is idempotent,

(ii) TiTj = 0 for i �= j,

(iii)
∑k

i=1 d(Mi) = d(M),
and

(iv) M1, . . . , Mk form an orthogonal decomposition of M .

Proof. We treat the case where P is the identity transformation I on V , leaving
the general case to the reader as an exercise.

(i) implies (iv): Each Ti is an orthogonal projection by (i) and
∑

i Ti an orthogonal
projection by the umbrella assumption

∑
i Ti = I. Proposition 2.24 says that

∑
i Ti

is orthogonal projection onto the orthogonal direct sum ⊕iMi. But
∑

i Ti = I is
trivially orthogonal projection onto V . Thus the Mi’s form an orthogonal decom-
position of V .

(iv) implies (iii): Trivial.

(iii) implies (ii): For any x ∈ V ,

x = Ix =
∑

i
Tix,

so V =
∑k

i=1 Mi. Taking x = Tjy and using Lemma 2.39 with M = V , we get

TiTjy = 0 for i = 1, . . . , j − 1, j + 1, . . . , k

(as well as Tjy = T 2
j y — but we do not need this now). Since j and y are arbitrary,

TiTj = 0 for i �= j.

(ii) implies (i): One has, using (ii),

Ti − T 2
i = Ti(I − Ti) = Ti

(∑
j �=i

Tj

)
=
∑

j �=i
TiTj = 0

for all i.

2.41 Exercise [3]. Prove Proposition 2.40 for the general orthogonal projection P .

[Hint: The case of general P can be reduced to the case P = I, which was treated in the

preceding proof, by introducing T0 = QM . Specifically, let the conditions (i′), . . . , (iv′)

be defined like (i), . . . , (iv), but with the indices ranging from 0 to k instead of from 1

to k, and with M replaced by V . The idea is to show that condition (c′) is equivalent to

condition (c), for c = i, . . . , iv. In arguing that (ii) implies (ii′), make use of Exercise 2.7.]�
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2.42 Exercise [3]. In the context of R
n , suppose I = T1 + T2 with T1 being the transfor-

mation having the matrix

(tij ) =

⎛
⎜⎜⎝

1/n 1/n . . . 1/n
1/n 1/n . . . 1/n
...

...
...

1/n 1/n . . . 1/n

⎞
⎟⎟⎠

with respect to the usual coordinate basis, so that

[T1((xj))]i =
∑

1≤j≤n
tijxj

for 1 ≤ i ≤ n. In regard to Proposition 2.40, show that T1 and T2 are self-adjoint and that

some one (and therefore all) of conditions (i)–(iv) is satisfied. �
2.43 Exercise [2]. In the context of R

2, let T1 and T2 be the transformations having the
matrices

[T1] =

(
0 1
1 0

)
and [T2] =

(
1 −1

−1 1

)
with respect to the usual coordinate basis. Show that even though T1 and T2 are self-

adjoint and sum to the identity, some one (and therefore each) of conditions (i)–(iv) of

Proposition 2.40 is not satisfied. �

3. Tjur’s theorem

Let V be an inner product space. A finite collection L of distinct subspaces of V
such that

(T1) L1, L2 ∈ L implies L1 and L2 are book orthogonal,
(T2) L1, L2 ∈ L implies L1 ∩ L2 ∈ L, and (3.1)
(T3) V ∈ L

is called a Tjur system (after the Danish statistician Tue Tjur). For example, the
subspaces V , M , and M0 of Exercise 2.14 constitute a Tjur system, as do the
subspaces V , MR, MC , and MG of Exercise 2.26. Since intersections of mutually
book orthogonal spaces are themselves mutually book orthogonal (see Exercise 2.36),
any finite collection of mutually book orthogonal subspaces of V can be augmented
to a Tjur system.

The elements of a Tjur system L are partially ordered by inclusion. For L ∈ L
we write K ≤ L to mean that K ∈ L and K is a subset of L, and we write K < L to
mean that K ≤ L and K �= L. This notation is used in the following key theorem,
which shows that the elements of L can be represented neatly and simply in terms
of an explicit orthogonal decomposition of V .

3.2 Theorem (Tjur’s theorem). Let L be a Tjur system of subspaces of V . For
each L ∈ L, put

L◦ = L −
∑

K<L
K. (3.3)
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Then

(i) the subspaces L◦ for L ∈ L are mutually orthogonal,

(ii) V =
∑

L∈L L◦,

(iii) for each L ∈ L, one has L =
∑

K≤L K◦.

Moreover, the L◦’s are uniquely determined by these conditions.

Proof. (i) and (iii) imply (3.3): Suppose that {L∗ : L ∈ L} is a collection of
mutually orthogonal subspaces of V such that L =

∑
K≤L K∗ for each L ∈ L; we

claim L∗ = L◦ for each L. For this note that L∗ +
(∑

K<L K∗) is an orthogonal
decomposition of L, so

L∗ = L −
(∑

K<L
K∗) = L −

(∑
K<L

K
)

= L◦.

(3.3) implies (i)–(iii): We first use induction to show that

L =
∑

K≤L
K◦ (3.4)

for each L ∈ L. Condition (T2) implies that L has a smallest element, say L0; (3.4)
holds for L0 because L◦

0 = L0. Suppose now

K =
∑

J≤K
J◦ for all K ∈ L with K < L. (3.5)

Then

L = L◦ +
∑

K<L
K (by the definition (3.3) of L◦)

= L◦ +
∑

K<L

(∑
J≤K

J◦) (by the induction hypothesis (3.5))

= L◦ +
∑

J<L
J◦ =

∑
K≤L

K◦,

so (3.4) holds for L. Claim (iii) now follows from Exercise 3.7 below, and (ii) holds
because V ∈ L by (T3).

To complete the proof we show that (i) holds. Let L1, L2 ∈ L; we have to show
that

L◦
1 ⊥ L◦

2. (3.6)

By (T2), L = L1 ∩ L2 ∈ L. There are three cases to consider: (1) L < L1 and
L < L2; (2) L = L1; and (3) L = L2. In case (1), L◦

1 ⊂ L1 −L and L◦
2 ⊂ L2 −L, so

(3.6) holds because L1 and L2 are book orthogonal by (T1). In case (2), L1 < L2,
so (3.6) holds because L◦

1 ⊂ L1 and L◦
2 ⊂ L2 − L1. Case (3) is like case (2).
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3.7 Exercise (The principle of induction for a partially ordered set) [4]. Let I be a finite
set and let ≤ be a partial order on I:

i ≤ i for all i ∈ I, (3.81)

i ≤ j and j ≤ k implies i ≤ k, (3.82)

i ≤ j and j ≤ i implies i = j. (3.83)

For i, j ∈ I, write i < j to mean i ≤ j and i �= j. Say that an element j of I is minimal

if there does not exist an i ∈ I such that i < j. For each i ∈ I, let S(i) be a statement

involving i. Prove the principle of induction for I: If S(i) is valid for each minimal

element i, and if for each nonminimal element j, S(j) is valid whenever S(i) is valid for all

i < j, then S(j) is valid for all j ∈ I.

[Hint: If i < j and j < k, then i, j, and k must be distinct elements of I.] �
3.9 Exercise [2]. Show that the subspace L◦ defined by (3.3) can be written as L ∩
(
⋂

K<L
(L − K)).

[Hint: See Exercise 2.2.] �
3.10 Exercise [2]. Show by example that the conclusion (i) of Tjur’s theorem would not

follow if condition (T2) were dropped from (3.1). �
3.11 Exercise [1]. Use Tjur’s Theorem to solve Exercise 2.37. �

Tjur’s theorem states in part that
∑

L∈L L◦ is an orthogonal decomposition
of V . In applications one needs to know how to project onto the subspaces L◦, what
dimensions these subspaces have, and how long the components PL◦v of a vector
v ∈ V are. This information is readily obtained from corresponding information
about the original spaces L ∈ L. Indeed, conclusion (iii) in Tjur’s theorem implies
that

PL =
∑

K≤L
PK◦ for L ∈ L. (3.12)

These equations can be solved recursively for the PL◦ ’s, working upward from the
minimal element L0 of L to the maximal element V :

PL◦
0

= PL0 ,

PL◦ = PL −
∑

K<L
PK◦ for L > L0.

(3.13)

Similarly, the dimensions of the L◦ spaces can be found by solving the equations

d(L) =
∑

K≤L
d(K◦), L ∈ L, (3.14)

and for v ∈ V the squared lengths

�2
L◦ ≡ �2

L◦v = ‖PL◦v‖2 (3.15)

can be found from the corresponding squared lengths

�2
L ≡ �2

L(v) = ‖PLv‖2 (3.16)
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by solving the equations

�2
L =

∑
K≤L

�2
K◦ , L ∈ L. (3.17)

In specific situations the computations are facilitated by referring to a structure
diagram, which displays the ordering of the elements of L. The following example
illustrates the method.

3.18 Example. Consider the Tjur system {V, MR, MC , MG} of Exercise 2.26. For
notational simplicity write R for MR, C for MC , and G for MG. The structure
diagram is

V

R C

G

....................................................

...........
...........
...........
...........
........

...........
...........

...........
...........

........

....................................................

A line between two elements of L indicates that the lower subspace is included in the
upper one. No line needs to be drawn for the inclusion G ⊂ V , since that relation
is readily inferred from the diagram as it stands.

Formulas for the projections PL were given in Exercise 2.26 (see (2.27)). To
calculate the PL◦ ’s from the PL’s using (3.13), begin by superscripting each L in the
structure diagram by PL. Then, working upward from the bottom of the diagram,
subscript each L by PL◦ , calculated as the difference between the corresponding
superscript and the sum of all subscripts for spaces K strictly below L (that is,
for all K such that K < L). For example, the subscript on V is calculated as
PV − (PR◦ + PC◦ + PG◦). The result is

V PV
PV −PR −PC +PG

RPR
PR −PG

CPC
PC −PG

GPG
PG

....................................................

...........
...........
...........
...........
........

...........
...........

...........
...........

........

....................................................

The method of super
b scripts can also be used to organize the computation of

the d(L◦)’s and �2
L◦ ’s. For example, since d(V ) = IJ , d(R) = I, d(C) = J , and

d(G) = 1, the annotated structure diagram for the calculation of the d(L◦)’s is

V IJ
IJ−I−J+1

RI
I−1 CJ

J−1

G1
1

.........................................

...........
...........
...........
........

...........
...........

...........
........

.........................................

•
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The analysis of variance table for a Tjur system L lists for each L ∈ L the
quantities L◦, d(L◦), and �2

L◦ = ‖PL◦v‖2 appearing in the decompositions

V =
∑

L∈L
L◦, d(V ) =

∑
L∈L

d(L◦), ‖v‖2 =
∑

L∈L
�2
L◦(v).

Following conventional statistical practice, rows for smaller L’s (used in building
simpler models) appear above rows for larger L’s (used in building more complicated
models). The analysis of variance table for the Tjur system in the preceding Example
is given in Table 3.19.

3.19 Table. Analysis of variance table for the Tjur system {V, R, C, G} of Example 3.18.
The quantities �2

L = ‖PLv‖2 appearing in the “squared length” column are given by

�2
V =

∑
ij

v2
ij , �2

R = J
∑

i
v̄2

i·, �2
C = I

∑
j
v̄2
·j , �2

G = IJv̄2
·· .

Label Subspace Dimension Squared length

G G◦ = G 1 �2
G = IJv̄2

··

R R◦ = R − G I − 1 �2
R − �2

G = J
∑

i
(v̄i· − v̄··)

2

C C◦ = C − G J − 1 �2
C − �2

G = I
∑

j
(v̄·j − v̄··)

2

V V ◦ = V − (R + C + G) IJ − I − J + 1
�2
V − �2

R − �2
C + �2

G

=
∑

ij
(vij − v̄i· − v̄·j + v̄··)

2

Sum V IJ �2
V =

∑
ij

v2
ij

3.20 Exercise [2]. Verify the entries in the “squared lengths” column of Table 3.19. To

get the expressions to the left of the = signs, use the method of super
b scripts. To get

the expressions to the right of the = signs, use the formulas for the PL◦ ’s derived in

Example 3.18. �

3.21 Exercise [2]. Draw the structure diagram for the Tjur system {V, M, M0} of Ex-

ercise 2.14, and use the method of super
b scripts to construct the corresponding analysis of

variance table. �

3.22 Exercise (The Möbius inversion formula) [4]. As in Exercise 3.7, let ≤ be a partial
order on a finite set I. (1) The Möbius function of (I,≤) is the matrix µ = (µik)i∈I,k∈I

such that µik = 0 for i �≤ k and such that

∑
j : i≤j≤k

µij = δik for i ≤ k (3.23)

or, equivalently, ∑
j : i≤j≤k

µjk = δik for i ≤ k. (3.24)
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Prove that such a matrix µ exists and is inverse to the matrix ζ = (ζik)i∈I,k∈I with

ζik =

{
1, if i ≤ k,

0, otherwise;

ζ is called the zeta function of (I,≤). (2) Prove of functions f and g mapping I into some
vector space W that

g(j) =
∑

i≤j
f(i) for all j ∈ I (3.25)

if and only if

f(j) =
∑

i≤j
g(i)µij for j ∈ I; (3.26)

this result is called the Möbius inversion formula.

[Hint: For each fixed i ∈ I, equation (3.23) can be solved recursively for µik with i ≤ k.]�
3.27 Exercise [3]. Recall that the elements of a Tjur system L of subspaces of V are
partially ordered by inclusion (≤). Let µ be the Möbius function for (L,≤). Use the
Möbius inversion formula from the preceding exercise to show that

PL◦ =
∑

PK µKL , d(L◦) =
∑

d(K)µKL , �2
L◦ =

∑
�2
K µKL (3.28)

for all L ∈ L, the summations in each case extending over K ≤ L or even over all K ∈ L.

Check (3.28) against the entries in Table 3.19. �
As Example 3.18 suggests, Tjur systems arise naturally in the theory of the

design of experiments. The rest of this section elaborates on this idea. In particu-
lar, we will see how the notions of book orthogonality, intersection, and inclusion of
subspaces correspond to certain simple relationships among the levels of the treat-
ments assigned to the experimental units.

The design of an experiment often calls for the available experimental units
(for example, plots of land) to be divided into groups, with each unit in a group
receiving the same level of some experimental treatment (for example, type of seed).
To abstract this idea, let X be a finite set whose elements are called experimental
units. A (treatment) factor F is a partition of X into nonempty disjoint subsets
called blocks, or levels, of F . The factor U whose blocks are single units is called the
units factor , while the factor T having only one block is called the trivial factor .

For a subset f of X put

|f | = cardinality(f), (3.29)

the number of experimental units in f . A factor F is said to be balanced if each of
its levels is assigned the same number of units, that is, if

|f | = |g| for all blocks f and g of F . (3.30)

For example, if X = { (i, j) : 1 ≤ i ≤ I, 1 ≤ j ≤ J }, then the row factor R with
blocks ri = { (i, j) : 1 ≤ j ≤ J } for 1 ≤ i ≤ I is balanced because |ri| = J for each i.
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If F is a factor and x and y are experimental units, the notation

x ∼F y (3.31)

means that x and y are assigned the same level of F , that is, belong to the same
block of F . The relation ∼F is an equivalence relation:

x ∼F x for each x ∈ X, (3.321)

x ∼F y implies y ∼F x, (3.322)

x ∼F y and y ∼F z implies x ∼F z. (3.323)

Conversely, if ∼ is an arbitrary equivalence relation on X, then its equivalence classes
constitute a factor. The correspondence between factors and equivalence relations
is one-to-one.

Let F and G be factors. One says F is nested in G if each block of G is a union
of blocks of F or, equivalently, if

for x, y ∈ X, x ∼F y implies x ∼G y; (3.33)

this situation is written as
G ≤ F (3.34)

because it implies that F has at least as many levels as G. The units factor U is
nested in each factor, and each factor is nested in the trivial factor T . The relation
≤ is a partial order on the set of factors of X:

F ≤ F for all factors F , (3.351)

H ≤ G and G ≤ F implies H ≤ F , (3.352)

G ≤ F and F ≤ G implies F = G. (3.353)

Interesting factors can be built up from given ones by means of their equivalence
relations. For example, suppose F and G are factors. Write

x ∼× y (3.36)

for x, y ∈ X to mean x ∼F y and x ∼G y. ∼× is an equivalence relation; the factor
F × G whose blocks are the ∼×-equivalence classes is called the cross-classification
induced by F and G. It turns out that F × G is the least upper bound of F and G
with respect to the “nested in” ordering, so F ×G is also called the maximum of F
and G and written as F ∨ G.

3.37 Exercise [2]. Let F and G be factors. Show that F × G is indeed the least upper
bound of F and G with respect to the ordering (3.34):

F ≤ F × G and G ≤ F × G, (3.381)

F ≤ H and G ≤ H implies F × G ≤ H. (3.382) �
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Let again F and G be factors. Write

x ∼∧ y (3.39)

for x, y ∈ X to mean that there exists a finite sequence z0, . . . , zk of experimental
units such that

z0 = x and zk = y (3.401)
and

zj−1 ∼F zj and/or zj−1 ∼G zj for 1 ≤ j ≤ k. (3.402)

Loosely speaking, x ∼∧ y if it is possible to move from x to y through X in a finite
number of steps, each of which takes place within a block of F (an F -step) or a
block of G (a G-step); an efficient move would alternate F -steps with G-steps, but
this is not required. ∼∧ is an equivalence relation; the factor whose blocks are the
∼∧-equivalence classes turns out to be the greatest lower bound of F and G, and
so it is called the minimum of F and G and written as F ∧ G.

3.41 Exercise [3]. Let F and G be factors. Verify that the relation ∼∧ is indeed an
equivalence relation and that the factor F ∧ G is the greatest lower bound of F and G:

F ∧ G ≤ F and F ∧ G ≤ G, (3.421)

H ≤ F and H ≤ G implies H ≤ F ∧ G. (3.422) �

3.43 Example. Suppose X = {1, 2, 3, 4, 5, 6, 7, 8, 9} and the experimental units are
allocated to the 3 levels r1, r2, and r3 of a row factor R and the 3 levels c1, c2, and
c3 of a column factor C as indicated below.

Columns

Rows c1 c2 c3

r1 1,2 3

r2 4,5 6 9

r3 7,8

For example, units 1, 2, and 3 are assigned to level r1 of R, and units 3 and 6 are
assigned to level c2 of C. The blocks of R×C are {1, 2}, {3}, {4, 5}, {6}, {7, 8}, and
{9}. R ∧ C is the trivial factor because each unit can be reached from each other
unit by a succession of row and column steps. If the last experimental unit 9 were
to be removed from X, then R∧C would have 2 blocks, {1, 2, 3, 4, 5, 6} and {7, 8}.•

3.44 Exercise [4]. Let F1, . . . , Fk be factors such that f1 ∩ · · · ∩ fk �= ∅ for all f1 ∈ F1,
. . . , fk ∈ Fk . For subsets J of K ≡ {1, . . . , k}, let

FJ =
∏

j∈J
Fj (3.45)
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denote the cross-classification induced by factors Fj with j ∈ J — x ∼FJ y if and only if
x ∼Fj y for all j ∈ J . (Take F∅ to be trivial factor T .) Show that

FJ1 ∧ FJ2 = FJ1∩J2 (3.46)

for all subsets J1 and J2 of K.

[Hint First do the case where k = 3, J1 = {1, 2}, and J2 = {2, 3}.] �

Now let V be the vector space of real-valued functions on X. For each subset f
of X, let If ∈ V be the indicator function of f :

If (x) =
{

1, if x ∈ f ,

0, if x /∈ f .
(3.47)

For each factor F , let

LF = [ If : f ∈ F ] = { v ∈ V : x ∼F y implies v(x) = v(y) } (3.48)

be the subspace of V consisting of functions that are constant on each block of F .
Note that LF has dimension

d(LF ) = |F |, the number of blocks of F. (3.49)

3.50 Proposition. Let F and G be factors. Then

G ≤ F if and only if LG ⊂ LF (3.51)

and

LF∧G = LF ∩ LG. (3.52)

Proof. G ≤ F implies LG ⊂ LF : G ≤ F means that each block of G is a union of
blocks of F , so constancy on blocks of G trivially implies constancy on blocks of F .

LG ⊂ LF implies G ≤ F : Suppose LG ⊂ LF . Let g be a block of G and f be a
block of F such that f ∩ g �= ∅. We have to show that f ⊂ g. For this, note that the
function Ig ∈ LG ⊂ LF has the value 1 at some point of f and so is identically 1
on f .

LF∧G ⊂ LF ∩ LG: This follows from (3.51) applied to F ∧ G ≤ F and F ∧ G ≤ G.

LF ∩ LG ⊂ LF∧G: Suppose v ∈ V is constant over blocks of both F and G. We
have to show v is constant over blocks of F ∧ G. For this, suppose x, y ∈ X with
x ∼F∧G y. Choose z0, . . . , zk satisfying (3.40). Then v(zj−1) = v(zj) for each j, so
v(x) = v(z0) = v(zk) = v(y).

Now let V be endowed with the dot-product

〈u, v〉 =
∑

x∈X
u(x)v(x). (3.53)
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Let PF denote orthogonal projection onto LF . Since the functions If for f ∈ F are
an orthogonal basis for LF , we have

PF v =
∑

f∈F
v̄fIf , (3.54)

where

v̄f =
〈If , v〉
〈If , If 〉

=
1
|f |
∑

x∈F
v(x); (3.55)

in other words, the value of PF v at an experimental unit y is the average value
of v ∈ V over all units x that are in the same block of F as y. In situations where
the symbol v is adorned with subscripts and/or superscripts, we will sometimes
write Af (v) in place of v̄f . Note that

�2
LF

(v) ≡ ‖PF v‖2 =
∑

x∈X

(
(PF v)(x)

)2 =
∑

f∈F
|f | v̄2

f ≡ SSF , (3.56)

where the symbol SS denotes sum of squares.
Two factors F and G are said be orthogonal if LF and LG are book orthogonal.

By Proposition 2.29, this is equivalent to PF PG = PGPF , and also to PF PG =
PLF ∩LG

. In view of (3.52), this last condition is the same as PF PG = PF∧G. The
following proposition gives a useful characterization of orthogonality in terms of the
sizes of the blocks of F , G, and F ∧ G. If f and h are subsets of X, say that f is
nested in h if f is a subset of h.

3.57 Proposition. The factors F and G are orthogonal if and only if

|f ∩ g|
|h| =

|f |
|h| ×

|g|
|h| (3.58)

for all blocks f ∈ F , g ∈ G, and h ∈ H ≡ F ∧ G such that f and g are nested in h.

Proof. The functions δx = I{x}, x ∈ X, form a basis for V , so F and G are
orthogonal if and only if 〈δx, PHδy〉 = 〈δx, PF PGδy〉, and hence if and only if

〈δx, PHδy〉 ≡ 〈PF δx, PGδy〉 (3.59)

for all x, y ∈ X. The left- and right-hand sides of (3.59) are 0 unless x and y both
belong to the same block h of H, in which case the left-hand side is〈

δx,
∑

h̃∈H
Ah̃(δy)Ih̃

〉
= Ah(δy) = 1/|h|

and the right-hand is

〈∑
f̃∈F

Af̃ (δx)If̃ ,
∑

g̃∈G
Ag̃(δy)Ig̃

〉
= Af (δx)Ag(δy)〈If , Ig〉 =

|f ∩ g|
|f | |g| ,

where f is the block of F containing x and g is the block of G containing y; neces-
sarily, f ⊂ h and g ⊂ h.
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3.60 Exercise [2]. Show of factors F and G that G ≤ F implies that F and G are

orthogonal. Solve this exercise twice, once using (3.51) and once using (3.58). �
The following exercise gives a convenient reformulation of the orthogonality

criterion (3.58).

3.61 Exercise [3]. Let F and G be factors. Show that F and G are orthogonal if and
only if:

For each level h of H ≡ F ∧ G and levels g1 and g2 of G nested in h, there
exists a constant c = c(h, g1, g2) such that |f ∩ g1| = c|f ∩ g2| for all levels f
of F nested in h,

(3.62)

this being the so-called condition of proportional cell counts. �
3.63 Exercise [2]. Each of the four tables below gives the number of experimental units
to be allocated to the cells of a 3 × 3 rectangular array. In which cases is the implied row
factor R orthogonal to the implied column factor C?

Table 1 Table 2 Table 3 Table 4

1 1 1 3 3 3 2 1 0 2 1 0

1 1 1 2 2 2 2 1 1 2 1 0

1 1 1 1 1 1 0 0 2 0 0 2 �

3.64 Exercise [2]. Consider a 2×2×2 design having a row factor R with levels r1 and r2,
a column factor C with levels c1 and c2, and a height factor H with levels h1 and h2.
Suppose the 10 experimental units are allocated in such a way that

|ri ∩ cj ∩ hk | =

{
2, if (i, j, k) = (1, 1, 2) or (2,2,2),

1, otherwise.

Show that R ⊥ H and C ⊥ H, but (R × C) ⊥/ H. Is (R ∧ C) ⊥ H? �
A Tjur design D is a collection of distinct factors such that

(D1) F, G ∈ D implies F and G are orthogonal,
(D2) F, G ∈ D implies F ∧ G ∈ D, and (3.65)
(D3) the units factor U is in D.

The subspaces LF for F in a Tjur design D constitute a Tjur system L; indeed,
(D1) trivially implies (T1), (D2) implies (T2) by (3.52), and (D3) implies (T3) since
LU = V . Moreover, by (3.51), the ordering of the factors F ∈ D corresponds to
the ordering of the LF ’s. The quantities PLF

≡ PF , d(LF ), and SSF = ‖PF v‖2

are easily obtained from (3.54), (3.49), and (3.56), respectively, and the analysis of
variance table can be written down more or less at sight using a factor structure
diagram and the method of super

b scripts.

3.66 Exercise (A split-plot design) [4]. Suppose that 5 treatments a1, . . . , a5 are applied
to 15 plots, each treatment being applied to 3 plots. Each plot is subdivided into 2 subplots
to which 2 further treatments b1, b2 are applied, 1 treatment to each subplot. The relevant
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factors are: the units factor U (for subplots) with 30 levels; a “plot” factor P with 15 levels,
an “a-treatment” factor A with 5 levels, a “b-treatment” factor B with 2 levels, a “combined
treatment” factor A × B with 10 levels, and the trivial factor T with 1 level. Using the
following template of •’s to represent the 30 subplots, show one way of assigning the
experimental units to these factors:

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

•
•

Verify that {U, P, A, B, A × B, T} is a Tjur design with the factor structure diagram

U

P A × B

A B

T

....................................................

....................................................

.....................................

.....................................
................

................
................

................
................

................
................

...........
...........

...........
...........

........

...........
...........
...........
...........
........

and use the method of super
b scripts to compute the corresponding analysis of variance

table. �

4. Self-adjoint transformations and the spectral theorem

Recall that a linear transformation T : V → V such that

〈Tx, y〉 = 〈x, Ty〉 for all x, y ∈ V (4.1)

is said to be self-adjoint. In this section we are going to study the geometry of
self-adjoint transformations.

A few words are in order about one reason why self-adjoint transformations
are of special interest in the study of the GLM. Consider the canonical example
(V, 〈·, ·〉) = (Rn, dot product). Suppose Y n×1 = (Yi)1≤i≤n is a random vector in R

n

with dispersion matrix Σn×n = (σij)1≤i≤n,1≤j≤n:

σij = Cov(Yi, Yj).

The covariance between any two linear combinations
∑

i ciYi = cT Y and
∑

j djYj =
dT Y of the Y ’s is given by

Cov(cT Y , dT Y ) =
∑

ij
ciσijdj = cT Σd.

The probabilistic identity

Cov(cT Y , dT Y ) = Cov(dT Y , cT Y )
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implies the algebraic identity

〈 c,Σd 〉 = cT Σd = dT Σc = 〈Σc, d 〉.

This says that the linear transformation

TΣ: x → Σx

is self-adjoint. Notice also that

〈TΣx, x〉 = 〈Σx, x〉 = xT Σx = Var(xT Y ).

Thus variance/covariance structures are intimately related to self-adjoint transfor-
mations.

4.2 Exercise [2]. Let T : V → V be a linear transformation and let A = (aik) be the
matrix of T with respect to a given orthonormal basis b1, . . . , bn for V , so that

Tbk =
∑

i
aikbi for 1 ≤ k ≤ n.

Show that

ajk = 〈bj , T bk〉

for all j, k and conclude that T is self-adjoint if and only if A is symmetric. �
We have seen that any orthogonal projection is self-adjoint. And, of course, the

action of an orthogonal projection is geometrically obvious: PM leaves each x ∈ M
fixed, kills each y ∈ M⊥, and maps the general V vector z = x + y with x ∈ M and
y ∈ M⊥ into PMz = PMx + PMy. More generally, if

V = M1 + · · · + Mk

is a decomposition of V into mutually orthogonal subspaces and if λ1, . . . , λk are
any scalars, then

T =
∑

1≤i≤k
λiPMi (4.3)

is self-adjoint, being a linear combination of self-adjoint transformations. Again the
action of such a T is geometrically clear: Since

T
(∑

1≤i≤k
xi

)
=
∑

1≤i≤k
λixi for xi ∈ Mi, 1 ≤ i ≤ k,

T just dilates (or contracts) by a factor of λi within Mi, 1 ≤ i ≤ k. The remarkable
thing is that (4.3) describes the most general self-adjoint transformation on V :

4.4 Theorem (Spectral theorem). Suppose T : V → V is linear and self-adjoint.
Then there exists an orthogonal decomposition V = ⊕k

i=1Mi of V into nontrivial
subspaces Mi and distinct scalars λi such that

T =
∑

1≤i≤k
λiPMi . (4.5)
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Suppose T is self-adjoint and therefore of the form (4.5). One can characterize
the λi’s and Mi’s in terms of the eigenvalues and eigenvectors of T . Recall that
for any linear transformation S: V → V , λ is called an eigenvalue of S if there is a
nonzero eigenvector x ∈ V such that

Sx = λx; (4.6)

the subspace of all x ∈ V such that (4.6) holds is called the eigenmanifold of λ,
denoted Eλ. From what was said earlier about the geometric action of T , it is
clear that the λi’s are precisely the distinct eigenvalues of T and the Mi’s are the
corresponding eigenspaces. Also, for any x ∈ V ,

QT (x) ≡
〈
Tx, x

〉
=
〈∑

i
λixi,

∑
j
xj

〉
=
∑

i
λi‖xi‖2, (4.7)

where xi = PMi x for 1 ≤ i ≤ k. (The Q in QT stands for “quadratic form,”) For x
of unit length, that is, for

1 = ‖x‖2 =
∑

i
‖xi‖2,

QT (x) is thus a weighted average of the λi’s. This observation leads to the following
extremal characterization of the λi’s. Assuming the λi’s to be indexed in decreasing
order, so that λ1 > λ2 > · · · > λk, one has

λ1 = sup{QT (x) : ‖x‖ = 1 }
λ2 = sup{QT (x) : ‖x‖ = 1, x ⊥ Eλ1 }
...

...
λk = sup{QT (x) : ‖x‖ = 1, x ⊥ (Eλ1 + · · · + Eλk−1) }.

(4.8)

Proof of the Spectral theorem. Let T be self-adjoint and linear. We are going
to produce the representation (4.5) using (4.8) to define the λi’s. To begin, consider

λ1 ≡ sup{QT (x) : x ∈ B },

where
B = {x ∈ V : ‖x‖ = 1 }.

Since with respect to the distance function

d(x, y) = ‖y − x‖

the closed bounded set B is compact (see Exercise 1.23) and the mapping

x → QT (x) = 〈Tx, x〉

is continuous, and since continuous functions on compact sets achieve their suprema,
there exists an x ∈ B such that

QT (x) = λ1.
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We claim that such an x is an eigenvector of T with eigenvalue λ1, that is,

Tx = λ1x.

Notice that

λ1x = 〈Tx, x〉x =
〈Tx, x〉
〈x, x〉 x = P [x](Tx).

So if
Tx �= λ1x,

then the residual vector
r = Tx − P [x](Tx)

is nonzero, and the idea is to produce a contradiction by perturbing x in the direction
r so as to produce a vector y ∈ B such that QT (y) > QT (x). Specifically for real δ
set

yδ =
x + δr

‖x + δr‖ ∈ B

and note that

QT (yδ) = 〈Tyδ, yδ〉

=
〈Tx + δTr, x + δr〉

‖x + δr‖2

=
〈Tx, x〉 + δ

(
〈Tr, x〉 + 〈Tx, r〉

)
+ δ2〈Tr, r〉

‖x + δr‖2

=
〈Tx, x〉 + 2δ〈Tx, r〉 + δ2〈Tr, r〉

‖x + δr‖2
(T is self-adjoint)

=
〈Tx, x〉 + 2δ‖r‖2 + δ2〈Tr, r〉

‖x‖2 + δ2‖r‖2
(r = Q[x]Tx ⊥ x).

Since ‖r‖ �= 0 by supposition, QT (yδ) > 〈Tx, x〉/‖x‖2 = QT (x) for sufficiently small
positive δ.

This shows that λ1 is an eigenvalue of T . Let M1 be the associated eigenspace.
If M1 = V , then T = λ1PM1 and we are done. Otherwise note that for x ∈ M1 and
y ∈ M⊥

1 ,

〈x, Ty〉 = 〈Tx, y〉 = λ1〈x, y〉 = 0,

so T maps M⊥
1 into itself. Applying the preceding argument to the restriction T1

of T to M⊥
1 we find that

λ2 = sup{QT1(x) ≡ QT (x) : x ∈ B and x ⊥ M1 }
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is an eigenvalue of T1 (and therefore of T ) with some nontrivial eigenspace M2 ⊂
M⊥

1 . If M2 = M⊥
1 , we have T = λ1PM1 + λ2PM2 and are done. Otherwise we

recursively define λi and Mi for i = 3, . . . by

λi = sup{QT (x) : x ∈ B and x ⊥ (M1 + · · · + Mi−1) }
Mi = eigenspace of λi for T restricted to (M1 + · · · + Mi−1)⊥,

stopping the process with the first index k such that
∑

1≤i≤k Mi is V ; such a k exists
because each new eigenspace adds at least one dimension to the sum. We then have
T =

∑
1≤i≤k λiPMi .

4.9 Exercise [3]. Find the spectral representation (4.5) of the transformation T : Rn → R
n

corresponding to the matrix ⎛
⎜⎜⎜⎝

a b b · · · b
b a b · · · b
b b a · · · b
...

...
... · · ·

...
b b b · · · a

⎞
⎟⎟⎟⎠

. �

4.10 Exercise [2]. Use the Spectral theorem to solve Exercise 2.7. �
4.11 Exercise [3]. Use the Spectral theorem to show that if An×n is a symmetric matrix,

then there exists an orthogonal matrix On×n such that D ≡ OTAO is diagonal. �
4.12 Exercise [3]. Suppose T : V → V is linear self-adjoint and positive semi-definite

(〈v, Tv〉 ≥ 0 for all v ∈ V ). Show that there exists a unique linear self-adjoint positive

semi-definite transformation S: V → V such that T = S2. (S is called the (positive) square

root of T ; one writes S =
√

T .) �

5. Representation of linear and bilinear functionals

For fixed v ∈ V , the mapping

x → 〈x, v〉 (x ∈ V )

is a linear functional on V , that is, a linear transformation from V to R. The
following result says every linear functional on V is of this form.

5.1 Proposition (Representation theorem for linear functionals). If ψ is a
linear functional on V , then there exists a unique v ∈ V such that

ψ(x) = 〈x, v〉 for all x ∈ V . (5.2)

The v of (5.2) is called the coefficient vector of ψ; one writes v = c.v.(ψ), or
just v = cv(ψ).

Proof of the Representation theorem. Uniqueness: If v and w are both coef-
ficient vectors for ψ, then their difference is orthogonal to every vector in V and so
is 0.
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Existence: If the desired representation holds, then the null space of ψ is the or-
thogonal complement of [v] in V . This observation suggests how to proceed. To
avoid trivialities, suppose ψ is not identically 0 and let N be its null space. Since

d(N) = d(V ) − d
(
R(ψ)

)
= d(V ) − 1,

N⊥ is one-dimensional and so of the form [w] for some 0 �= w ∈ V . The idea is to
exhibit the desired coefficient vector as a scalar multiple of w, say dw. Since the
general vector

z = y + cw (y ∈ N, c ∈ R)

of V is mapped by ψ into

ψ(z) = ψ(y) + cψ(w) = cψ(w)

and by 〈·, dw〉 into
〈z, dw〉 = 〈y + cw, dw〉 = cd〈w, w〉,

the appropriate choice of d is

d =
ψ(w)
‖w‖2

.

There are two common ways to produce the coefficient vector v of a given linear
functional. One way is the direct-construction method , which constructs v as in the
existence part of the proof. The other way is the confirmation method , which checks
that a conjectured v satisfies (5.2) and then appeals to uniqueness.

5.3 Exercise [3]. Suppose x1, x2, . . . , xn is a basis for V , so that each x ∈ V has a unique
representation of the form

x = x1β1 + x2β2 + · · · + xnβn .

Show that the coefficient vector of the so-called jth-coordinate functional

ψj : x → βj

is

vj ≡
(

Qjxj

‖Qjxj‖

)
1

‖Qjxj‖
, (5.4)

where Qj = I − Pj with Pj being projection onto the manifold spanned by the xi’s for

i �= j. Solve this exercise twice, once using the direct-construction method and once using

the confirmation method. �
Suppose now F : V × V → R is a bilinear functional , that is, linear in each

component, the other component being held fixed. For each z ∈ V , the map

y → F (y, z)

is linear and so of the form
F (y, z) = 〈y, Cz〉



38 CHAPTER 2. TOPICS IN LINEAR ALGEBRA

for a unique vector Cz ∈ V . Since

〈y, C(c1z1 + c2z2)〉 = F (y, c1z1 + c2z2) = c1F (y, z1) + c2F (y, z2)

= 〈y, c1Cz1 + c2Cz2〉

for all y ∈ V , the mapping C: V → V is linear. We have established:

5.5 Proposition (Representation theorem for bilinear functionals). If
F : V ×V → R is bilinear, then there exists a unique linear transformation C: V → V
such that

F (x, y) = 〈x, Cy〉 for all x and y ∈ V . (5.6)

This result has several important consequences. First, if T : V → V is linear,
then

F (x, y) ≡ 〈Tx, y〉
defines a bilinear functional on V that is necessarily of the form

〈Tx, y〉 = 〈x, T ′y〉

for some unique linear transformation T ′: V → V . T ′ is called the adjoint of T . One
has

(T ′)′ = T, (ST )′ = T ′S′, (5.7)

and T ′ = T if and only if T is self-adjoint in the sense of (4.1). Moreover, T is
orthogonal if and only if T ′ = T−1, because the identity

〈Tx, Ty〉 − 〈x, y〉 = 〈(T ′T − I)x, y〉

for x, y ∈ V implies that T preserves inner products if and only if T ′T = I.

5.8 Exercise [1]. Let T be a linear transformation from V to V , and let A = (aij ) be the

matrix of T with respect to a given orthonormal basis for V . Show that the matrix of T ′

is the transpose (aji) of A. �
5.9 Exercise [3]. Let T be a linear transformation from V to V . Show that N (T ′) =

(R(T ))⊥ and deduce that T ′ is nonsingular if and only if T is. �
5.10 Exercise [3]. Let M be a subspace of V and let O: V → V be an orthogonal linear

transformation. Show that OPMO′ is orthogonal projection onto O(M). �
5.11 Exercise [3]. Locate at least two places where use of the relation (ST )′ = T ′S′ would

simplify the calculations in Section 2.2. �
Next suppose that F : V × V → R is both bilinear and symmetric. The repre-

senting transformation C is then self-adjoint and one can find an orthonormal basis
for V consisting of the eigenvectors b1, . . . , bn of C with the associated eigenvalues
λ1, . . . , λn. F then takes the form

F (x, y) = 〈x, Cy〉 =
〈∑

i
cibi, C

∑
j
djbj

〉
=
∑

i
λicidi, (5.12)
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where the ci = 〈x, bi〉’s and dj = 〈y, bj〉’s are the coefficients of x and y with respect
to the b-basis. Thus, when viewed from the right perspective, the general symmetric
bilinear functional on V is just a weighted dot-product (the weights can be zero or
negative).

5.13 Exercise [3]. A quadratic form Q on V is a functional of the form

Q(v) = 〈Cv, v〉

for some linear transformation C: V → V . Show that there is no loss of generality in
supposing that C is self-adjoint, in which case C is uniquely determined by Q.
[Hint: For uniqueness, generalize (1.6) to

〈Cv, w〉 =
Q(v + w) − Q(v) − Q(w)

2
.] (5.14) �

Finally, suppose F = [·, ·] is another inner product on V , so that F is positive-
definite in addition to being symmetric and bilinear. We then have

[x, y] = 〈x, Cy〉 for all x and y in V (5.15)

for a unique self-adjoint linear transformation C on V that is positive-definite in the
sense that

〈x, Cx〉 ≥ 0 for all x ∈ V and 〈x, Cx〉 = 0 only for x = 0.

In other words, with respect to an appropriate orthonormal basis b1, . . . , bn, [·, ·]
takes the form

[x, y] =
∑

i
λicidi, for ci = 〈x, bi〉, di = 〈y, bi〉, (5.16)

with the weights λ1, λ2, . . . , λn being strictly positive.

5.17 Exercise [4]. Suppose V and W are both inner product spaces. Formulate and prove
a representation theorem for bilinear functionals on V × W . Show that if T : V → W is
linear, then there exists a unique linear transformation T ′: W → V such that

〈Tv, w〉W = 〈v, T ′w〉V for all v ∈ V and w ∈ W ; (5.18)

T ′ is called the adjoint of T . Formulate and prove extensions of (5.7) and the assertion of

Exercise 5.8. �

5.19 Exercise [2]. Suppose M is a subspace of V . Up to now we have considered PM as a

linear transformation from V to V , and as such it is self-adjoint. One can, however, think

of PM as being a linear transformation from V to M . If one takes this point of view, what

then is the adjoint of PM ? (The inner product of two elements of M is defined to be their

inner product in V .) �
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5.20 Exercise [3]. Suppose V and W are both inner product spaces and that T : V → W
is linear. Show that

R(T ′) = R(T ′T ) and N (T ) = N (T ′T ). (5.21)

Deduce that T ′T is nonsingular if and only if T is. �
5.22 Exercise [3]. Suppose B and V are both inner product spaces and that T : B → V

is linear. Put M = T (B) = {Tb : b ∈ B }. Show that M is a subspace of V and that for

each v ∈ V , one has PM v = Tb if and only if b ∈ B satisfies the so-called normal equations

T ′Tb = Tv. Do not assume that T is nonsingular. �
5.23 Exercise [3]. Suppose 〈·, ·〉 and [·, ·] are both inner products on V . Express the

unique [·, ·]-self-adjoint, positive-definite linear transformation D such that 〈x, y〉 = [x, Dy]

for all x, y ∈ V in terms of the C of equation (5.15). �

6. Problem set: Cleveland’s identity

Let (V, 〈·, ·〉) be an inner product space. Let 〈·, ·〉∗ = 〈·, ∆·〉 be another inner product
on V : ∆ is a positive-definite self-adjoint linear transformation from V to V . For
any subspace M of V , let PM denote projection onto M with respect to 〈·, ·〉, and
let P ∗

M denote projection onto M with respect to 〈·, ·〉∗. Denote the corresponding
residual projections by QM and Q∗

M , respectively. For any vector z in V , one has
of course

‖Q∗
Mz‖2 ≥ ‖QMz‖2.

The question of how much larger can ‖Q∗
Mz‖2 be than ‖QMz‖2 is addressed by

Cleveland’s identity, which asserts that

supM supz∈V,z �∈M

‖Q∗
Mz‖2

‖QMz‖2
=

(1 + τ)2

4τ
, (6.1)

where

τ =
λn

λ1
(6.2)

is the ratio of the largest eigenvalue λn of ∆ to the smallest eigenvalue λ1 of ∆. By
the extremal characterization of the eigenvalues of ∆, one has

λ1 = infv∈V,v �=0

(‖v‖∗
‖v‖

)2

and λn = supv∈V,v �=0

(‖v‖∗
‖v‖

)2

. (6.3)

In this problem set you are asked to establish (6.1). Here are the steps in the
argument. To begin with, suppose M and z �∈ M are given; one needs to show

‖Q∗
Mz‖2

‖QMz‖2
≤ (1 + τ)2

4τ
. (6.4)

A. Show that, without loss of generality, one can consider just the case where z ⊥ M
(with respect to 〈·, ·〉) with ‖z‖ = 1 and where M is one-dimensional, say M = [y]
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with ‖y‖ = 1.
[Hint: Given z and M such that PMz �= P ∗

Mz, find a one-dimensional subspace L of
M such that

‖Q∗
Mz‖ = ‖Q∗

Lu‖ and ‖QMz‖ = ‖QLu‖

for u = QMz.] ◦

B. Let y and z be as in part A. Put W = [y, z]. Show that there exists a basis for
W , say {b1, b2}, orthonormal with respect to 〈·, ·〉, such that, for v, w ∈ W ,

〈v, w〉∗ = β1v1w1 + β2v2w2,

where vi = 〈v, bi〉, wi = 〈w, bi〉, and

β1 = infu∈W,u �=0

(‖u‖∗
‖u‖

)2

and β2 = supu∈W,u �=0

(‖u‖∗
‖u‖

)2

.

[Hint: Restrict 〈·, ·〉 and 〈·, ·〉∗ to W × W .] ◦

C. Let y and z be as in part A and b1, b2, β1, β2 as in part B. Show that

‖Q∗
Mz‖2

‖QMz‖2
=

β2
1y2

1 + β2
2y2

2

(β1y2
1 + β2y2

2)2
,

where yi = 〈y, bi〉.
[Hint: Compute! Note that the matrix

(
y1 z1

y2 z2

)
is orthogonal.] ◦

D. Show that

supp1,p2≥0; p1+p2=1

β2
1p1 + β2

2p2

(β1p1 + β2p2)2
=

(β1 + β2)2

4β1β2

and deduce (6.4). ◦

E. Show that equality holds in (6.1) by exhibiting M and z such that

‖Q∗
Mz‖2

‖QMz‖2
=

(1 + τ)2

4τ
. ◦

7. Appendix: Rudiments

This appendix reviews basic definitions and facts about linear algebra with which
we presume the reader is acquainted.
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7A. Vector spaces

A (real) vector space is a triple (V, +, ·) consisting of a set V of objects called vectors
and two operations, vector addition, +, which associates to each pair v1, v2 of vectors
in V a vector v1 + v2 in V , and scalar multiplication, ·, which associates to each
vector v ∈ V and each scalar c ∈ R a vector c · v ≡ cv in V . The operations are
assumed to have the following properties:

(1) For all v1, v2, v3 ∈ V , (v1 + v2) + v3 = v1 + (v2 + v3).
(2) For all v1, v2 ∈ V , v1 + v2 = v2 + v1.
(3) There exists a vector 0 ∈ V such that v + 0 = v for all v ∈ V .
(4) For each v ∈ V , there exists a vector −v ∈ V such that −v + v = 0. For

v1 + (−v2) we write also v1 − v2.
(5) For all c ∈ R and v1, v2 ∈ V , c(v1 + v2) = cv1 + cv2.
(6) For all c1, c2 ∈ R and v ∈ V , (c1 + c2)v = c1v + c2v.
(7) For all c1, c2 ∈ R and v ∈ V , (c1c2)v = c1(c2v).
(8) For all v ∈ V , 1 · v = v.

An important example of a vector space is R
n, the set of n-tuples (or n × 1

column vectors) of real numbers, for which vector addition and multiplication by
scalars are defined componentwise as addition and multiplication of real numbers.
The transpose of a column vector x ∈ R

n with components x1, . . . , xn is the row
vector xT = (x1, . . . , xn).

Vectors v1, . . . , vn in a vector space V are said to be (linearly) independent if∑
1≤i≤n

civi = 0

implies that the ci’s are all zero; otherwise the vi’s are said to be (linearly) dependent.
The subset of M of vectors in V of the form

∑
1≤i≤n civi, where each ci varies over R,

is called the span of v1, . . . , vn, denoted [v1, . . . , vn]. Vectors v1, . . . , vn are said to
form a basis for V if and only if they are linearly independent and V is their span,
that is, if and only if each vector in V has a unique representation of the form∑

i civi. When v1, . . . , vn is a basis for V , ci is called the coordinate of
∑

1≤j≤n cjvj

with respect to vi.
V is said to be finite-dimensional if it has a basis consisting of finitely many

elements. Every basis for a finite-dimensional vector space has the same number of
elements; this number is called the dimension of V , denoted dim(V ), or just d(V ).
If V is an n-dimensional vector space, then v1, . . . , vn is a basis for V if and only if
the vi’s are linearly independent or, equivalently, if and only if they span V . The
usual coordinate basis for R

n is comprised of the vectors e(1), . . . ,e(n) defined by
e

(i)
j = δij .

We assume henceforth that all vector spaces we deal with are finite-dimensional.
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7B. Subspaces

A nonempty subset M of a vector space V that is closed under vector addition
and multiplication by scalars is called a subspace, or (linear) manifold, of V . For
example, the span [v1, . . . , vm] of given vectors v1, . . . , vm is a subspace. We write the
trivial subspace [0] simply as 0. A subset F of V of the form F = v0+M = { v0+m :
m ∈ M }, where M is a subspace and v0 ∈ V , is called a flat, or shifted manifold;
F is a flat if and only if c1f1 + c2f2 ∈ F whenever f1, f2 ∈ F and c1 + c2 = 1. The
dimension of F is defined to be the dimension of M .

Two subspaces of V are said to be disjoint if they have only the zero vector
in common (this notion should not be confused with the set-theoretic one). The
intersection M1 ∩M2 of two subspaces is defined to be the subspace of V consisting
of all vectors common to M1 and to M2. To say M1 ∩M2 = 0 is to say M1 and M2

are disjoint. The sum M1 + M2 of two subspaces of V is defined to be the subspace
of V consisting of all vectors of the form m1 + m2, where m1 ∈ M1 and m2 ∈ M2.
A sum M1 + M2 is said to be a direct sum, denoted M1 ⊕ M2, if M1 and M2 are
disjoint, that is, if the representation of m ∈ M1+M2 as m = m1+m2 with mi ∈ Mi

is unique. As regards to dimension, one has

d(M1 + M2) + d(M1 ∩ M2) = d(M1) + d(M2); (7.1)

in particular, d(M1 ⊕ M2) = d(M1) + d(M2).

7C. Linear functionals

A mapping ψ of V into R is called a linear functional on V provided it preserves
addition and scalar multiplication: ψ(c1v1+c2v2) = c1ψ(v1)+c2ψ(v2) for all c1, c2 ∈
R and v1, v2 ∈ V . Operations of addition and scalar multiplication on the set V ∗ of
all linear functionals on V are defined pointwise, so that (ψ1+ψ2)(v) = ψ1(v)+ψ2(v)
and (cψ)(v) = cψ(v). Under these operations, V ∗ is itself a vector space, called the
dual of V . V ∗ has the same dimension as V . Examples of linear functionals on V
are the coordinate functionals ψi defined relative to a given basis v1, . . . , vn for V
by ψi(

∑
1≤j≤n cjvj ) = ci for i = 1, . . . , n.

7D. Linear transformations

A mapping T of a vector space V into a vector space W is called a linear trans-
formation if it preserves linear structure: T (c1v1 + c2v2) = c1T (v1) + c2T (v2) for
all c1, c2 ∈ R and v1, v2 ∈ V . Addition and scalar multiplication of linear transfor-
mations from V to W are defined pointwise. A linear functional is simply a linear
transformation from V into R

1. A linear transformation T : V → W is called a
isomorphism if it is one-to-one and onto. V and W are said to be isomorphic if
there is an isomorphism mapping one onto the other; isomorphic vector spaces are
identical so far as their linear structure is concerned. The composition of the linear
transformations S: U → V and T : V → W is defined to be the linear transformation
TS: U → W that sends u ∈ U to T (S(u)) ∈ W . A linear transformation T : V → V
such that T = T 2 (≡ TT ) is said to be idempotent. The linear transformation



44 CHAPTER 2. TOPICS IN LINEAR ALGEBRA

that leaves each v ∈ V fixed is called the identity transformation and is commonly
denoted by I or IV .

The range of a linear transformation T mapping V to W is the subspace of W ,
denoted R(T ) or R(T ), consisting of all vectors of the form Tv for v ∈ V . The
rank , ρ(T ), of T is the dimension of R(T ). The null space of T is the subspace of V ,
denoted N (T ) or N (T ), consisting of all vectors in V that are mapped by T into
zero in W .

The formula
d
(
R(T )

)
+ d
(
N (T )

)
= d(V ), (7.2)

holding for any linear transformation T from V to W , has many applications. In
particular, if V and W have the same dimension and N (T ) = 0, then T is an
isomorphism of V and W . A transformation T such that N (T ) = 0 is said to be
nonsingular. The inverse, T−1, of a nonsingular transformation exists on R(T ) and
is linear.

The matrix of a linear transformation T : V →W with respect to bases v1, . . . , vm

for V and w1, . . . , wn for W is the n × m array [T ] ≡ (tij) defined by T (vj) =∑
1≤i≤n tijwi for 1 ≤ j ≤ m or, equivalently, by the condition T (

∑
j cjvj) =∑

i(
∑

j tijcj)wi for c1, . . . , cm ∈ V . If S: U → V and T : V → W are both linear,
then the identity [TS] = [T ][S] holds relative to fixed bases for U , V , and W .

The transpose of an m×n matrix A = (aij)i=1,...,m, j=1,...n is the n×m matrix
AT = (bji)j=1,...,n, i=1,...,m, where bji = aij .



CHAPTER 3

RANDOM VECTORS

Here we develop certain aspects of the concept of a random vector, say Y , taking
values in an inner product space. Particular attention is paid to the notions of weak
sphericity and normality. The theory is based on linear functionals of Y . Most of
this material constitutes a generalization of the elementary properties of random
vectors in R

n, with which it is assumed that the reader is familiar.
Throughout (V, 〈·, ·〉) is an inner product space and all indicated expectations

of real random variables are assumed to exist and be finite, unless specifically noted
to the contrary. Recall that, by convention, we always view R

n as being endowed
with the dot-product, unless specifically noted to the contrary.

1. Random vectors taking values in an inner product space

Motivation. Let Y1, . . . , Yn be random variables and set Y = (Y1, . . . , Yn)T . Y
takes values in R

n. For any constant vector c = (c1, . . . , cn)T ∈ R
n,

〈c, Y 〉 =
∑

i
ciYi (1.1)

is a random variable. Conversely, if one starts with the assumption that 〈c, Y 〉 is
a random variable for all c ∈ R

n, then it follows that each component of Y is a
random variable; indeed, for 1 ≤ j ≤ n one has Yj = 〈e(j), Y 〉, where

(e(j))i =
{

1, if i = j,

0, if i �= j.
(1.2)

These observations lead to the definition made below in the coordinate-free case. �
Let Y be a function defined on some probability space and taking values in V.

Y is said to be a V -valued random vector if 〈v, Y 〉 is a random variable for all
v ∈ V, that is, if every linear functional of Y is a random variable. An equivalent
requirement is that Y be measurable with respect to the smallest σ-field B rendering
measurable all linear functionals on V. B turns out to be identical to the so-called
Borel σ-field of V, generated by the open sets of V in the natural metric (d(x, y) =
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‖y − x‖ ); for the most part, we shall brush aside measure-theoretic considerations
such as these.

1.3 Exercise [4]. You should take note of the assertions of this exercise even if you do not

have at your command the (elementary) properties of measurable functions that are needed

to prove them. Show that: (1) Y is a random vector in V if and only if 〈bi, Y 〉 is a random

variable for each bi in some fixed basis b1, . . . , bn for V ; (2) if Y is a V -valued random

vector, then f(Y ) is a real random variable for every continuous function f : V → R. �

2. Expected values

Motivation. Return again to R
n. It is customary to define the expected value of an

R
n-valued random vector Y = (Y1, . . . , Yn)T to be the vector µ = (EY1, . . . , EYn)T .

For each c ∈ R
n one then has

E
(
〈c, Y 〉

)
= E

(∑
i
ciYi

)
=
∑

i
ciEYi = 〈c, µ〉. (2.1)

Moreover, µ ≡ (µ1, . . . , µn)T is uniquely determined by these relations: Taking
c = e(j) in (2.1) gives

µj = 〈e(j), µ〉 = E
(
〈e(j), Y 〉

)
= E(Yj). �

In the coordinate-free setting, one adopts an analog of (2.1) as the definition,
as follows. Suppose Y is a random vector in V. The map

v → E
(
〈v, Y 〉

)
is a linear functional on V , and so there exists a vector, say EY , unique with respect
to 〈·, ·〉, such that

E
(
〈v, Y 〉

)
= 〈v, EY 〉 for all v ∈ V. (2.2)

EY is called the expectation, or mean, of Y. Note that formula (2.2) says E
(
ψ(Y )

)
=

ψ(EY ) for every linear functional ψ on V. It follows that EY does not depend on
the inner product employed on V.

2.3 Exercise [2]. Show that a V -valued random variable Y has an expectation, in the

sense that the left-hand side of (2.2) is defined and finite for all v ∈ V, if and only if

E(‖Y ‖) < ∞.

[Hint: Show E(|〈v, Y 〉|) < ∞ for all v ∈ V if and only if E(‖Y ‖) < ∞.] �
Expectation is preserved under linear transformation: If T : V → V is linear,

then
E(TY ) = T (EY ) (2.4)

because

E
(
〈v, TY 〉

)
= E

(
〈T ′v, Y 〉

)
= 〈T ′v, EY 〉 = 〈v, TEY 〉 for all v ∈ V.

Moreover, expectation is a linear operation: If Y1 and Y2 are V -valued random
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vectors and c1 and c2 are real numbers, then

E(c1Y1 + c2Y2) = c1E(Y1) + c2E(Y2) (2.5)

because

E
(
〈v, c1Y1 + c2Y2〉

)
= c1E〈v, Y1〉 + c2E〈v, Y2〉 = c1〈v, EY1〉 + c2〈v, EY2〉
= 〈v, c1EY1 + c2EY2〉

for all v ∈ V.

2.6 Exercise [1]. Show that if X is a real random variable and w ∈ V, then E(Xw) =

E(X)w. �
2.7 Exercise [1]. Show that if Y is a V -valued random vector that takes all its values in

a subspace M of V, then EY ∈ M . �

3. Covariance operators

Motivation. Let Y = (Y1, . . . , Yn)T and Z = (Z1, . . . , Zn)T be random vectors
in R

n. The covariance matrix of Y and Z is the n × n matrix

C = (cij) =
(
Cov(Yi, Zj)

)
1≤i≤n,1≤j≤n

. (3.1)

Knowing C, one may compute the covariance between any linear combination of
the Yi’s and any linear combination of the Zj ’s:

Cov
(
〈b, Y 〉, 〈d, Z〉

)
= Cov

(∑
i
biYi,

∑
j
djZj

)
=
∑

ij
bicijdj =

∑
i
bi

(∑
j
cijdj

)
= 〈b, Cd〉 (3.2)

for all b ∈ R
n and d ∈ R

n. Moreover, C is uniquely determined by these relations
because

cij = 〈e(i), Ce(j)〉 = Cov
(
〈e(i), Y 〉, 〈e(j), Z〉

)
= Cov(Yi, Zj). �

In the coordinate-free setting, an analog of (3.2) is taken as the definition. For
this suppose Y and Z are V -valued random vectors. Set

F (y, z) = Cov
(
〈y, Y 〉, 〈z, Z〉

)
for y, z ∈ V.

Since F is a bilinear functional on V, there exists a unique linear transformation C
from V to V such that

Cov
(
〈y, Y 〉, 〈z, Z〉

)
= 〈y, Cz〉 for all y, z ∈ V. (3.3)

C is called the covariance operator of Y and Z, denoted Cov(Y, Z). If Y and
Z are R

n-valued random vectors, then, according to the preceding discussion, the
covariance operator of Y and Z is the transformation having matrix (3.1) with
respect to the standard basis e(1), . . . ,e(n).
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It is important to note that Cov(Y, Z) does depend on the inner product em-
ployed on V. Indeed, if

〈·, ·〉∆ = 〈∆·, ·〉

is another inner product on V, with ∆: V → V being linear, self-adjoint, and positive-
definite (see (2.5.15)), and if C satisfies (3.3), then

Cov
(
〈y, Y 〉∆, 〈z, Z〉∆

)
= Cov

(
〈∆y, Y 〉, 〈∆z, Z〉

)
= 〈∆y, C∆z〉 = 〈y, C∆z〉∆

for all y, z ∈ V, so

C∆ is the covariance operator of Y and Z
in the 〈·, ·〉∆ inner product.

(3.4)

Here are two useful properties of covariance operators:

Cov(Z, Y ) =
(
Cov(Y, Z)

)′
, (3.5)

Cov(TY, UZ) = T Cov(Y, Z)U ′ for linear T, U : V → V. (3.6)

The proofs are elementary:

Cov
(
〈y, Z〉, 〈z, Y 〉

)
= Cov

(
〈z, Y 〉, 〈y, Z〉

)
= 〈z, Cy〉 = 〈Cy, z〉 = 〈y, C ′z〉

implies Cov(Z, Y ) = C ′, with C being Cov(Y, Z), and

Cov
(
〈y, TY 〉, 〈z, UZ〉

)
= Cov

(
〈T ′y, Y 〉, 〈U ′z, Z〉

)
= 〈T ′y, CU ′z〉 = 〈y, TCU ′z〉

implies Cov(TY, UZ) = T Cov(Y, Z)U ′.
V -valued random vectors Y1, . . . , Yk are said to be uncorrelated if Cov(Yi, Yj) =

0 for 1 ≤ i < j ≤ k; by (3.4), this notion does not depend on the inner product
employed.

3.7 Exercise [3]. Generalize (2.4), (3.3), (3.4), (3.5), and (3.6) to the case where Y and/or

Z, T , and/or U do not necessarily take values in the same spaces (formulate and prove the

appropriate extensions). Make use of the notion of adjoint introduced in Exercise 2.5.17.�
3.8 Exercise [3]. Let Y and Z be V -valued random vectors with covariance operator C.

Show that Cov(φ(Y ), ψ(Z)) = φ(C(cv(ψ))) for all linear functionals φ and ψ on V. Deduce

that even though C and cv(ψ) (the coefficient vector of ψ) depend on the inner product

employed on V, the linear transformation ψ → C(cv(ψ)) does not. �
3.9 Exercise [2]. Let V and W be inner product spaces. Show of V -valued random vectors
Y1, . . . , Ym and W -valued random vectors Z1, . . . , Zn that

Cov
(∑

1≤i≤m
Yi,
∑

1≤j≤n
Zj

)
=
∑

1≤i≤m

∑
1≤j≤n

Cov(Yi, Zn). �
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4. Dispersion operators

Background. If Y is an R
n-valued random vector, it is customary to call the n×n

matrix (
Cov(Yi, Yj)

)
1≤i≤n,1≤j≤n

the variance-covariance matrix , or dispersion matrix , of Y . It is, of course, just the
covariance matrix of Y and Y , in the sense of (3.1). �

In the coordinate-free context, the dispersion operator of Y taking values in V
is defined to be Cov(Y, Y ), denoted Σ(Y ), or ΣY , or simply Σ. From (3.5) we have

Σ = Σ′, that is, Σ is self-adjoint, (4.1)

while from (3.3) we have

Var
(
〈x, Y 〉

)
= Cov

(
〈x, Y 〉, 〈x, Y 〉

)
= 〈x,Σx〉 for all x ∈ V. (4.2)

Thus Σ determines the variance of every linear functional of Y . By Exercise 2.5.13,
the linear transformation Σ is uniquely determined by (4.1) and (4.2).

4.3 Exercise [3]. (1) Show that Y has a dispersion operator, in the sense that Var(〈x, Y 〉)
is defined and finite for all x ∈ V, if and only if E( ‖Y ‖2) < ∞.

(2) Show that a sufficient condition for V -valued random vectors Y and Z to have a
covariance operator, in the sense that the left-hand side of (3.3) is defined and finite for all
y, z ∈ V, is that E(‖Y ‖2) < ∞ and E(‖Z‖2) < ∞. Is this condition necessary?

[Hint: For (1) show that E( ‖Y ‖2) < ∞ implies E(〈x, Y 〉2) < ∞ for all x ∈ V. For (2)

show that E( ‖Y ‖2) < ∞ and E( ‖Z‖2) < ∞ imply E(|〈y, Y 〉|) < ∞, E(|〈z, Z〉|) < ∞, and

E(|〈y, Y 〉〈z, Z〉|) < ∞ for all y, z ∈ V.] �

4.4 Exercise [1]. Show that if T : V → W is linear, then

ΣT Y = T ΣY T ′, (4.5)

the adjoint T ′ of T being taken in the sense of Exercise 2.5.17. �

4.6 Exercise [3]. Let p1, . . . , pk be strictly positive numbers summing to one and let
X = (X1, . . . , Xk)T be a random vector in R

k taking the value e(j) (see (1.2)) with
probability pj for j = 1, . . . , k. Define the random vector Y = (Y1, . . . , Yk)T by

Yj =
Xj − pj√

pj
, j = 1, . . . , k.

Show that Y has expectation 0 and dispersion operator Q[rrr] = P[rrr]⊥ , where r is the vector

in R
k with jth coordinate

√
pj , j = 1, . . . , k. �
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As with covariance operators, dispersion operators depend on the inner product:
By (3.4)

Σ∆(Y ) =
(
Σ(Y )

)
∆, (4.7)

where Σ∆(Y ) denotes the dispersion operator of Y with respect to the 〈·, ·〉∆ inner
product.

Y is said to have a nonsingular distribution if

Var
(
〈x, Y 〉

)
> 0 for all 0 �= x ∈ V, (4.8)

that is, if all nonzero linear functionals of Y have strictly positive variance; otherwise
Y is said to have a singular distribution. Letting

Σ =
∑

i
λiPEi

be the spectral representation of Σ, so the Ei’s are the mutually orthogonal eigen-
spaces of Σ and the λi’s the corresponding eigenvalues, one sees that

Var
(
〈x, Y 〉

)
= 〈x,Σx〉 =

〈∑
i
PEi x,

∑
j
λjPEj x

〉
=
∑

ij
λj〈PEi x, PEj x〉 =

∑
i
λi‖PEi x‖2,

(4.9)

whence

Y has a nonsingular distribution
⇐⇒ λi > 0 for all i ⇐⇒ Σ is nonsingular,

whereas
Y has a singular distribution

⇐⇒ λi = 0 for some i ⇐⇒ Σ is singular.

Moreover, in the singular case,

Var
(
〈x, Y 〉

)
= 0 for all x ∈ N (Σ),

where N (Σ) denotes the null space of Σ, here the eigenspace of λ = 0, whereas

Var
(
〈x, Y 〉

)
> 0 for all nonzero x ∈ (N (Σ))⊥ = R(Σ),

whence Y −E(Y ) takes all its values in R(Σ) with probability one and has in R(Σ)
a nonsingular distribution.

4.10 Exercise [3]. Let Y be a V -valued random vector with mean µ and dispersion

operator Σ. Show that R(Σ) is the smallest subspace M of V such that Y − µ takes

values in M with probability one. �

4.11 Exercise [1]. Identify R(Σ) for the vector Y of Exercise 4.6. �
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4.12 Exercise [2]. Suppose n ≥ 2 and Y is a random vector in R
n with

Cov(Yi, Yj ) =

{
a, if i = j,

b, if i �= j.

Identify R(Σ(Y )) for those values of a and b such that Y has a singular distribution.

[Hint: See Exercise 2.4.9.] �

4.13 Exercise [3]. Show that the nonsingularity of distributions is preserved by nonsin-

gular linear transformations: If Y is nonsingular and T : V → V is nonsingular, then TY is

nonsingular. Is it possible for TY to be nonsingular even though Y itself is singular? �

5. Weak sphericity

Motivation. If Y1, . . . , Yn are uncorrelated random variables each having variance
σ2, then the dispersion matrix of Y = (Y1, . . . , Yn)T is σ2In×n. In this case the
variability

Var
(
〈c, Y 〉

)
= Var

(∑
i
ciYi

)
= σ2

∑
i
c2
i = σ2‖c‖2

of a linear combination of the Yi’s depends only on the length of the coefficient
vector c and not on its orientation. �

In the coordinate-free setting, one says that a random vector Y taking values
in V is weakly spherical (or has a weakly spherical distribution) if the dispersion op-
erator of Y is proportional to the identity transformation I: V → V or, equivalently,
if for some σ2 ≥ 0

Var
(
〈x, Y 〉

)
= σ2‖x‖2 for all x ∈ V. (5.1)

This says that the variability of Y , as measured by variance, is the same in all
directions. The quantity σ2 in (5.1) is called the variance parameter of Y . Y is said
to have dim(V ) degrees of freedom.

5.2 Exercise [3]. Show that Y is weakly spherical in V if and only if, for some v ∈ V, the

random vectors Y − v and O(Y − v) have the same mean and dispersion for all orthogonal

linear transformations O: V → V. �

5.3 Exercise [2]. Show that if Y is weakly spherical in V, then Y is either nonsingular or

constant with probability one. �

5.4 Exercise [3]. Let Y be weakly spherical in V with variance parameter σ2 and let

M be a subspace of V. Put X = PM Y . Show that: (1) when X is considered as a V -

valued random vector, it has the dispersion operator σ2PM ; (2) when X is considered as

an M -valued random vector, it has the dispersion operator σ2IM . �

A real random variable Y is automatically weakly spherical in R
1, and for such

a Y one has the standard formula

E(|Y |2 ) = Var(Y ) + |E(Y )|2
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for the expected squared length of Y . To see how this formula generalizes to the
arbitrary weakly spherical random vector, suppose Y is weakly spherical in V. Let
b1, . . . , bn be an orthonormal basis for V. The 〈bi, Y 〉’s all have the same variance,
say σ2, and

E(‖Y ‖2 ) = E
(∑

i
〈bi, Y 〉2

)
=
∑

i
E
(
〈bi, Y 〉2

)
=
∑

i

[
Var
(
〈bi, Y 〉

)
+
(
E〈bi, Y 〉

)2]
= nσ2 +

∑
i
〈bi, EY 〉2 = nσ2 + ‖EY ‖2;

thus
E(‖Y ‖2 ) = σ2 dim(V ) + ‖EY ‖2. (5.5)

6. Getting to weak sphericity

The distribution of a nonsingular random vector Y can easily be made weakly spher-
ical by changing the inner product. Indeed, put ∆ = cΣ−1, where c > 0 and Σ is
the dispersion operator of Y . Then, by (4.7), the dispersion operator of Y in the
〈·, ·〉∆ inner product is

Σ∆ = Σ(cΣ−1) = cI,

so Y is weakly spherical with respect to 〈·, ·〉∆. As this argument shows, it is enough
to know Σ up to a multiplicative factor.

6.1 Example. Suppose Y1, . . . , Yn are uncorrelated random variables with vari-
ances σ2

i , 1 ≤ i ≤ n. The matrix representing the dispersion operator Σ of
Y = (Y1, . . . , Yn)T ∈ R

n is diagonal with entries σ2
i , 1 ≤ i ≤ n, and for a given c

the matrix representing ∆ = cΣ−1 is diagonal with entries wi = c/σ2
i , 1 ≤ i ≤ n.

The above argument says that Y is weakly spherical with respect to the weighted
dot-product

〈x, y〉w ≡ 〈∆x, y〉 =
∑

i
wixiyi; (6.2)

note that the weights are proportional to reciprocal variances. •
6.3 Exercise [2]. Rewrite Example 2.1.17 for the case where the inner product is given

by (6.2). Give explicit expressions for P [eee ]x and ‖Q[eee ]x‖2. �
6.4 Exercise [2]. Supposing Y to be nonsingular (but not necessarily weakly spherical)

in V, show that there exists a linear transformation T : V → V such that TY is weakly

spherical (with respect to the original inner product). Exhibit such a T for the situation

discussed in Example 6.1 above.

[Hint: In the general case, use (4.5) and Exercise 2.4.12.] �

7. Normality

Motivation. If Y1, . . . , Yn are random variables having a joint normal distribution,
then every linear combination 〈c, Y 〉 =

∑
i ciYi of the Yi’s has a univariate normal

distribution, and conversely. We make this the definition in the coordinate-free
case. �
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A random vector Y taking values in V is said to have a normal distribution if

〈v, Y 〉 is univariate normal for all v ∈ V, (7.1)

that is, if every linear functional of Y has a univariate normal distribution. Suppose
Y is normal. Then 〈v, Y 〉 has a finite mean and variance for all v ∈ V, so Y has an
expectation µ ∈ V and a dispersion operator Σ:V → V. From the fact that

〈v, Y 〉 ∼ N
(
〈µ, v〉, 〈v,Σv〉

)
(by definition of µ and Σ), it follows that Y has the characteristic function

φY (v) ≡ E(ei〈v,Y 〉) = ei〈µ,v〉− 1
2 〈v,Σv〉

(v ∈ V ). Just as a distribution on R
n is uniquely determined by its characteristic

function, so too is a distribution on V determined by its characteristic function. It
follows that µ and Σ determine the distribution of Y ; we write

Y ∼ NV (µ,Σ). (7.2)

A linear transformation of a normal random vector is itself normal since for
linear T : V → W , 〈w, TY 〉W = 〈T ′w, Y 〉V for each w ∈ W . In fact, the formulas for
propagating means and dispersions (see (2.4) and (4.5)) tell us that

Y ∼ NV (µ,Σ) implies TY ∼ NW (Tµ, TΣT ′). (7.3)

7.4 Exercise [1]. Show that a weakly spherical normal random vector Y has a (strictly)

spherical distribution, in the sense that for all orthogonal linear transformations O: V → V,

the random vectors Y − µ and O(Y − µ) have the same distribution. �

Recall that if X = (X1, . . . , Xn)T has a nonsingular normal distribution in R
n

with E(Xi) = νi and Cov(Xi, Xj) = σij for 1 ≤ i, j ≤ n, then X has density

1
(2π)n/2 |(σij)|1/2

e
− 1

2
∑

ij (xi−νi )σ
ij (xj −νj ), (x1, . . . , xn)T ∈ R

n, (7.5)

with respect to Lebesgue measure on R
n; here |(σij)| and (σij) are, respectively, the

determinant and inverse of the matrix (σij)1≤i,j≤n. On a few occasions we will need
the corresponding result for Y ∼ NV (µ,Σ) with Σ nonsingular, namely, that Y has
density

1
(2π)dim(V )/2 |Σ|1/2

e−
1
2 〈y−µ,Σ−1(y−µ)〉, y ∈ V, (7.6)

with respect to Lebesgue measure λ on V ; here λ is defined to be the image
of Lebesgue measure on R

n under any isometric isomorphism (that is, distance-
preserving linear transformation) from R

n to V, and |Σ| denotes the determinant of
the matrix of Σ with respect to any basis for V.
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7.7 Exercise [5]. Check that λ above does not depend on the choice of the isometric

isomorphism and that |Σ| does not depend on the choice of basis, and deduce (7.6) from

(7.5).

[Hint: Here is a more precise definition of λ. Let S: Rn → V be an isometric isomorphism.

For each Borel set B of V, λ(B) is taken to be µ(S−1(B)), where µ is Lebesgue measure

on R
n . To work the exercise, use the following two facts from measure theory: (1) The

image of µ under any orthogonal linear transformation of R
n to itself is µ itself. (2) If X1,

. . . , Xn are random variables such that X = (X1, . . . , Xn)T has a density f with respect

to µ on R
n and if S: Rn → V is an isometric isomorphism, then SX has the density fS−1

with respect to λ on V.] �

8. The main result

We are now ready for the main result. The theoretical analysis of the GLM makes
use of the resolution of a (weakly) spherical normal vector into several orthogonal
components (subvectors), which by Theorem 8.2 below are independent and have
themselves spherical normal distributions, albeit in spaces of lower dimensionality.

Recall that the χ2
ν;θ distribution (χ2 with ν degrees of freedom and noncentrality

parameter θ ≥ 0) is defined to be the distribution of

Z2
1 + · · · + Z2

ν ,

with the Zi’s being independent normal random variables of unit variance and with
expectations EZ1 = θ, EZ2 = · · · = EZν = 0. The distribution is said to be central
if θ = 0 and noncentral if θ > 0. In the central case one often writes χ2

ν in place
of χ2

ν;0.

8.1 Exercise [3]. Suppose S is a random variable distributed according to the χ2
ν ;θ distri-

bution. Show that

E(S) = ν + θ2 and Var(S) = 2ν + 4θ2. �
8.2 Theorem. Let Y be a random vector in V having a weakly spherical distribu-
tion with variance parameter σ2:

ΣY = σ2I.

Let M1, . . . , Mk be mutually orthogonal subspaces of V. Then

(i) the random vectors PMi Y for i = 1, . . . , k are uncorrelated, have weakly spher-
ical distributions in their respective subspaces, and

E(PMi Y ) = PMi (EY ), E‖PMi Y ‖2 = σ2 dim(Mi) + ‖PMi (EY )‖2. (8.3)

If, in addition, Y is normally distributed, then

(ii) the random vectors PMi Y are independent and normally distributed, and the
random variables ‖PMi Y ‖2/σ2 are independent with χ2distributions of dim(Mi)
degrees of freedom and noncentrality parameters ‖PMi (EY )‖/σ:

‖PMi Y ‖2 ∼ σ2χ2
dim(Mi );‖PM i

(EY )‖/σ for 1 ≤ i ≤ k. (8.4)
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Proof. (i) holds: The PMi Y ’s are uncorrelated since, by (3.6),

Cov(PMi Y, PMj Y ) = σ2PMi IPMj = σ2PMi PMj = 0

for i �= j. PMi Y has a weakly spherical distribution in Mi since

Var
(
〈m, PMi Y 〉

)
= Var

(
〈PMi m, Y 〉

)
= Var

(
〈m, Y 〉

)
= σ2‖m‖2

for all m ∈ Mi. The formulas for the expectations of PMi Y and ‖PMi Y ‖2 are
restatements of earlier results ((2.4) and (5.5)).

(ii) holds: Assume for notational convenience that V = M1 + M2 with M1 ⊥ M2.
Let b1, . . . , bd and bd+1, . . . , bn be orthonormal bases for M1 and M2, respectively
(d = dim(M1), n = dim(V )). Without loss of generality, let b1 point in the direction
of PM1(EY ) and let bd+1 point in the direction of PM2(EY ) when these components
of EY are nonzero. Then

PM1Y =
∑

1≤i≤d
〈bi, Y 〉bi and PM2Y =

∑
d+1≤i≤n

〈bi, Y 〉bi

and

‖PM1Y ‖2 =
∑

1≤i≤d
〈bi, Y 〉2 and ‖PM2Y ‖2 =

∑
d+1≤i≤n

〈bi, Y 〉2.

The assertions of (ii) follow from the fact that the uncorrelated random variables
〈b1, Y 〉, . . . , 〈bn, Y 〉 are independently normally distributed with common vari-
ance σ2; E〈bi, Y 〉 = 0 for i �= 1, d + 1, while

E〈b1, Y 〉 = E
〈 PM1(EY )
‖PM1(EY )‖ , Y

〉
=

〈PM1(EY ), EY 〉
‖PM1(EY )‖ = ‖PM1(EY )‖

(= 0, if PM1(EY ) = 0) and E〈bd+1, Y 〉 = ‖PM2(EY )‖.
8.5 Exercise [2]. Show that: (1) if X1, . . . , Xν are independent normal random variables

with unit variances, then
∑ν

i=1
X2

i ∼ χ2
ν ;θ with θ =

√∑
i
(EXi)2; (2) if S1 and S2 are

independent random variables with Si ∼ χ2
νi ;θi

for i = 1, 2, then S1+S2 ∼ χ2

ν1+ν2;
√

θ2
1+θ2

2
.�

8.6 Exercise [4]. Let X (1), . . . , X (n) be independent random vectors in R
k , each having

the distribution of the random vector X in Exercise 4.6. Put

N =
∑

1≤m≤n
X (m);

the distribution of N = (N1, . . . , Nk)T is the multinomial distribution for n trials and k
cells having occupancy probabilities p1, . . . , pk . Show that the limiting distribution, taken
as n → ∞, of Pearson’s goodness of fit statistic

Gn ≡
∑

1≤j≤k

(Nj − npj )
2

npj

is χ2
k−1.
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[Hint: Observe that Gn can be written as ‖Tn‖2, where

Tn =
1√
n

∑
1≤m≤n

Y (m)

with

Y
(m)

j =
X

(m)
j − pj
√

p
j

for j = 1, . . . , k. Deduce from Exercises 4.6 and 5.4 and the multivariate central limit

theorem that the limiting distribution of Gn is that of ‖Q[rrr]Z‖2, where Z ∼ N
Rk (0, I

Rk )

and r is the vector specified in Exercise 4.6.] �

We will have several occasions to make use of the following representation of
the noncentral χ2 distribution as a Poisson mixture of central χ2 distributions.

8.7 Proposition. For any ν ≥ 1 and θ ≥ 0, one has

χ2
ν;θ =

∑
0≤k<∞

e−λ λk

k!
χ2

ν+2k, (8.8)

where

λ = θ2/2. (8.9)

Proof. Let Z1, . . . , Zν be independent random variables with Zi ∼ N(θi, 1) for
1 ≤ i ≤ ν and with

θ1 = θ, θ2 = θ3 = · · · = θν = 0.

Put

X = Z2
1 + · · · + Z2

ν ,

so that X has distribution χ2
ν;θ. The moment generating function of X is

E(etX) =
∏

1≤i≤ν
E(etZ2

i ).

For t < 1
2 , the technique of “completing the square” gives

E(etZ 2
i ) =

∫ ∞

−∞
etz2 1√

2π
e−

1
2
(z−θi)

2
dz

= e
− 1

2
θ2
i (1− 1

1−2t
)
∫ ∞

−∞

1√
2π

e
− 1

2

(
(1−2t)z2−2zθi+

θ2
i

1−2t

)
dz

= e
− 1

2
θ2
i (1− 1

1−2t
) 1√

1 − 2t
,
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whence

E(etX) = e−λ eλ 1
1−2t
( 1
1 − 2t

)ν/2 =
∑

0≤k<∞
e−λ λk

k!
( 1
1 − 2t

)(ν+2k)/2
. (8.10)

Setting θ, and so also λ, equal to 0 here shows that the χ2
ν distribution has the

moment generating function (1−2t)−ν/2. It follows that the right-hand side of (8.10)
is the moment generating function of the right-hand side of (8.8), and an appeal to
the uniqueness theorem for moment generating functions finishes the proof.

8.11 Exercise [2]. Suppose S is a random variable distributed according to the χ2
ν ;θ

distribution. Show that

E
(

1

S

)
=

⎧⎨
⎩
∑

0≤k<∞
e−λ λk

k!

1

ν − 2 + 2k
, if ν ≥ 3;

∞, if ν ≤ 2.

(8.12)

[Hint: Recall that the χ2
ν distribution has density x

1
2 ν−1e−x/2/(2

1
2 νΓ( 1

2
ν)) for x > 0.] �

8.13 Exercise [3]. The F∗
ν1,ν2;θ distribution (unnormalized F with ν1 and ν2 degrees of

freedom and noncentrality parameter θ) is defined to be the distribution of

S1

S2
, (8.14)

where S1 and S2 are independent random variables with S1 ∼ χ2
ν1;θ and S2 ∼ χ2

ν2 ; F∗
ν1,ν2

is short for F∗
ν1,ν2;0. Show that for any ν1, ν2 ≥ 1 and θ ≥ 0,

F∗
ν1,ν2;θ =

∑
0≤k<∞

e−λ λk

k!
F∗

ν1+2k,ν2 , (8.15)

with λ = θ2/2. �

9. Problem set: Distribution of quadratic forms

A quadratic form in n (real) variates x1, . . . , xn is an expression of the form

Q(x) =
∑

ij
xiaijxj = 〈x, Ax〉 = xTAx = xTAT x = xT

(A + AT

2
)
x.

There being no loss of generality, one customarily takes the matrix A to be sym-
metric.

To put this idea into the coordinate-free context, we define a quadratic form
on V to be a mapping Q: V → R of the form

Q(v) = 〈v, Tv〉,

where T : V → V is linear and self-adjoint. By Exercise 2.5.13, T is uniquely de-
termined by Q. This problem set develops some properties of Q(Y ) where Y is
a V -valued random vector. Throughout Q, with or without subscripts, denotes a
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quadratic form on V with associated self-adjoint operator T . The properties of
orthogonal projections established in Section 2.2 should be employed wherever ap-
propriate.

A. Suppose Y is weakly spherical with variance parameter σ2. Show that

E
(
Q(Y )

)
= σ2 trace(T ) + Q(EY ), (9.1)

where trace(T ) is the trace of T , that is, the sum of the eigenvalues of T , multiplic-
ities included; relate this to (5.5).
[Hint: Use the spectral decomposition of T .] ◦

For parts B through G, suppose Y ∼ NV (µ, I) for some µ ∈ V. Show:

B. One has
Var
(
Q(Y )

)
= 2 trace(T 2) + 4‖T (µ)‖2. (9.2) ◦

C. Q(Y ) has a χ2 distribution ⇐⇒ T is idempotent (that is, a projection), in which
case

Q(Y ) ∼ χ2
ν;θ with ν = ρ(T ) ≡ dim

(
R(T )

)
and θ =

√
Q(µ). (9.3)

[Hint: For (=⇒) use the spectral decomposition of T , moment generating functions,
and Proposition 8.7.] ◦
D. Suppose that Q(v) = Q1(v) + Q2(v) for all v ∈ V and that Q(Y ) ∼ χ2

ν;θ and
Q1(Y ) ∼ χ2

ν1;θ1
. Then Q2(Y ) has a χ2 distribution ⇐⇒ Q2(v) ≥ 0 for all v, in

which case

Q2(Y ) ∼ χ2

ν−ν1;
√

θ2−θ2
1

and is independent of Q1(Y ).

[Hint: Use part C and Proposition 2.2.13 applied to T2 = T − T1.] ◦
E. Suppose Q(v) = Q1(v) + Q2(v) for all v ∈ V and that Qi(Y ) ∼ χ2

νi ;θi
for

i = 1, 2. Then Q(Y ) has a χ2 distribution ⇐⇒ Q1(Y ) and Q2(Y ) are independent
⇐⇒ T1T2 = 0, in which case

Q(Y ) ∼ χ2

ν1+ν2;
√

θ2
1+θ2

2
. (9.4)

[Hint: See Proposition 2.2.24.] ◦
F. (Cochran’s theorem).

Suppose for given k and Q1, . . . , Qk that Q(v) =
∑

1≤i≤k Qi(v) for all v ∈ V

and that Q(Y ) has a χ2 distribution. Then the Qi(Y )’s have χ2 distributions ⇐⇒
one of the following equivalent conditions hold:

(i) the Ti’s are idempotent,

(ii) TiTj = 0 for i �= j,

(iii)
∑

i ρ(Ti) = ρ(T ),
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and then

Qi(Y ) ∼ χ2

ρ(Ti ),
√

Qi (µ)
for each i and the Qi(Y )’s are independent. (9.5) ◦

G. Formulate and prove a distribution analog of Exercise 2.2.18. ◦
H. Generalize parts B through F to the case

Y ∼ NV (µ,Σ),

where Σ is nonsingular.
[Hint: Change the inner product to get back to the spherical case.] ◦
I. Apply Cochran’s theorem to the standard decomposition∑

i
Y 2

i =
∑

i
(Yi − Ȳ )2 + nȲ 2

of the sum of squares in the one-sample problem

Y ∼ N(µe, σ2I).

[Hint: See Exercise 2.2.42.] ◦



CHAPTER 4

GAUSS-MARKOV ESTIMATION

Throughout this chapter we suppose that

the random vector Y is weakly spherical
(
Σ(Y ) = σ2I

)
in a given inner product space (V, 〈·, ·〉) and has an un-
known mean µ lying in some given subspace M of V .

(0.1)

M is often called the regression manifold . The variance parameter σ2 may be known
or unknown; we assume it to be greater than 0 to avoid some trivial considerations.
We will develop point estimates of µ (and of σ2, in the case where σ2 is unknown)
and exhibit some of the properties of these estimators.

Now, to know µ is to know the values of all linear functionals of µ, and vice
versa. So it is in a sense immaterial whether one estimates µ itself or the linear
functionals of µ. Since in many applications of the GLM certain linear functionals
of µ are the items of prime interest, we will approach the business of estimating µ
initially from the linear functional point of view.

1. Linear functionals of µ

We already know that for any given linear functional ψ on M , there exists a unique
vector cv(ψ) in M , called the coefficient vector of ψ, such that

ψ(m) = 〈cv(ψ), m〉 for all m ∈ M. (1.1)

Often the linear functional will be given initially in the form

ψ(m) = 〈x, m〉

(m ∈ M) for some x ∈ V . Because 〈x, m〉 = 〈PMx, m〉 for all m ∈ M , we necessarily
have

cv(ψ) = PMx (1.2)
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in this case. For ease of notation, it is convenient to define an inner product and
norm for linear functionals on M as follows:

〈ψ1, ψ2〉 = 〈cv(ψ1), cv(ψ2)〉, (1.3)

‖ψ‖ = ‖cv(ψ)‖. (1.4)

1.5 Example (The triangle problem). Suppose V = R
3 and

M =
{∑

1≤j≤3
βje

(j) : β1 + β2 + β3 = 0
}

= {x ∈ R
3 : x1 + x2 + x3 = 0 } = [e]⊥

(e(j)
i = δij and e = e(1) + e(2) + e(3)). This regression manifold arises in connection

with the problem of determining the three angles of a triangle, which must sum to
180◦; think of βj as being the jth angle, less 60◦. Consider the linear functional ψj

on M defined by

ψj

(∑
i
βie

(i)
)

= βj =
〈∑

i
βie

(i), e(j)
〉

.

e(j) is not the coefficient vector of ψj , because e(j) �∈ M . We may obtain cv(ψj) as
follows:

cv(ψj) = PMe(j) = e(j) − P [eee]e
(j) (1.6)

= e(j) − 〈e(j), e〉
〈e, e〉 e = e(j) − 1

3
e. •

In many instances M is specified in terms of a basis; in such cases the associated
coordinate functionals are of special interest. Suppose then that x1, . . . , xp is a basis
for M :

M =
{∑

1≤i≤p
βixi : β1, . . . , βp ∈ R

}
. (1.7)

Let ψj be the jth-coordinate functional on M with respect to this basis:

ψj

(∑
i
βixi

)
= βj .

ψj is a linear functional on M . To obtain its coefficient vector, we set

Mj = [x1, . . . , xj−1, xj+1, . . . , xp],

write the generic x ∈ M as

x =
∑

i
βixi = βjQjxj +

(∑
i �=j

βixi + βjPjxj

)
with Pj = PMj and Qj = QMj , and use orthogonality to get

〈x, Qjxj〉 = βj‖Qjxj‖2.



62 CHAPTER 4. GAUSS-MARKOV ESTIMATION

Since 0 �= Qjxj = xj − Pjxj ∈ M , we obtain

cv(ψj) =
( Qjxj

‖Qjxj‖
) 1

‖Qjxj‖
and ‖ψj‖ =

1
‖Qjxj‖

, (1.8)

as asserted in Exercise 2.5.3. Note that Qjxj = xj if xj is perpendicular to each of
x1, . . . , xj−1, xj+1, . . . , xp, in particular if the xi’s are an orthogonal basis for M .

1.9 Example. In simple linear regression one has V = R
n and

M = {αe + βx : α, β ∈ R} = [e, x],

with x a given vector in R
n that is not a multiple of e. Let S be the slope functional

on M :
S(αe + βx) = β.

By (1.8), its coefficient vector is

cv(S) =
Q[eee](x)

‖Q[eee](x)‖2
=
( xi − x̄∑

j(xj − x̄)2
)

1≤i≤n
(1.10)

because

Q[eee](x) = x − P [eee](x) = x − 〈x, e〉
〈eee,e〉 e = x − x̄e. �

1.11 Exercise [2]. In the basis form (1.7) of the GLM, write

zi ≡ cv(ψi) =
Qixi

‖Qixi‖2
=
∑

1≤j≤p
cijxj , 1 ≤ i ≤ p. (1.12)

Show that

C ≡ (cij ) = A−1, (1.13)

where

A = (ajk) with ajk = 〈xj , xk〉. (1.14)

Show also that

cik = 〈zi, zk〉. (1.15)

[Hint: ψi(xk) = δik .] �

2. Estimation of linear functionals of µ

Since by assumption the variability of Y (as measured by variance) is the same in all
directions and since PMY is the closest point in M to Y , it is intuitively plausible
that PMY should be a decent estimator of µ. And, of course, if we agree to estimate
µ by PMY , it is natural to estimate the linear functional ψ(µ) by ψ(PMY ).

The Gauss-Markov estimator (GME), ψ̂(Y ), of a linear functional ψ(µ) of µ is
defined by

ψ̂ ≡ ψ̂(Y ) = ψ(PMY ) = 〈cv(ψ), PMY 〉 = 〈cv(ψ), Y 〉. (2.1)
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Notice that for x ∈ V the GME of the linear functional µ → 〈x, µ〉 is

〈PMx, Y 〉 = 〈PMx, PMY 〉 = 〈x, PMY 〉;

one must project either Y , or x, or both onto M before taking the inner product.
In particular, when x ∈ M , 〈x, Y 〉 is the GME of its expected value 〈x, µ〉; this
observation can frequently be used to obtain GMEs more or less at sight. To put
it another way, if for a given linear functional ψ on M we can (aided by statistical
intuition) guess at an x ∈ M such that Eµ〈x, Y 〉 = ψ(µ) for all µ ∈ M , then
ψ̂(Y ) = 〈x, Y 〉.
2.2 Example. (A) In the triangle problem (Example 1.5), the GME of βj is (see
(1.6))

β̂j = 〈cv(ψj), Y 〉 = 〈e(j) − 1
3
e, Y 〉 = Yj −

Y1 + Y2 + Y3

3
.

(B) In simple linear regression, the GME of the slope functional S(µ) is (see (1.10))

β̂ = 〈cv(S), Y 〉 =
〈 x − x̄e

‖x − x̄e‖2
, Y
〉

=
∑

i(xi − x̄)Yi∑
i(xi − x̄)2

.

(C) In the context of the basis case (1.7) of the GLM, 〈xj , Y 〉 is the GME of its
expected value 〈xj ,

∑
1≤k≤p βkxp〉 =

∑
1≤k≤p ajkβk, where ajk = 〈xj , xk〉.

(D) As an example of “guessing,” consider one-way analysis of variance where

V = { (xij)j=1,...,ni ; i=1,...,p ∈ R
n}

with n =
∑

i ni and

M = {
∑

1≤i≤p
viβi : β1, . . . , βp ∈ R} (2.3)

with (vi)i′j′ = δii′ . βi is the common expectation of Yi1, . . . , Yini , so an obvious
guess as to its GME is the sample mean Ȳi =

∑
j Yij/ni = 〈Y , vi/ni〉. This hunch

is correct, because E(Ȳi) = βi and vi/ni ∈ M . •
2.4 Exercise [1]. Show that if ψ1(µ), . . . , ψk(µ) are linear functionals of µ and a1, . . . , ak

are constants, then the GME of
∑

1≤i≤k
aiψi(µ) is

∑
1≤i≤k

aiψ̂i. �
2.5 Exercise [1]. Consider the basis form (1.7) of the GLM. Use the assertions of Example

2.2(C) and the preceding exercise to show that the GMEs β̂1, . . . , β̂p of β1, . . . , βp satisfy

the normal equations 〈xj , Y 〉 =
∑

1≤k≤p
〈xj , xk〉β̂k , 1 ≤ j ≤ k. �

The GME ψ̂(Y ) of a linear functional ψ(µ) has the following properties:

ψ̂(Y ) is a linear function of Y , (2.6)

ψ̂(Y ) is an unbiased estimator of ψ(µ), that is,
Eµ

(
ψ̂(Y )

)
= ψ(µ) for all µ ∈ M

(2.7)
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(because Eµψ̂(Y ) = Eµ〈cv(ψ), Y 〉 = 〈cv(ψ), µ〉 = ψ(µ)), and

Var
(
ψ̂(Y )

)
= σ2‖cv(ψ)‖2 = σ2‖ψ‖2 (2.8)

(see (1.4)). Moreover, ψ̂(Y ) is the best linear unbiased estimator (BLUE) of ψ(µ)
in the following sense.

2.9 Theorem (Gauss-Markov theorem). For each linear functional ψ of µ, the

GME ψ̂(Y ) is the unique estimator having minimum variance in the class of linear
unbiased estimators of ψ(µ).

Proof. Suppose for a given x ∈ V , 〈x, Y 〉 unbiasedly estimates ψ(µ), so that

ψ(µ) = Eµ

(
〈x, Y 〉

)
= 〈x, µ〉

for every element µ of M . Then cv(ψ) = PMx by (1.2), whence

Var
(
〈x, Y 〉

)
= σ2‖x‖2 ≥ σ2‖PMx‖2 = σ2‖cv(ψ)‖2 = Var

(
ψ̂(Y )

)
with equality holding if and only if x = PMx, that is, 〈x, Y 〉 = ψ̂(Y ).

Note that the covariance between two GMEs ψ̂1 and ψ̂2 is given by

Cov
(
ψ̂1(Y ), ψ̂2(Y )

)
= σ2〈cv(ψ1), cv(ψ2)〉 = σ2〈ψ1, ψ2〉; (2.10)

in particular, ψ̂1(Y ) and ψ̂2(Y ) are uncorrelated if and only if cv(ψ1) and cv(ψ2)
are orthogonal.

2.11 Example. (A) In the triangle problem (Example 1.5), the covariance be-
tween β̂i and β̂j is

Cov(β̂i, β̂j) = σ2〈Q[eee]e
(i), Q[eee]e

(j)〉
= σ2

(
〈e(i), e(j)〉 − 〈P [eee]e

(i), P [eee]e
(j)〉
)

= σ2
(
δij − ‖e/3‖2

)
= σ2(δij − 1/3).

(B) In the basis form (1.7) of the GLM, the variance of the GME of β̂j is

Var(β̂j) = σ2/‖Qjxj‖2; (2.12)

this is larger the more collinear xj is with the other xk’s. As a special case of (2.12),
we get

Var(β̂) =
σ2

‖Q [eee]x‖2
=

σ2∑
j(xj − x̄)2

for the variance of the slope coefficient β̂ in simple linear regression. •
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2.13 Exercise [1]. Suppose in the standard setup

E(Y ) = Xβ, Σ(Y ) = σ2I

of the GLM in R
n , one of the columns of the n × p full rank matrix X = (xij) consists

solely of 1’s. The functional

ψ(µ) =
∑

1≤i≤p
x̄·iβi

(x̄·i = 1
n

∑
1≤m≤n

xmi for 1 ≤ i ≤ p) gives the expected “response” at the mean values of

the independent variables. Find the GME of ψ(µ) and show that it has standard deviation

simply σ/
√

n.

[Hint: A one-line calculation gives the coefficient vector of ψ.] �
2.14 Exercise [4]. In the two-way additive analysis of variance layout with one observation
per cell, one has Y = (Yij )1≤i≤I,1≤j≤J weakly spherical in the space V of I × J arrays
endowed with the dot-product of Exercise 2.2.26 and

µij = E(Yij ) = ν + αi + βj for 1 ≤ i ≤ I, 1 ≤ j ≤ J , (2.151)

for numbers ν, α1, . . . , αI , β1, . . . , βJ satisfying∑
i
αi = 0 =

∑
j
βj . (2.152)

ν is called the grand mean, αi the differential effect for row i, and βj the differential effect
for column j. Show that the set M of arrays µ = (µij ) satisfying (2.15) is a subspace of V
and that the mappings µ → ν, µ → αi, and µ → βj are linear functionals on M . Find the
coefficient vectors of these linear functionals and show that the GMEs of ν, αi, and βj are,
respectively,

ν̂ = Ȳ··, α̂i = Ȳi· − Ȳ··, and β̂j = Ȳ·j − Ȳ·· , (2.16)

where

Ȳ·· =
1

IJ

∑
ij

Yij , Ȳi· =
1

J

∑
j
Yij , and Ȳ·j =

1

I

∑
i
Yij .

Use (2.10) to compute the variances and covariances of ν̂, α̂1, . . . , α̂I , and β̂1, . . . , β̂J .

[Hint: cv(αi) = 1
J
Q[eee]ri, where ri and e are the I × J matrices with (ri)i′j′ = δii′ and

eij = 1.] �
2.17 Exercise (The four-penny problem) [4]. Suppose you have four pennies, say P1, P2,
P3, and P4, a weighing balance with two pans, and a set of weights. You are allowed to make
only four weighings of the pennies. In each weighing, you may place some (possibly none) of
the pennies in the left pan, some (possibly none) in the right pan, and leave the remaining
pennies (if any) off the balance. The problem is this: How should the four weighings
be designed so as to produce the most accurate determination of the weights of the four
pennies, in the sense that the sum of the variances of the four weight estimators should be
as small as possible? Assume that weighings are independent and that measuring errors
have mean 0 and a common variance, say σ2, that does not depend on the configuration
of pennies on the scale.

To put this problem in the context of the GLM, let β1, β2, β3, and β4 be the un-
known weights of the four pennies. For i = 1, . . . , 4, let Wi be the random variable
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recording the result of the i th weighing; adopt the convention that weights placed in the
left (respectively, right) pan are treated as being positive (respectively, negative). The
assumptions of the problem imply that for any given weighing design, the random vector
W = (W1, W2, W3, W4)

T is weakly spherical and for each i,

E(Wi) =
∑

1≤j≤4
xijβj ,

where

xij =

{−1, if penny j is to be placed in the left pan

0, if penny j is to be left off the balance

1, if penny j is to be placed in the right pan

in the i th weighing. The four-penny problem may thus be restated as follows: For what
weighing design, that is, for what 4 × 4 (nonsingular) design matrix X = (xij) having for
its elements only 1’s, 0’s, and −1’s, is∑

1≤i≤4
Var(β̂i)

the smallest? Solve the problem in this form.

[Hint: Use (2.8) and (1.8).] �

2.18 Exercise [2]. Consider the basis form (1.7) of the GLM. Let (cij ) be defined by
(1.13). Deduce from (1.12) that the GME of βi = ψi(µ) is

β̂i =
∑

j
cij 〈xj , Y 〉 for 1 ≤ i ≤ p, (2.19)

from (2.7) that

Eβ̂i = βi for 1 ≤ i ≤ p, (2.20)

and from (1.15) and (2.10) that

Cov(β̂i, β̂j ) = σ2cij for 1 ≤ i, j ≤ p. (2.21)

The β̂i’s are called the coefficients of the regression of Y on x1, . . . , xp . (Since β̂i is the

difference between the GMEs of
∑

j
(wj +δij )βj and

∑
j
wjβj for any constants w1, . . . , wp ,

it is sometimes said that β̂i estimates the effect of a unit increase in the ith predictor, the

other predictors being held fixed.) �

Specialized to the standard formation

E(Y ) = Xβ, ΣYYY = σ2I

of the GLM in R
n, (2.19) says that

β̂ ≡ (β̂1, . . . , β̂p)T = CXT Y (2.22)
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with C = (cij), (2.20) says that

E(β̂) = β, (2.23)

and (2.21) says that
Σβ̂ββ = σ2C. (2.24)

2.25 Exercise [2]. As in Exercise 2.18, let β̂1, . . . , β̂p be the coefficients for the regression

of Y on x1, . . . , xp (so P[x1,...,xp ]Y =
∑p

j=1
β̂jxj). For a given n < p, let β̂∗

1 , . . . , β̂∗
n be

the coefficients for the regression of Y on x1, . . . , xn (so P[x1,...,xn ]Y =
∑n

i=1
β̂∗

i xi). For

i = 1, . . . , n, give a formula for β̂∗
i in terms of the β̂j ’s and some additional regression

coefficients, and discuss the statistical interpretation of that formula. [Hint: See Exer-

cise 2.2.20.] �

3. Estimation of µ itself

One can reformulate the preceding discussion to apply directly to the estimation of
µ itself. Consider PMY . This is a linear unbiased estimator of µ since Eµ(PMY ) =
PMµ = µ for all µ ∈ M . Moreover, it has minimum dispersion in the class of linear
unbiased estimators, in the following sense: For any linear unbiased estimator DY
of µ, the dispersion operators of DY and PMY satisfy

Σ(DY ) ≥ Σ(PMY ), (3.1)

the ordering relation
B ≥ A

for self-adjoint linear transformations mapping V into V being interpreted as in
(2.2.12) to mean

〈x, Bx〉 ≥ 〈x, Ax〉 for all x ∈ V .

In view of the definition of dispersion operators, (3.1) reads simply

Var
(
〈x, DY 〉

)
≥ Var

(
〈x, PMY 〉

)
for all x ∈ V ; (3.2)

this holds because 〈x, DY 〉 is a linear unbiased estimator of its expected value
〈x, Dµ〉 = 〈x, µ〉 and so has a variance at least as large as that of the corresponding
GME 〈x, PMY 〉. Moreover, by the uniqueness part of the linear functional Gauss-
Markov theorem, equality holds in (3.1) if and only if 〈x, DY 〉 = 〈x, PMY 〉 for all
x, that is, if and only if DY = PMY .

3.3 Exercise [3]. Suppose Ψ is a linear transformation mapping M into some inner product

space, say (W, 〈·, ·〉W ). Show that Ψ(PM Y ) is the best linear unbiased estimator of Ψ(µ),

in the sense that it has minimum dispersion among unbiased estimators of Ψ(µ) of the

form BY , where B: V → W is linear. Point out how this result encompasses both the

“linear functional” and “vector” versions of the Gauss-Markov theorem. �
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3.4 Exercise [3]. Suppose V = R
n and that e = (1, . . . , 1)T ∈M . Write Y = (Y1, . . . , Yn)T .

(1) Show that the fitted values Ŷi = (PM Y )i, 1≤ i≤ n, have the same sample mean as the
observed values Yi, 1≤ i≤ n:

1

n

∑
1≤i≤n

Ŷi =
1

n

∑
1≤i≤n

Yi ≡ Ȳ . (3.5)

(2) Prove the addition rule

VT = VE + VR , (3.6)

where

VT =
∑

1≤i≤n
(Yi − Ȳ )2 = ‖Q[eee ]Y ‖2, (3.7T )

VE =
∑

1≤i≤n
(Ŷi − Ȳ )2 = ‖Q[eee ]Ŷ ‖2, (3.7E )

and

VR =
∑

1≤i≤n
(Yi − Ŷi)

2 = ‖Y − Ŷ ‖2 (3.7R)

are, respectively, the so-called total variation (of the Yi’s about their mean), explained vari-
ation (that is, the variation in the Yi’s “explained” by the model assumption E(Y ) ∈ M),
and residual variation of Y . (3) Show that

VE

VT
= R2, (3.8)

where

R =

∑
i
(Yi − Ȳ )(Ŷi − Ȳ )

(
∑

i
(Yi − Ȳ )2)1/2 (

∑
i
(Ŷi − Ȳ )2)1/2

=
〈Q[eee ]Y , Q [eee ]Ŷ 〉
‖Q[eee ]Y ‖ ‖Q[eee ]Ŷ ‖

(3.9)

is the sample correlation coefficient between the observed and fitted values. (In practice,
the larger is R2, the better.) (4) Show that R ≥ 0. (5) Finally, show that the fitted values
Ŷi are uncorrelated with the residuals Yj − Ŷj :

Cov(Ŷi, Yj − Ŷj) = 0 for 1 ≤ i ≤ n, 1 ≤ j ≤ n. (3.10)

[Hint: Note that Q[eee ]PM = PM−[eee ].] �

To determine PMY = µ̂, one may call upon the various results about projections
developed in Sections 1, 2, and 3 of Chapter 2. For example, one may express PMY :
(1) in terms of an orthogonal basis for M (see (2.1.14)), perhaps obtained by a
Gram-Schmidt orthogonalization (see (2.1.15)); (2) in terms of the solution to an
appropriate set of normal equations (see (2.1.26)); as the difference (Proposition
2.2.13) or product (Proposition 2.2.29) of known projections onto subspaces suit-
ably related to M ; or, especially, as the sum (Proposition 2.2.24) of projections
onto mutually orthogonal subspaces of M , perhaps obtained with the aid of Tjur’s
theorem (Theorem 2.3.2).

3.11 Example. Suppose

M =
∑

L∈T
L, (3.12)
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where T is a subset of a Tjur system L of mutually book orthogonal subspaces of V.
By Tjur’s theorem,

M =
∑

L∈T

(∑
K≤L

K◦) =
∑

K∈T ∗
K◦, (3.13)

where

T ∗ = {K ∈ L : K ≤ L for some L ∈ T } (3.14)

and K◦ = K −
∑

J∈L,J<K J . Because the K◦’s are mutually orthogonal,

µ̂ = PMY =
∑

K∈T ∗
PK◦Y. (3.15)

Section 2.3 discussed how the PK◦ ’s can be calculated from the PK ’s with the aid
of a structure diagram for L.

For example, if L is the Tjur system {V, R, G, C} of Example 2.3.18 and M =
R + C, so T = {R, C} and T ∗ = {R, C, G}, then

µ̂ = PR◦Y + PC◦Y + PG◦Y

= PR−GY + PC−GY + PGY = PRY + PCY − PGY,
(3.16)

in agreement with Exercise 2.2.26. •

3.17 Exercise [3]. Use (3.16) to derive (2.16) anew. Begin by checking that the regression

manifold M in Example 3.11 is the same as that in Exercise 2.14. �

3.18 Example. In the framework of (1.7), one can determine

µ̂ =
∑

1≤j≤p
ψj(µ̂)xj ≡

∑
1≤j≤p

β̂jxj

by solving for β̂1, . . . , β̂p in the normal equations

〈xi, Y 〉 =
∑

1≤j≤p
〈xi, xj〉β̂j , 1 ≤ i ≤ p, (3.19)

(see (2.1.26)) to get

β̂i =
∑

1≤j≤p
cij〈xj , Y 〉, (3.20)

in agreement with (2.19). •

Once µ̂ is in hand, the GME of any given linear functional ψ of µ is of course
readily available. On the other hand, when one is able to find the GMEs of linear
functionals directly, as in the previous section, the result of the following exercise
may well be the easiest route to µ̂.
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3.21 Exercise [1]. Suppose each x in M can be written in the form

x =
∑

1≤i≤k
ψi(x)xi

for given linear functionals ψi: M → R and (possibly linearly dependent) vectors xi ∈ M,
1 ≤ i ≤ k. Show that

µ̂ =
∑

1≤i≤k
ψ̂ixi, (3.22)

ψ̂i being the GME of ψi(µ). �

4. Estimation of σ222

By Theorem 3.8.2, the residual vector QMY has in M⊥ a weakly spherical distri-
bution with zero mean and dispersion operator σ2IM⊥ . Thus, when d(M) < d(V ),

σ̂2 ≡ ‖QMY ‖2

d(M⊥)
=

‖Y ‖2 − ‖PMY ‖2

d(V ) − d(M)
(4.1)

unbiasedly estimates σ2. The customary estimator of the standard deviation σ‖ψ‖
of the GME ψ̂(Y ) of a linear functional ψ(µ) is

σ̂ψ̂ ≡ σ̂‖ψ‖ = σ̂‖cv(ψ)‖. (4.2)

4.3 Example. Consider simple linear regression: V = R
n, Y1, . . . , Yn are uncor-

related random variables with equal variances σ2 and E(Yi) = α + β(xi − x̄) for
1 ≤ i ≤ n with x1, . . . , xn known constants; note that the parameterization used
here is different from that used in Examples 1.1.2 and 1.9. The regression manifold
M is

[e, v],

where (e)i = 1 and (v)i = xi − x̄ for each i. Because e ⊥ v, one has

PMY = α̂e + β̂v,

where

α̂ =
〈 e

‖e‖2
, Y
〉

= Ȳ and β̂ =
〈 v

‖v‖2
, Y
〉

=
∑

i(xi − x̄)Yi∑
i(xi − x̄)2

. (4.4)

Hence

σ̂2 =
‖QMY ‖2

n − 2
(4.5)

with

‖QMY ‖2 = ‖Y − (α̂e + β̂v)‖2 =
∑

i

(
Yi − α̂ − β̂(xi − x̄)

)2 (4.6)

= ‖Y ‖2 − ‖α̂e‖2 − ‖β̂v‖2 =
∑

i
Y 2

i − nα̂2 − β̂2
∑

i
(xi − x̄)2. (4.7)
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The sum of squares on the far right of (4.6) is called a closed form, whereas the sum
of squares on the far right of (4.7), which can be obtained algebraically by “opening”
(that is, expanding)

(
Yi − α̂ − β̂(xi − x̄)

)
2 and summing over i, is called an open

form. The estimators of the standard deviations of α̂ and β̂ are, respectively,

σ̂α̂ = σ̂/‖e‖ = σ̂/
√

n (4.8)

and

σ̂β̂ = σ̂/‖v‖ = σ̂
/√∑

i(xi − x̄)2 . (4.9) •

4.10 Exercise [1]. What are the open and closed forms of ‖QM Y ‖2 in the one-way analysis

of variance layout of Example 2.2(D)?

[Hint: See Exercise 2.2.14.] �
4.11 Example. Suppose that, as in Example 3.11,

M =
∑

L∈T
L =

∑
K∈T ∗

K◦,

where T is a subset of a Tjur system L and T ∗ consists of the elements of L that
are at or below the level of some L ∈ T in the structure diagram for L. Because the
mutually orthogonal subspaces L◦ for L ∈ L decompose V, one has

‖QMY ‖2 =
∥∥∑

K /∈T ∗
PK◦Y

∥∥2 =
∑

K /∈T ∗
‖PK◦Y ‖2; (4.12)

the open-form expression on the far right of (4.12) is easily evaluated by reference
to the structure diagram and analysis of variance table for L. •
4.13 Exercise [2]. Suppose the running assumption that µ ∈ M (see (0.1)) is false and

that in fact µ lies in given subspace N of V that contains M . What then is the expected

value of the estimator σ̂2 defined by (4.1)? �
4.14 Exercise [3]. Put q = d(M⊥) and suppose 〈v1, Y 〉, . . . , 〈vq , Y 〉 are uncorrelated linear
functionals of Y such that

Eµ(〈vk , Y 〉) = 0 and Var(〈vk , Y 〉) > 0

for each µ ∈ M and each 1 ≤ k ≤ q. Show that

‖QM Y ‖2 =
∑

1≤k≤q

〈vk , Y 〉2
‖vk‖2

. (4.15) �

4.16 Exercise [2]. Suppose V = R
n and M is spanned by the columns of a full rank

matrix X . Show that the closed-form expression

(Y − Xβ̂)T (Y − Xβ̂) (4.17)

for ‖QM Y ‖2 has the equivalent open form

Y T Y − β̂TXTXβ̂ = Y T Y − β̂T(XT Y ). (4.18) �
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4.19 Exercise [1]. Suppose L is the Tjur system {V, R, C, G} of Example 2.3.18 and

M = R + C. What are the closed- and open-form expressions for ‖QM Y ‖2?

[Hint: See Table 2.3.19.] �

5. Using the wrong inner product

On occasion one may, out of ignorance or for the sake of simplicity, employ the
wrong inner product in estimating µ, that is, one may estimate µ by P ∗

MY , where
P ∗

M denotes projection onto M with respect to an inner product

〈·, ·〉∗ = 〈·, ∆·〉 = 〈·, ·〉∆ (5.1)

different from 〈·, ·〉, ∆: V → V being a positive-definite self-adjoint linear trans-
formation. Consider, for example, the situation where V = R

n, 〈·, ·〉∗ is the dot-
product, and 〈·, ·〉 = 〈·, B−1·〉∗, σ2B being the dispersion operator of Y with respect
to 〈·, ·〉∗; in this case, P ∗

MY is the least squares estimator of µ, whereas PMY is the
GME of µ.

Now, because Eµ(P ∗
MY ) = P ∗

Mµ = µ for all µ ∈ M , P ∗
M is a linear unbiased

estimator of µ and so, by (3.1),

Σ(P ∗
MY ) ≥ Σ(PMY ), (5.2)

with equality if and only if
P ∗

MY = PMY. (5.3)

Here we address the question of when (5.3) holds. The deeper problem of how much
larger Σ(P ∗

MY ) is than Σ(PMY ) when P ∗
MY �= PMY is explored in the problem set

at the end of this chapter.
We need to make a preliminary observation, namely, that for any linear trans-

formation T mapping V into V , the adjoint T ′ of T with respect to 〈·, ·〉 and the
adjoint T ′∗ of T with respect to 〈·, ·〉∗ are related by the adjoint identities

T ′∗ = ∆−1T ′∆ and ∆T ′∗∆−1 = T ′ (5.4)

because, for example,

〈x, Ty〉∗ = 〈∆x, Ty〉 = 〈T ′∆x, y〉 = 〈∆∆−1T ′∆x, y〉 = 〈∆−1T ′∆x, y〉∗

for all x, y ∈ V.

5.5 Proposition. Let ∆, PM , and P ∗
M be as above. The following are equivalent:

(i) PM = P ∗
M ,

(ii) P ∗
M and ∆ commute: P ∗

M∆ = ∆P ∗
M ,

(iii) M is invariant under ∆: ∆(M) ⊂ M ,

(iv) M admits a basis of eigenvectors of ∆,

and imply that the “false” GME P ∗
MY of µ coincides with the true GME PMY.

The proposition remains valid with P ∗
M replaced by PM in (ii). However, we have

stated (ii) in terms of P ∗
M because it is presumably P ∗

M that one has in hand, since
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one is doing the computations with respect to 〈·, ·〉∗. In interpreting the proposition,
bear in mind that since σ2I is by assumption the dispersion operator of Y in the
〈·, ·〉 inner product, σ2∆ = σ2I∆ is the dispersion operator of Y in the 〈·, ·〉∗ inner
product.

Proof of Proposition 5.5. (i) implies (ii): P ∗
M is 〈·, ·〉∗-self-adjoint, so by the

adjoint identity (5.4),

(P ∗
M )′ = ∆

(
(P ∗

M )′∗
)
∆−1 = ∆P ∗

M∆−1.

Given that P ∗
M = PM , P ∗

M is also 〈·, ·〉-self-adjoint, whence (P ∗
M )′ = P ∗

M and P ∗
M∆ =

∆P ∗
M .

(ii) implies (iii): For each x ∈ M , one has ∆x = ∆P ∗
Mx = P ∗

M∆x ∈ M .

(iii) implies (i): Supposing ∆(M) ⊂ M , the identity

〈v, m〉∗ = 〈v,∆m〉 for v ∈ V, m ∈ M

tells us that v ⊥ M implies v⊥∗ M . For x ∈ V, the decomposition

x = PMx + (x − PMx)

is thus the (necessarily unique) representation of x as the sum of a vector (namely
PMx) in M and a vector (namely x−PMx) 〈·, ·〉∗-orthogonal to M , whence P ∗

Mx =
PMx.

(iii) implies (iv): Supposing again that ∆(M) ⊂ M , we may view ∆ as a linear
transformation of M into itself. This restricted ∆ is self-adjoint with respect to
〈·, ·〉, restricted to M × M . The Spectral theorem gives the existence of a 〈·, ·〉-
orthonormal basis e1, . . . , ep for M such that for appropriate scalars λi, ∆ei = λiei

for each i.

(iv) implies (iii): Trivial.

5.6 Exercise [1]. (1) Show that an additional equivalent condition is

(v) M⊥ is invariant under ∆: ∆(M⊥) ⊂ M⊥.

(2) Show that the proposition remains valid if in its statement ∆ is replaced by ∆−1 and/or

P ∗
M is switched with PM .

[Hint: No calculations are needed!] �
5.7 Example. Take V = R

n, 〈·, ·〉∗ = dot-product, and 〈·, ·〉 = 〈·, B−1·〉∗, where
σ2B is the dispersion operator of Y with respect to 〈·, ·〉∗. Suppose M = [e], so
that one is dealing with the one-sample problem. The proposition says that the
least squares estimator P ∗

MY is the same as the GME PMY if and only if e is an
eigenvector of B. This is the case, for example, in the equicorrelated situation

Correlation(Yi, Yj) =
{

1, if i = j,
ρ, if i �= j;

(5.8)

here e is an eigenvector with eigenvalue 1 + (n − 1)ρ. •



74 CHAPTER 4. GAUSS-MARKOV ESTIMATION

5.9 Exercise [2]. Suppose that in Example 5.7 the matrix representing B is diagonal.

Under what further conditions on B will PM Y = P ∗
M Y when: (1) M = [e]; (2) M is given

by (2.3)? �
5.10 Exercise [2]. Suppose PM Y = P ∗

M Y . Show that the corresponding estimators

‖Y − PM Y ‖2

d(V ) − d(M)
and

(‖Y − P ∗
M Y ‖∗ )2

d(V ) − d(M)

of σ2 are the same if and only if the restriction of ∆ to M⊥ is the identity: ∆m⊥ = m⊥

for all m⊥ ∈ M⊥. In the context of Example 5.7, for what value(s) of ρ in (5.8) does this

latter condition hold? �
5.11 Exercise [3]. It may be the case that PM Y and P ∗

M Y are not identical, but yet that
the false GME ψ(P ∗

M Y ) and the true GME ψ(PM Y ) of a given linear functional ψ of µ
are nonetheless the same. Let c ∈ M be the coefficient vector of ψ with respect to 〈·, ·〉
and let c∗ be the coefficient vector of ψ with respect to 〈·, ·〉∗. Show that the following are
equivalent:

(i) ∆c∗ ∈ M ,

(ii) c = ∆c∗,

(iii) c∗ = ∆−1c,

(iv) ∆−1c ∈ M ,

and

(v) ψPM = ψP ∗
M .

[Hint: assertion (v) says 〈c, PM x〉 = 〈c, P ∗
M x〉 for all x ∈ V. By the adjoint identity (5.4),

this is equivalent to 〈c, x〉 = 〈∆P ∗
M ∆−1c, x〉 for all x ∈ V and hence to (iv).] �

6. Invariance of GMEs under linear transformations

The following discussion shows that if one is given a nonsingular linear transforma-
tion T mapping V into V, it is permissible to carry out the GM estimation process
by first transforming the problem via T , then doing GM estimation in the trans-
formed problem, and finally transforming back via T−1. Such an approach may
be advantageous when projection is relatively easy to carry out in the transformed
problem.

Let then T : V → V be a nonsingular linear transformation. By (3.4.5), TY has
dispersion operator TT ′ with respect to 〈·, ·〉 and therefore is weakly spherical with
respect to the inner product

〈·, ·〉∗ = 〈·, (TT ′)−1·〉. (6.1)

Moreover,
E(TY ) = Tµ ∈ TM ≡ {Tm : m ∈ M }.

Let projection onto TM with respect to 〈·, ·〉∗ be denoted P ∗
TM . By Exercise 6.3

below,
PM = T−1P ∗

TMT. (6.2)
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From a vector point of view, (6.2) says that the GME µ̂ = PMY of µ may be obtained
by applying T−1 to the GME P ∗

TMTY of Tµ in the transformed problem. From
a linear functional point of view, (6.2) says that the GME of a linear functional ψ
on M is ψ(PMY ) = ψT−1(P ∗

TMTY ), the GME in the transformed problem of the
linear functional ψT−1 on TM .

If ψ is the linear functional recording the coordinate of a vector in M with
respect to the jth element xj of a basis x1, . . . , xp for M , then ψT−1 records the
coordinate of x in TM with respect to Txj , the jth element of the transformed basis
Tx1, . . . , Txp, since

ψT−1
(∑

i
βiTxi

)
= ψ
(∑

i
βixi

)
= βj .

According to the preceding discussion, the GME β̂j of βj can be found either by
projecting Y onto M and reading off the jth coordinate with respect to the xi’s, or
by projecting TY onto TM (using 〈·, ·〉∗) and reading off the jth coordinate with
respect to the Txi’s.

6.3 Exercise [3]. Prove (6.2).

[Hint: That T−1P ∗
T M T is 〈·, ·〉-self-adjoint follows from the adjoint identity (5.4).] �

To avoid confusion as to the role of the symbol T , for the rest of this section let
the transpose of a vector x ∈ R

n and a matrix A be denoted by x′ and A′, rather
than the usual xT and AT .

6.4 Example. Suppose Y is a random vector in R
n with covariance matrix of the

form σ2B for a known positive-definite matrix B. Then Y is weakly spherical with
respect to the inner product 〈x, y〉 = x′B−1y. Let T be the matrix representing the
transformation T in the preceding discussion. By (6.1), 〈x, y〉∗ = 〈T−1x, T−1y〉 =
x′(T−1)′B−1T−1y = x′(TBT ′)−1y, so if T is chosen so that TBT ′ = I, then
〈·, ·〉∗ is the well-understood and easily handled dot-product. •

6.5 Exercise [2]. Continuing Example 6.4, show that such a T exists. �

6.6 Example. Let V = R
n, let p = dim(M), and let T be any orthogonal linear

transformation of R
n into itself that carries the given manifold M into the “first

p-dimensional” subspace
{

(x1, . . . , xn)′ ∈ R
n : xp+1 = · · · = xn = 0

}
of R

n. Since
T is orthogonal, the 〈T−1·, T−1·〉 inner product is the original dot-product, and
P ∗

TM

(
(x1, . . . , xn)′

)
= (x1, . . . , xp, 0, . . . , 0)′ for all x ∈ R

n. The transformation T is
traditionally called a canonical transformation and is said to reduce the problem to
canonical form; it is often used as a theoretical tool when the GLM is treated from
a coordinatized point of view. •

7. Some additional optimality properties of GMEs

We consider first an optimality criterion of the GME PMY outside the class of linear
unbiased estimators of µ. We need a criterion to measure the performance of a not
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necessarily unbiased estimator µ̂ of µ. In the one-dimensional setting it is customary
to employ the mean square error (MSE)

R(µ̂, µ) = Eµ(µ̂ − µ)2 = Varµ(µ̂) + (Eµµ̂ − µ)2. (7.1)

To say µ̂ has a small MSE is to say that µ̂ has both a small standard deviation and
a small bias.

In the vector setting, a natural definition of MSE is

R(µ̂, µ) = Eµ( ‖µ̂ − µ‖2). (7.2)

Since µ̂− µ has dispersion operator I with respect to 〈·, ·〉∗ ≡ 〈·, Σ−1·〉, Σ being the
dispersion operator of µ̂, and since ‖µ̂ − µ‖2 = 〈Σ(µ̂ − µ), µ̂ − µ〉∗, formula (3.9.1)
gives

R(µ̂, µ) = trace(Σ) + ‖Eµµ̂ − µ‖2, (7.3)

this being an analog to (7.1).
The Gauss-Markov theorem implies that PMY has minimum MSE in the class

of linear unbiased estimators of µ. Indeed, letting e1, . . . , en be an orthonormal basis
for V and assuming DY to be a linear unbiased estimator of µ, we have

R(DY, µ) = Eµ( ‖DY − µ‖2) =
∑

i
Eµ

(
〈DY − µ, ei〉2

)
=
∑

i
Varµ

(
〈DY, ei〉

)
≥
∑

i
Varµ

(
〈PMY, ei〉

)
=
∑

i
Eµ

(
〈PMY − µ, ei〉2

)
= R(PMY, µ),

the inequality holding because 〈DY, ei〉 is a linear unbiased estimator of its expected
value 〈Dµ, ei〉 = 〈µ, ei〉, the GM estimator of which is 〈PMY, ei〉.
7.4 Exercise [3]. Show that for any linear transformation A: V → V, the quantity∑

1≤i≤n
〈ei, Aei〉 (7.5)

does not depend on which orthonormal basis e1, . . . , en is employed in V ; the common
value of all these sums is called trace(A). When A is self-adjoint, trace(A) is thus the sum
of the eigenvalues of A, multiplicities included, as defined in part A of Section 3.9. Check
that for self-adjoint transformations A and B,

A ≤ B implies trace(A) ≤ trace(B) (7.6)

and use this together with (3.1) and (7.3) to give an alternate proof of the fact that PM Y

has minimum MSE among linear unbiased estimators of µ. �
One can push these ideas a bit further to obtain

7.7 Proposition. µ̂ = PMY has minimum MSE in the class of affine estimators
of µ with bounded MSE.
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Proof. Let DY +µ0 be an affine estimator (D: V → V is linear, µ0 ∈ V ) of µ with
bounded MSE. Note that

R(DY + µ0, µ) = Eµ‖DY + µ0 − µ‖2

= Eµ‖ (DY − Dµ) + (Dµ − µ + µ0) ‖2

= Eµ‖DY − Dµ‖2 + 2Eµ〈DY − Dµ, Dµ − µ + µ0〉
+ ‖Dµ − µ + µ0‖2

= Eµ‖D(Y − µ) ‖2 + 0 + ‖ (Dµ − µ) + µ0‖2.

Were Dµ1 �= µ1 for some µ1 ∈ M , DY + µ0 would have unbounded MSE (consider
‖ (Dcµ1 − cµ1) + µ0‖2 as a function of c ∈ R), so we must have

Dµ = µ for all µ ∈ M.

But then DY is a linear unbiased estimator of µ, and the effect of translating it by
µ0 is only to make the bias, and so also the MSE, bigger:

R(DY + µ0, µ) = Eµ‖DY − Dµ‖2 + ‖µ0‖2 ≥ R(DY, µ) ≥ R(PMY, µ).

Finally we consider an invariance argument that also leads to PMY as the
“ideal” estimator of µ. Consider a generic estimator g(Y ) of the mean E(Y ) ∈ M
of our weakly spherical random vector Y . It is reasonable to ask that

g(y) ∈ M for all y ∈ V. (7.81)

Now for m ∈ M , the random vector Y + m is weakly spherical with mean

E(Y + m) = E(Y ) + m ∈ M,

and so it would be natural to use g(Y + m) to estimate the left-hand side of the
above equation. Since g(Y ) + m estimates the right-hand side, it is reasonable to
ask also that

g(y + m) = g(y) + m for all y ∈ V and all m ∈ M . (7.82)

Similarly, for each orthogonal transformation O: V → V that maps M into M , the
random vector OY is weakly spherical with mean

E(OY ) = O
(
E(Y )

)
∈ M,

and it is reasonable to ask also that

g(Oy) = Og(y) for all y ∈ V and all such mappings O. (7.83)

7.9 Proposition. The unique g: V → V satisfying (7.8) is g = PM .

7.10 Exercise [3]. Prove the proposition.

[Hint: First show that g(y) = 0 for each y ∈ M⊥.] �
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8. Estimable parametric functionals

When V = R
n the regression manifold M is often written as

M = {Xβ : β ∈ R
k }, (8.1)

where the n × k matrix X may or may not be of full rank. This situation can be
abstracted to the case of a general V by stipulating that

M = {Xβ : β ∈ B } (8.2)

is the range of a linear transformation X mapping an inner product space B into V ;
X may or may not be one-to-one. Written out in full, the distributional assumptions
on Y corresponding to (8.2) read

the random vector Y is weakly spherical
in V and has mean µ = E(Y ) of the

form Xβ for some unknown β lying in B.
(8.3)

The parameter β in (8.3) is of special interest. When X is one-to-one, X ′X is invert-
ible so that β = (X ′X)−1X ′µ is a linear function of µ = Xβ. By the Gauss-Markov
theorems, β and all linear functionals of it accordingly have best linear unbiased esti-
mators. On the other hand, when X is not one-to-one, various structural difficulties
arise. β itself is not uniquely determined by µ and so has no natural estimator what-
soever. The same is true of some linear functionals of β. As it turns out, other linear
functionals of β are uniquely determined by µ, and in fact linearly so, and therefore
do have best linear unbiased estimators. This section delineates which functionals
of β are so estimable and what their optimal estimators are. Until further notice we
adopt (8.3) as the running assumption and refer to (8.1) and (8.2) as the “matrix
case” and “general case,” respectively. We will call an arbitrary linear functional
of β a parametric functional . In the matrix case a parametric functional can be
thought of as a linear combination p1β1 + · · · + pkβk of the coordinates β1, . . . , βk

of β.

8.4 Proposition. Let φ be a parametric functional with coefficient vector p, so
that φ(β) = 〈p, β〉B for all β ∈ B. The following are equivalent:

(i) φ(β) admits a linear unbiased estimator in the sense that there exists a v ∈ V
such that Eβ〈v, Y 〉V = φ(β) for all possible values of the parameter β in
(8.3),

(ii) there exists a linear functional ψ on M such that

φ(β) = ψ(Xβ) for all β ∈ B, (8.5)

(iii) φ(β) is uniquely determined by Xβ in the sense that φ(β1) = φ(β2) when-
ever β1, β2 ∈ B satisfy Xβ1 = Xβ2,

(iv) p ⊥N (X),
(v) p ∈ R(X ′),
(vi) p ∈ R(X ′X).
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Proof. (i) implies (ii): If φ(β) = Eβ〈v, Y 〉V , then φ(β) = 〈v, EβY 〉V = 〈v, Xβ〉V =
ψ(Xβ) for ψ = 〈v, ·〉V .

(ii) implies (iii): Trivial.

(iii) implies (iv): Suppose β ∈ N (X), so that Xβ = 0 = X0. Condition (iii) (with
β1 = β and β2 = 0) then implies that φ(β) = φ(0) = 0, so that p ⊥ β.

(iv) ⇐⇒ (v) ⇐⇒ (vi): By Exercises 2.5.9, 2.5.17, and 2.5.20, N⊥(X) = R(X ′) =
R(X ′X).

(v) implies (i): Suppose p = X ′v for some v ∈ V. Then Eβ〈v, Y 〉V = 〈v, EβY 〉V =
〈v, Xβ〉V = 〈X ′v, β〉B = 〈p, β〉B = φ(β).

A parametric functional φ(β) is said to be (linearly and unbiasedly) estimable if
φ satisfies any of the equivalent conditions of Proposition 8.4; otherwise, φ(β) is said
to be nonestimable. By (8.5), the estimable parametric functionals are precisely the
ones that are linear functionals of the mean of Y.

8.6 Exercise [2]. Suppose φ(β) is an estimable parametric functional with coefficient

vector p. Show that the coefficient vector of the linear functional ψ in (8.5) is the unique

element m in M such that p = X ′m. �
8.7 Exercise [3]. Show that if the parametric functional φ(β) is nonestimable, then it is

completely undetermined by µ = Xβ, in the sense that for each µ ∈ M and each c ∈ R,

there exists a β ∈ B such that Xβ = µ and φ(β) = c. �
It is worth spelling out what conditions (iv)–(vi) of Proposition 8.4 have to

say about the estimability of pTβ in the matrix case (8.1). Condition (iv) requires
pT b = 0 for all b ∈ R

k such that Xb = 0. Condition (v) requires p to be a linear
combination of the columns of XT , that is, that pT be a linear combination of
the rows of X. Since multiplication of the ith row of X into β gives the expected
value of Yi, this result says that the only linear combinations of β1, . . . , βk that are
estimable are the ones that are linear combinations of the coordinates of µ = Xβ.
Finally, condition (vi) requires that p be a linear combination of the columns of
XTX or, equivalently, that pT be a linear combination of the rows of that symmetric
matrix.

8.8 Example (The one-way layout). Consider the one-way layout parameterized
in the form

E(Yij) = β0 + βi for 1 ≤ j ≤ ni, 1 ≤ i ≤ I

with no restrictions on the βi’s. One thinks of β0 as what the expected value of each
Yij would be in the absence of any treatments and of βi as an incremental effect due
to the treatment applied to the ith group. A linear combination p0β0 + · · · + pIβI

of β0, . . . , βI is estimable if and only if it can be written as a linear combination
c1(β0 +β1)+ · · ·+ cI(β0 +βI) of the coordinates E(Yij) of µ. A moment’s reflection
shows that the condition for estimability is that

p0 =
∑

1≤i≤I
pi. (8.9)
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Thus no single βi is estimable — without further assumptions on the βi’s, it is impos-
sible to disentangle the background level β0 from the incremental effects β1, . . . , βI .
Moreover, a linear combination

∑
1≤i≤I piβi of the incremental effects is estimable

if and only if
∑

1≤i≤I pi = 0; for example, β2−β1 and β3−(β1+β2)/2 are estimable,
but (β1 + β2 + β3)/3 is not. •
8.10 Exercise [3]. Consider the additive two-way layout

E(Yij ) = ν + αi + βj , 1 ≤ i ≤ I, 1 ≤ j ≤ J,

with no restrictions on the parameters ν, α1, . . . , αI , β1, . . . , βJ . Show that a linear com-
bination ∑

1≤i≤I
piαi +

∑
1≤j≤J

qjβj + rν

is estimable if and only if ∑
1≤i≤I

pi = r =
∑

1≤j≤J
qj . �

8.11 Exercise [2]. Suppose V = R
n . In the model

E(Yi) = βi − βi−1, 1 ≤ i ≤ n,

what linear combinations of the parameters β0, . . . , βn are estimable? �

Returning to the general case (8.2), suppose φ(β) is an estimable parametric
functional. As in (8.5), let ψ be a linear functional on M such that φ(β) = ψ(Xβ)
for all β ∈ B; ψ is uniquely determined by φ because X maps B onto M . The
Gauss-Markov estimator φ̂(Y ) of φ(β) is defined to be the GME ψ̂(Y ) = ψ(PMY )
of ψ(EY ).

8.12 Proposition (Gauss-Markov theorem for estimable functionals). The
best linear unbiased estimator of an estimable parametric functional φ(β) is its GME

φ̂(Y ).

Proof. In the framework of (8.3), a linear functional LY of Y is unbiased for φ(β)
if and only if, for all β ∈ B and all possible choices of the distribution of Y as being
weakly spherical with mean Xβ, one has

E(LY ) = φ(β). (8.13)

Because φ(β) = ψ(Xβ) for all β, the requirements are that for all µ ∈ M and all
choices of the distribution of Y as being weakly spherical with mean µ, one has

E(LY ) = ψ(µ). (8.14)

By the Gauss-Markov theorem for ψ, the choice of L minimizing Var(LY ) subject
to the constraint (8.14), and hence subject to the equivalent constraint (8.13), is
L = ψPM .
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8.15 Exercise [2]. Show that a nonestimable parametric functional φ(β) does not admit

any unbiased estimator, linear or not.

[Hint: Specifically, show that there is no function f : V → R such that Ef(Y ) = φ(β) for

all β ∈ B and all possible choices of the distribution of Y as being weakly spherical with

mean Xβ.] �

8.16 Proposition. Let φ(β) = 〈p, β〉B be an estimable parametric functional. Its

GME φ̂(Y ) can be written variously as:

(i) 〈PMv, Y 〉V , for any v ∈ V such that Eβ〈v, Y 〉V = φ(β) for all β ∈ B,

(ii) 〈PMv, Y 〉V , for any v ∈ V such that p = X ′v,

(iii) φ(β̂), for any solution β̂ to the normal equations X ′Xβ̂ = X ′Y , or

(iv) 〈b, X ′Y 〉B , for any b ∈ B such that p = X ′Xb.

Proof. (i): By condition (i) of Proposition 8.4 there is at least one v ∈ V such that
〈v, Y 〉V unbiasedly estimates φ(β). The first step of the proof of that proposition
showed that for any such v, one has φ(β) = ψ(Xβ) for ψ = 〈v, ·〉V . Hence cv(ψ) =
PMv and φ̂(Y ) ≡ ψ̂(Y ) = 〈PMv, Y 〉V .

(ii): By condition (v) of Proposition 8.4 there is at least one v ∈ V such that
p = X ′v. The last step of the proof of that proposition showed that for any such v,
〈v, Y 〉V unbiasedly estimates φ(β), so (ii) follows from (i).

(iii): By Exercise 2.5.22 there is at least one solution β̂ to the normal equations,
and any such β̂ satisfies Xβ̂ = PMY . Let v be as in (ii), so that p = X ′v. Then
φ̂(Y ) = 〈v, PMY 〉V = 〈v, Xβ̂〉V = 〈X ′v, β̂〉B = 〈p, β̂〉B = φ(β̂).

(iv): By condition (vi) of Proposition 8.4 there is at least one b ∈ B such that
p = X ′Xb. For any such b and any solution β̂ to the normal equations, one has
〈b, X ′Y 〉B = 〈b, X ′Xβ̂〉B = 〈X ′Xb, β̂〉B = 〈p, β̂〉B = φ(β̂), so (iv) follows from (iii).

In the matrix case, assertion (iii) of Proposition 8.16 says that the GME of pTβ

is pTβ̂, where β̂ is any solution to the normal equations XTXβ̂ = XTY . If pT can
be recognized as a linear combination bTXTX of the rows of the coefficient matrix of
the normal equations, then the GME of pTβ can be easily obtained without solving
the normal equations; indeed, assertion (iv) of the proposition gives the GME of pTβ
as bT(XTY ). In general, though, it is no easier to find a b such that XTXb = p

than it is to solve the normal equations for β̂.

8.17 Example (The one-way layout). In the context of Example 8.8, the GME of
an estimable parametric functional φ(β) =

∑
0≤i≤I piβi is

φ̂(Y ) =
∑

1≤i≤I
piȲi = 〈v, Y 〉V ,

where
v =

∑
1≤i≤I

pivi

ni
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with (vi)i′j = δii′ , since v ∈ M and

Eβββ〈v, Y 〉V =
∑

1≤i≤I
pi(β0 + βi) =

∑
0≤i≤I

piβi = φ(β)

by (8.9). •

8.18 Exercise [3]. Find the GME of an arbitrary estimable φ(β) in (1) Exercise 8.10 and

(2) Exercise 8.11. �
8.19 Exercise [2]. Show that if φ1(β) = 〈p1, β〉B and φ2(β) = 〈p2, β〉B are estimable
parametric functionals, with p1 = X ′Xb1 and p2 = X ′Xb2 for b1 and b2 ∈ B, then

Cov(φ̂1(Y ), φ̂2(Y )) = σ2〈Xb1, Xb2〉V = σ2〈b1, p2〉B = σ2〈p1, b2〉B .

[Hint: See Exercise 8.6.] �

8.20 Exercise [2]. Show that if the vector space of estimable functionals for the model

(8.2) is spanned by φ1, . . . , φI , then the regression manifold M is spanned by the coefficient

vectors m1, . . . , mI of the corresponding GMEs φ̂i(Y ) = 〈mi, PM Y 〉M . �

8.21 Example. As in Section 2.3, let D be a Tjur design consisting of orthogonal
factors F (see (2.3.65)). Let V be the inner product space of real-valued functions
on the set of experimental units, let F be a subset of D, and let Y be a V -valued
weakly spherical random vector with mean of the form

E(Y ) =
∑

F∈F

(∑
f∈F

βF
f If

)
(8.22)

for some unknown constants βF
f (f ∈ F , F ∈ F); here If is the indicator function

of f (see (2.3.47)). Equation (8.22) postulates that the factors in F are additive in
their effects and that βF

f is the effect of the f th level of the factor F .
This scenario is a particular case of (8.3): Take

B = { (βF
f )f∈F, F∈F : βF

f ∈ R for each f ∈ F ∈ F }

and let X be the linear transformation from B to V mapping β ∈ B to

Xβ =
∑

F∈F

(∑
f∈F

βF
f If

)
.

Fix F ∈ F and consider a parametric functional φ(β) of the form

φ(β) =
∑

f∈F
pfβF

f . (8.23)

We claim φ(β) is estimable if and only if

for each G ∈ F distinct from F and each block h
of H = F ∧ G, one has

∑
f∈F, f⊂h pf = 0, (8.24)
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and then the GME of φ(β) is

φ̂(Y ) =
∑

f∈F
pf Ȳf , (8.25)

where Ȳf is the average value of Y over f (see (2.3.55)).

First we show that φ(β) is nonestimable if condition (8.24) is false. Suppose
that

∑
f∈F, f⊂h pf �= 0 for some block h of H = F ∧ G for some G �= F . h is a

union of certain blocks of F , say f1, . . . , fI , and also a union of certain blocks of G,
say g1, . . . , gJ . Let β1 be the element of B having all coordinates 0, and let β2 be
the element of B having all coordinates 0 except for (β2)F

f1
= · · · = (β2)F

fI
= 1 and

(β2)G
g1

= · · · = (β2)G
gJ

= −1. Then

Xβ2 =
∑

1≤i≤I
Ifi −

∑
1≤j≤J

Igj = Ih − Ih = 0 = Xβ1

while

φ(β2) =
∑

1≤i≤I
pfi =

∑
f∈F, f⊂h

pf �= 0 = φ(β1).

This violates condition (iii) of Proposition 8.4, so φ(β) is nonestimable.
Suppose next that condition (8.24) does hold. Put

v =
∑

f∈F

pf

|f | If ,

where |f | denotes the number of experimental units assigned to level f (see (2.3.29)).
We claim that

Eβ〈v, Y 〉 = φ(β)

for all β ∈ B. This will make φ(β) estimable and (8.25) will follow because v ∈ M
and 〈v, Y 〉 =

∑
f∈F pf Ȳf (see parts (i) of Propositions 8.4 and 8.16). Now

Eβ〈v, Y 〉 = 〈v, EβY 〉 =
∑

G∈F
〈v, XGβG〉,

where

XGβG =
∑

g∈G
βG

g Ig.

Since

〈v, XF βF 〉 =
∑

f∈F

∑
f ′∈F

pf

|f | βF
f ′ |f ∩ f ′| =

∑
f∈F

pfβF
f = φ(β),

it suffices to show 〈v, XGβG〉 = 0 for G ∈ F distinct from F . Fix such a G and put
H = F ∧ G. Because F and G are orthogonal factors, we have |f ∩ g| = |f | |g|/|h|
whenever the blocks f of F and g of G are nested in the same block h of H (see
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Proposition 2.3.57), while trivially |f∩g| = 0 if f and g are nested in different blocks
of H. Hence

〈v, XGβG〉 =
∑

f∈F

∑
g∈G

pf

|f | βG
g |f ∩ g|

=
∑

h∈H

∑
f,g⊂H, f∈F, g∈G

pf

|f | βG
g

|f | |g|
|h|

=
∑

h∈H

1
|h|
[(∑

f∈F, f⊂h
pf

)(∑
g∈G, g⊂h

βG
g |g|

)]
= 0,

the last equality holding by (8.24). •

8.26 Exercise [3]. In the context of Example 8.21, show that for fixed F ∈ F and fixed

f1, f2 ∈ F , the parametric functional φ(β) = βF
f2

− βF
f1

is estimable if and only if for each

factor G ∈ F distinct from F , f1 and f2 are nested in the same block of H = F ∧ G. �

8.27 Exercise [3]. In the context of Example 8.21, suppose that F and G are factors

such that φF (β) =
∑

f∈F
pF

f βF
f and φG(β) =

∑
g∈G

pG
f βG

g are both estimable. Find the

variances and covariances of the GMEs φ̂F (Y ) and φ̂G(Y ). �

8.28 Exercise [3]. Consider the split-plot design of Exercise 2.3.66. Suppose F = {P, A×
B}. For each choice of F ∈ F , what parametric functionals φ(β) =

∑
f∈F

pf βF
f are

estimable, and what are their GMEs? Repeat for the case when F is augmented to F∗ =

{P, A × B, A, B, T} by including those factors in D that lie below P and/or A × B in the

factor structure diagram. �

The exercises that follow deal with the case when certain linear restrictions are
imposed on β. For the rest of this section suppose that R is a linear transformation
mapping B into a inner product space C and modify (8.3) to read

the random vector Y is weakly spherical in V
and has mean µ = E(Y ) of the form Xβ for
some unknown β ∈ B such that Rβ = 0.

(8.29)

Put
M = {Xβ : β ∈ B and Rβ = 0 }. (8.30)

8.31 Exercise [2]. Show that β̂ ∈ B satisfies Xβ̂ = PM Y and Rβ̂ = 0 if and only if there
exists a c ∈ C such that β̂ and c jointly satisfy the normal equations

X ′Xβ̂ = X ′Y + R′c and Rβ̂ = 0. (8.32)

[Hint: Use N⊥(R) = R(R′).] �
8.33 Exercise [3]. Let φ be a parametric functional with coefficient vector p ∈ B, so that
φ(β) = 〈p, β〉B for all β ∈ B. Show that the following are equivalent:

(i) φ(β) admits a linear unbiased estimator, in the sense that there exists a v ∈ V
such that Eβ 〈v, Y 〉V = φ(β) for all β ∈ B such that Rβ = 0,
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(ii) there exists a linear functional ψ on M such that

φ(β) = ψ(Xβ) for all β ∈ B such that Rβ = 0, (8.34)

(iii) φ(β) is uniquely determined by Xβ when Rβ = 0, in the sense that φ(β1) = φ(β2)
whenever β1, β2 ∈ B satisfy Xβ1 = Xβ2 and Rβ1 = 0 = Rβ2,

(iv) p ⊥ (N (X) ∩N (R)),
(v) p ∈ R(X ′) + R(R′),

(vi) p ∈ R(X ′X + RR′). �
8.35 Exercise [3]. Suppose φ satisfies the conditions of the previous exercise. Let ψ be the
unique linear functional on M such that equation (8.34) holds. Show that φ̂(Y ) ≡ ψ̂(Y ) is
the best linear unbiased estimator of φ(β) and that φ̂(Y ) can be written variously as:

(i) 〈PM v, Y 〉V , for any v ∈ V such that Eβ 〈v, Y 〉V = φ(β) for all β ∈ B with Rβ = 0,

(ii) 〈PM v, Y 〉V for any v ∈ V and c ∈ C such that p = X ′v + R′c,

(iii) φ(β̂) for any β̂ satisfying the normal equations (8.32), or

(iv) 〈b, X ′Y + R′c〉B for any b ∈ B such that p = (X ′X + RR′)b and any c ∈ C
satisfying the normal equations (8.32). �

9. Problem set: Quantifying the Gauss-Markov theorem

Let V , 〈·, ·〉, Y , and M play their usual roles in the GLM —in particular, Y is
weakly spherical with respect to 〈·, ·〉 and M is the subspace of possible means of
Y . Let 〈·, ·〉∗ = 〈·, ∆·〉 be another inner product on V . In this problem set you will
work out an explicit, albeit somewhat cumbersome, expression for the ratio

Var
(
ψ(P ∗

MY )
)

Var
(
ψ(PMY )

)
of the variance of the false GME of the linear functional ψ(µ) to the variance of the
true GME of ψ(µ). The ratio depends on the extent to which vectors ⊥∗ to M fail
to be ⊥ to M , so the problem set begins with some preliminary considerations on
measuring the nonorthogonality of subspaces.

Let K and L be two subspaces of V ; assume K �= 0 and L �= 0. Set

θ(K, L) = sup{ 〈x, y〉 : x ∈ K, y ∈ L, ‖x‖ = 1 = ‖y‖ }. (9.1)

Topological considerations show that the sup is attained.

A. Show that
0 ≤ θ(K, L) ≤ 1 (9.2)

with

θ(K, L) = 0 ⇐⇒ K ⊥ L (9.3)

θ(K, L) = 1 ⇐⇒ K ∩ L �= 0.

[Hint: Use the Cauchy-Schwarz inequality (2.1.21).] ◦
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B. Suppose x ∈ K and y ∈ L with θ(K, L) = 〈x, y〉 and ‖x‖ = 1 = ‖y‖. Put

K ′ = orthogonal complement of [x] in K = K − [x]
L′ = orthogonal complement of [y] in L = L − [y].

Show that
x ⊥ L′ and y ⊥ K ′.

[Hint: Were there a nonzero x′ ∈ K ′ with 〈x′, y〉 > 0, then 〈(x + δx′)/‖x + δx′‖, y〉
would exceed 〈x, y〉 for small positive δ.] ◦

C. Show that there exist orthonormal bases x1, . . . , xk for K and y1, . . . , y� for L
such that

〈xi, yj〉 = 0 for i �= j, 1 ≤ i ≤ k, 1 ≤ j ≤ �,

〈xg, yg〉 = θ(K − [x1, . . . , xg−1], L − [y1, . . . , yg−1]),
for 1 ≤ g ≤ h ≡ min(k, �).

(9.4)

The bases x1, . . . , xk and y1, . . . , y� are called canonical bases for K and L.
[Hint: Use B repeatedly.] ◦

D. Let x and y be given in V with ‖x‖ = 1 = ‖y‖ and 〈x, y〉 ≥ 0. Show that the
linear transformation mapping V into V that sends x into itself and that annihilates
y and [x, y]⊥ is

1
1 − θ2

(
〈·, x〉 − θ〈·, y〉

)
x

with
θ = 〈x, y〉 = θ([x], [y]). ◦

That finishes the preliminaries. Now let M⊥∗
denote the orthogonal complement

of M with respect to 〈·, ·〉∗. Let x1, . . . , xk and y1, . . . , y� be canonical bases for M
and M⊥∗

, respectively. Put
h = min(k, �)

and set

θg = θ(M − [x1, . . . , xg−1], M⊥∗ − [y1, . . . , yg−1]) for 1 ≤ g ≤ h.

Note 1 > θ1 ≥ θ2 · · · ≥ θh ≥ 0 by A.

E. Show that for each v ∈ V ,

PMv =
∑

1≤i≤k
〈v, xi〉xi

whereas

P ∗
Mv =

∑
1≤g≤h

1
1 − θ2

g

(
〈v, xg〉 − θg〈v, yg〉

)
xg +

∑
h+1≤i≤k

〈v, xi〉xi. (9.5)
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Deduce that the difference between the false GME µ̂∗ = P ∗
MY and the true GME

µ̂ = PMY is given by

µ̂∗ − µ̂ =
∑

1≤g≤h

θg

1 − θ2
g

〈Y, θgxg − yg〉xg. (9.6)

[Hint: For (9.5), show that the right-hand side is xi when v = xi, for 1 ≤ i ≤ k, and
is 0 when v = yj , for 1 ≤ j ≤ �.] ◦
F. Show that the linear functionals

fg(Y ) =
θg

1 − θ2
g

〈Y, θgxg − yg〉, 1 ≤ g ≤ h,

appearing in (9.6) are uncorrelated among themselves and with the functionals

〈Y, xi〉, 1 ≤ i ≤ k,

and that the fg(Y )’s have variances

Var
(
fg(Y )

)
= σ2

θ2
g

1 − θ2
g

.

[Hint: Compute.] ◦
G. Now let ψ(µ) be a linear functional of µ. Let c ∈ M be the coefficient vector of
ψ with respect to 〈·, ·〉:

ψ(m) = 〈c, m〉 for m ∈ M.

Put
ψ̂ = ψ(PMY ), ψ̂∗ = ψ(P ∗

MY ).

Show that

Var(ψ̂∗)

Var(ψ̂)
= 1 +

∑
1≤g≤h c2

g
θ2

g

1−θ2
g∑

1≤g≤k c2
g

, (9.7)

where cg = 〈c, xg〉 for 1 ≤ g ≤ k.
[Hint: Use (9.6) and F.] ◦
H. Let τ be the ratio of the largest to the smallest eigenvalues of the operator ∆
figuring in the definition of 〈·, ·〉∗. Show that

Var(ψ̂∗)

Var(ψ̂)
≤ (1 + τ)2

4τ
. (9.8)

[Hint: Var(ψ̂∗)/ Var(ψ̂) ≤ 1/(1 − θ2
1); now use Cleveland’s identity (2.6.1).] ◦

I. Exhibit an M and a ψ for which equality holds in (9.8).
[Hint: First show that (1 + τ)2/(4τ) = 1/(1 − θ2

1).] ◦
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J. Suppose V = R
n, 〈·, ·〉∗ is the dot-product and Y = (Y1, . . . , Yn)T with

Var(Yi) = σ2 for each i

and
Correlation(Yi, Yj) = ρ for i �= j.

Show that the bound on the right-hand side of (9.8) is(
2 + (n − 2)ρ

)2
4(1 − ρ)

(
1 + (n − 1)ρ

) . (9.9) ◦



CHAPTER 5

NORMAL THEORY: ESTIMATION

Let V, 〈·, ·〉, M , and Y have their customary meanings in the GLM with the weak
sphericity setup. Throughout this chapter we suppose now in addition that Y is
normally distributed in V :

Y ∼ NV (µ, σ2IV ) with µ ∈ M and σ2 > 0. (0.1)

We show that as an estimator of µ, PMY has various nice properties, to wit: (i) It
is the maximum likelihood estimator of µ; (ii) it has minimum dispersion in the
class of all (linear and nonlinear) unbiased estimators of µ; and (iii) it is minimax
with respect to mean square error. On the debit side, we exhibit the James-Stein
phenomenon: PMY is inadmissible relative to mean square error when dim(M) ≥ 3.
Some admissible minimax estimators are developed in the problem set.

1. Maximum likelihood estimation

Relative to Lebesgue measure on V, Y has density (see (3.7.6))

fµ,σ2(y) =
1

(2π)n/2|Σ|1/2
e−

1
2 〈y−µ,Σ−1(y−µ)〉

=
1

(2πσ2)n/2
e−

1
2‖y−µ‖2/σ2

=
1

(2πσ2)n/2
e−

1
2‖PM y−µ‖2/σ2

e−
1
2‖QM y‖2/σ2

, (1.1)

where n = dim(V ) and Σ = Σ(Y ). The maximum likelihood estimators µ̂MLE and
σ̂2

MLE of µ and σ2 are the values of µ and σ2 that maximize fµ,σ2(Y ). Now, regardless
of the value of σ, the maximum of fµ,σ2(Y ) with respect to µ occurs at

µ̂MLE = PMY ; (1.2)
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σ̂2
MLE is therefore the value of σ2 maximizing

1
(σ2)n/2

e−
1
2‖QM Y ‖2/σ2

.

Since

d

dθ
log
( 1

θn/2
e−

1
2 a/θ
)

=
d

dθ

(
− n

2
log(θ) − a

2θ

)
=

1
2θ

(
−n +

a

θ

)
is strictly positive for 0 < θ < a/n and strictly negative for a/n < θ, we have

σ̂2
MLE =

‖QMY ‖2

n
. (1.3)

The joint distribution of µ̂MLE and σ̂2
MLE is readily obtained from our basic

distributional results under normality (see Theorem 3.8.2):

µ̂MLE ∼ NM (µ, σ2IM ) (1.4)

independently of
σ̂2

MLE ∼ σ2χ2
d(M⊥)/n. (1.5)

1.6 Exercise [2]. Suppose ψ(µ) is a linear functional on M , ψ̂(Y ) is its GME, and σ̂ψ̂ =
σ̂‖ψ‖ is its estimated standard error (see (4.4.2)). Show that

ψ̂(Y ) − ψ(µ)

σ̂ψ̂

has a t distribution with d(M⊥) degrees of freedom. �

2. Minimum variance unbiased estimation

Set
µ̂ = µ̂MLE = PMY = GME of µ (2.1)

σ̂2 =
n

d(M⊥)
σ̂2

MLE =
‖QMY ‖2

d(M⊥)
. (2.2)

Evidently
Eµ,σ2(µ̂) = µ

Eµ,σ2(σ̂2) = σ2

for all µ ∈ M and σ2 > 0. Thus µ̂ and σ̂2 are unbiased estimators of µ and σ2,
respectively. According to the Lehmann-Scheffé theorem, they have minimum dis-
persion in the class of all unbiased estimators because, as we will now show, they are
functions of a complete sufficient statistic. Recall that a statistic T (Y ) is: (i) suffi-
cient for µ and σ2 if for each possible value t of T , the conditional distribution of
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Y given T (Y ) = t does not depend on the parameters µ, σ2; and (ii) complete if
whenever g is a function such that

Eµ,σ2g
(
T (Y )

)
= 0 for all µ and σ2,

then
Pµ,σ2

(
g(T (Y )) �= 0

)
= 0 for all µ and σ2.

The Lehmann-Scheffé theorem (see Bickel and Doksum (1977, p. 122)) states that
when T (Y ) is both sufficient and complete, each function of T (Y ) is the minimum
dispersion unbiased estimator of its expected value.

To find a complete sufficient statistic, write the density of Y as

fµ,σ2(y) =
1

(2πσ2)n/2
e−

1
2‖y−µ‖2/σ2

=
1

(2πσ2)n/2
e−

1
2‖y‖2/σ2

e〈y,µ/σ2〉 e−
1
2‖µ‖2/σ2

=
1

(2πσ2)n/2
e−

1
2‖y‖2/σ2

e〈PM y,µ/σ2〉 e−
1
2‖µ‖2/σ2

= C(θ1, . . . , θp, θp+1) e
∑

1≤i≤p+1 Ti (y)θi , (2.3)

where, with b1, . . . , bp denoting an orthonormal basis for M ,

Ti(y) = 〈PMy, bi〉, θi = 〈µ/σ2, bi〉, for i = 1, . . . , p,

Tp+1(y) = ‖y‖2, θp+1 = − 1
2σ2

,

and

C(θ1, . . . , θp, θp+1) =
1

πn/2
(−θp+1)n/2 e−

1
2
∑

1≤i≤p θ2
i .

Notice that as (µ, σ2) ranges over M × (0,∞), θ ≡ (θ1, . . . , θp, θp+1) ranges over

Θ = R
p × (−∞, 0).

It follows from (2.3) and the factorization criterion for sufficiency (see Lehmann
(1959, p. 49)) that

T (Y ) =
(
T1(Y ), . . . , Tp(Y ), Tp+1(Y )

)
is sufficient; moreover, T (Y ) is complete because the possible distributions of T (Y )
constitute an exponential family and Θ has a nonempty interior as a subset of R

p+1

(see Lehmann (1959, p. 132)). To finish off the argument, note that

µ̂ = PMY =
∑

1≤i≤p
Ti(Y )bi

σ̂2 =
‖QMY ‖2

d(M⊥)
=

‖Y ‖2 − ‖PMY ‖2

d(M⊥)
=

Tp+1(Y ) −
∑

1≤i≤p T 2
i (Y )

d(M⊥)
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are indeed functions of T (Y ).

2.4 Exercise [4]. Suppose g: V → R is a function such that

J(µ, σ2) ≡ Eµ,σ2(g(Y ))

is defined and finite for all µ ∈ M and all σ2 > 0. Show that J has continuous partial

derivatives with respect to µ and σ2 of all orders (indeed, is analytic).

[Hint: See Lehmann (1959, p. 52).] �

3. Minimaxity of PMMMY

For the rest of this chapter, with exceptions as noted, suppose σ2 is known; for
simplicity take σ2 = 1, so

Y ∼ NV (µ, IV ) with µ ∈ M. (3.1)

We will investigate properties of the GME PMY from a decision-theoretic viewpoint
relative to mean square error, under which the risk of using an estimator µ̂ when µ
obtains is

R(µ̂; µ) ≡ Eµ‖µ̂ − µ‖2 = trace
(
Σ(µ̂)

)
+ ‖Eµµ̂ − µ‖2

(see (4.7.3)). Because PMY has mean µ and dispersion operator PMP ′
M = PM in

V, the risk of PMY is

R(PMY ; µ) = Eµ‖PMY − µ‖2 = trace(PM ) + ‖0‖2 = dim(M);

note that PMY has constant risk.
Recall that an estimator µ̂ = µ̂(Y ) of µ is said to be minimax if

R̄(µ̂) ≡ supµ∈M R(µ̂; µ)

= infδ R̄(δ) ≡ value of the statistical game,

the infimum being taken over all estimators δ = δ(Y ) of µ. µ̂ is said to be Bayes
versus a prior Π on µ if

R(µ̂; Π) ≡
∫

M

R(µ̂; µ) Π(dµ) = infδ R(δ; Π) ≡ B(Π). (3.2)

µ̂ is ε-Bayes versus Π if R(µ̂; Π)−B(Π) ≤ ε. µ̂ is extended Bayes if for each n there
exists a prior Πn such that µ̂ is 1/n-Bayes versus Πn. We will show that PMY is
minimax using the following lemma.

3.3 Lemma. Suppose µ̂ is an estimator of µ having finite constant risk, say r. If
there exists a sequence {Πn} of priors on µ such that B(Πn) → r, then µ̂ is extended
Bayes and minimax, and r is the value of the statistical game.
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Proof. µ̂ is extended Bayes because R(µ̂; Πn) = r for each n. To see that µ̂ is
minimax, note that for any estimator δ and any n,

R̄(δ) = supµ R(δ; µ) ≥
∫

R(δ; µ) Πn(dµ) ≥ B(Πn);

letting n → ∞ gives
R̄(δ) ≥ r = R̄(µ̂).

We now need to work out a recipe for a Bayes rule versus a prior Π on µ.
For this, let Π be given and, for notational convenience, let Θ denote an M -valued
random vector defined on the same probability space as Y in such a way that the
marginal distribution of Θ is Π and, for each µ ∈ M , the conditional distribution
of Y , given Θ = µ, is NV (µ, IV ).

For any estimator δ,

R(δ; Π) =
∫

M

Eµ

(
‖δ(Y ) − µ‖2

)
Π(dµ)

=
∫

M

E
(
‖δ(Y ) − Θ‖2

∣∣ Θ = µ
)

Π(dµ)

= E
(
‖δ(Y ) − Θ‖2

)
=
∫

V

E( ‖δ(Y ) − Θ‖2
∣∣ Y = y) P (dy)

=
∫

V

Ey

(
‖Θ − δ(y)‖2

)
P (dy),

where P denotes the marginal law of Y , the symbol
∣∣ is to be read as “given,” and

Ey denotes conditional expectation, given Y = y. The idea now is to set

ρ(y) = Ey(Θ)

and to write

Ey

(
‖Θ − δ(y)‖2

)
= Ey

(
‖
(
Θ − ρ(y)

)
+
(
ρ(y) − δ(y)

)
‖2
)

= Ey

(
‖Θ − ρ(y)‖2 + 2〈Θ − ρ(y), ρ(y) − δ(y)〉

+ ‖ρ(y) − δ(y)‖2
)

= Ey

(
‖Θ − ρ(y)‖2

)
+ ‖ρ(y) − δ(y)‖2,

(3.4)

whence
R(δ; Π) ≥ R(ρ; Π).

Modulo the nuisance of checking that ρ(y) is well defined (that is, that Θ actually
has an Ey-expectation) and that Ey distributes over the summations in (3.4), this
proves
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3.5 Lemma. For any prior Π on µ, the Bayes estimator versus Π is ρ(Y ), where

ρ(y) = E(Θ
∣∣ Y = y) ≡ Ey(Θ) (3.6)

is the mean of the posterior distribution of µ given Y = y and where

B(Π) = R(ρ; Π) =
∫

R(ρ; µ) Π(dµ). (3.7)

3.8 Exercise [3]. Show that the fact that B(Π) < ∞ (PM Y has bounded risk) implies
that

Ey(‖Θ‖2 ) < ∞

for P -almost all y, and thus that the lemma is valid (measure-theoretic considerations set

aside).

[Hint: If Ey(‖Θ + v‖2 ) is finite for some v ∈ V, then it is finite for all v ∈ V, in particular

for v = 0.] �
A natural activity now is to search for priors Π such that the posterior means

can be calculated without undue difficulty. It turns out that certain normal priors
meet this desideratum, thanks to the following result.

3.9 Lemma. Let Wi, 〈·, ·〉Wi , i = 1, 2, be two inner product spaces and for each i,
let Zi be a Wi-valued random vector. Let

W = W1 × W2

be endowed with the inner product〈
(v1, v2), (w1, w2)

〉
W

= 〈v1, w1〉W1 + 〈v2, w2〉W2

and let Z be the W -valued random vector

(Z1, Z2).
Put

µi = E(Zi), i = 1, 2,

Σij = Cov(Zi, Zj), i, j = 1, 2,

and assume that Σ22 is nonsingular. The following are then equivalent:

(i) Z has a normal distribution in W;

(ii) Z2 has a normal distribution in W2 and the conditional distributions of Z1,
given Z2 = z2, are normal in W1 with conditional means depending affinely
on z2 and with constant conditional dispersions, that is,

L(Z1

∣∣ Z2 = z2) = NW1(w1 + Az2, B) for all z2 ∈ W2

for some w1 ∈ W1 and some linear transformations A: W2 → W1 and
B: W1 → W1;
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(iii) Z2 ∼ NW2(µ2, Σ22) and

L(Z1

∣∣ Z2 = z2) = NW1

(
µ1 + Σ12Σ

−1
22 (z2 − µ2), Σ11 − Σ12Σ

−1
22 Σ21

)
for each z2 ∈ W2.

3.10 Exercise [4]. Prove the lemma. To show that (ii) implies (i), argue that for any
c1 ∈ W1 and c2 ∈ W2, the linear functional

〈(c1, c2), (Z1, Z2)〉W = 〈c1, Z1〉W1 + 〈c2, Z2〉W2

of Z is normally distributed, by showing it has characteristic function

E(eiξ(〈c1,Z1〉+〈c2,Z2〉))

(ξ ∈ R) of the form ei#1ξ−#2ξ2/2 for some constants #1, #2 ∈ R. To show that (i) implies

(iii), start with the observation that Z1 − Σ12Σ
−1
22 Z2 and Z2 are independent. �

3.11 Example. Suppose the M -valued random vector Θ has marginal distribution

L(Θ) = NM (0, λIM )

for some λ > 0 and for each µ ∈ M , the conditional distribution of Y given Θ = µ
is

L(Y
∣∣ Θ = µ) = NV (µ, IV ),

as in (3.1). Part (ii) of the preceding lemma tells us that Y and Θ are jointly
normally distributed, and by part (iii) of the lemma we know that

(a) E(Θ) = 0,

(b) ΣΘΘ = λIM ,

(c) E(Y ) + ΣY ΘΣ−1
ΘΘ(µ − EΘ) = µ for all µ ∈ M ,

(d) ΣY Y − ΣY ΘΣ−1
ΘΘΣΘY = IV,

where, for example, ΣΘΘ = Cov(Θ, Θ). Let P ◦
M be PM considered as a linear

transformation from V onto M , rather than as a linear transformation from V into V.
(P ◦

M and PM are alike in that P ◦
Mv = PMv for all v ∈ V but are different in that

their adjoints have different domains.) Utilizing (a)–(d) and letting iM : M → V be
defined by iM (µ) = µ, we get

E(Y ) = 0 (put µ = 0 in (c))

ΣY Θ = λiM ((c) now reads ΣY Θµ/λ = µ)

ΣΘY = λP ◦
M (ΣΘY = Σ′

Y Θ and i′M = P ◦
M )

ΣY Y = IV + λiMP ◦
M (by (d))

= IV + λPM = (1 + λ)PM + QM
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Σ−1
Y Y =

1
1 + λ

PM + QM

ΣΘY Σ−1
YY =

λ

1 + λ
P ◦

MPM + λP ◦
MQM =

λ

1 + λ
P ◦

M

ΣΘΘ − ΣΘY Σ−1
Y Y ΣY Θ = λIM − λ2

(1 + λ)
IM =

λ

1 + λ
IM .

It follows, again by part (iii) of the lemma, that the marginal distribution of Y is

L(Y ) = NV (0, IV + λPM ),

and, for each y ∈ V, the conditional distribution of Θ given Y = y is

L(Θ
∣∣ Y = y) = NM

( λ

1 + λ
PMy,

λ

1 + λ
IM

)
. •

We now know that

δλ(Y ) ≡ λ

1 + λ
PMY =

λ

1 + λ
PMY +

1
1 + λ

0 (3.12)

is Bayes versus the prior

Πλ = NM (0, λIM ).

Note that δλ(Y ) is a convex combination of the prior mean E(Θ) = 0 and the GME
µ̂ = PMY of µ, with respective weights 1

1+λ and λ
1+λ depending on the diffuseness λ

of the prior. The risk of δλ is easily computed:

R
( λ

1 + λ
PMY ; µ

)
= Eµ

(∥∥ λ

1 + λ
PMY − µ

∥∥2 )
= Eµ

(∥∥ λ

1 + λ
(PMY − µ) − 1

1 + λ
µ
∥∥2 )

=
( λ

1 + λ

)2
Eµ( ‖PMY − µ‖2 )

− 2
λ

1 + λ

1
1 + λ

Eµ〈PMY − µ, µ〉 + Eµ

∥∥ µ

1 + λ

∥∥2
=
( λ

1 + λ

)2
dim(M) +

1
(1 + λ)2

‖µ‖2

=
( λ

1 + λ

)2
R(PMY ; µ) +

1
(1 + λ)2

R(0;µ) .

Since Θ ∼ Πλ has a weakly spherical distribution in M with mean 0, we have

E‖Θ‖2 = λ dim(M) + ‖E(Θ)‖2 = λ dim(M),
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so

B(Πλ) = R(δλ; Πλ) = E
(
R(δλ; Θ)

)
=
( λ

1 + λ

)2
dim(M) +

λ

(1 + λ)2
dim(M)

=
( λ

1 + λ

)
dim(M). (3.13)

Note that as λ → ∞,

B(Πλ) → dim(M) = R(PMY ; ·).

By Lemma 3.3, the constant risk estimator PMY is extended Bayes and minimax.

3.14 Exercise [3]. Show that when σ2 > 0 is unknown, PM Y is minimax with respect to
normalized mean square error

R(µ̂; µ, σ2) ≡ Eµ,σ2

(‖µ̂ − µ‖
σ

)2
. (3.15)

[Hint: This is easily deduced from the minimaxity of PM Y when σ2 = 1.] �

4. James-Stein estimation

From a decision-theoretic viewpoint, it would be ideal if PMY were not only mini-
max — providing the best protection against the worst possible risk — but also ad-
missible — unable to be improved upon. Recall that for an estimator δ of µ to be
admissible, there can be no other estimator δ∗ such that

R(δ∗; µ) ≤ R(δ; µ) for all µ ∈ M,

R(δ∗; µ) < R(δ; µ) for some µ ∈ M .
(4.1)

It turns out that PMY is admissible if dim(M) ≤ 2. Surprisingly, however, PMY is
inadmissible for dim(M) ≥ 3, as we will now show by exhibiting an estimator with
an everywhere smaller risk.

Consider the Bayesian setup of the previous section, where

µ ∼ NM (0, λIM )

L(Y
∣∣ µ) = NV (µ, IV ).

We saw that
λ

1 + λ
PMY =

(
1 − 1

1 + λ

)
PMY (4.2)

was the Bayes rule in this case. This rule is admissible, but a potential drawback
to its use is that we do not know λ. We can, however, estimate λ or, more to the
point, 1/(1 + λ) from the data Y, as follows. Put

X = PMY, (4.3)
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considered as an M -valued random vector. By Example 3.11, the (marginal) distri-
bution of Y is NV

(
0, IV + λPM

)
, so X ∼ NM

(
0, (1 + λ)IM

)
and

S ≡ ‖X‖2 ∼ (1 + λ)χ2
p, (4.4)

where
p = dim(M). (4.5)

Now the first reciprocal moment of χ2
p is∫ ∞

0

1
t

(
(density of χ2

p)(t)
)
dt =

∫ ∞

0

1
t

1
Γ(p/2)2p/2

tp/2−1 e−t/2 dt

=

⎧⎨
⎩

Γ
(

p−2
2

)
2

p−2
2

Γ(p/2)2p/2
=

1
(p/2 − 1)2

=
1

p − 2
, if p ≥ 3,

∞, if p ≤ 2.
(4.6)

Thus for p ≥ 3, B̂(S) ≡ (p − 2)/S unbiasedly estimates B(λ) ≡ 1/(1 + λ) and by
(4.2), the estimator (

1 − B̂(S)
)
X =

(
1 − p − 2

S

)
X

is worthy of consideration. A little more generally, we may consider rules of the
form (

1 − c

S

)
X (4.7)

for arbitrary constants c. Like the Bayes rules from which they were extrapolated,
such estimates may be expected to have small risk for µ near 0; on the other hand,
for large µ such rules will with high probability agree closely with X and so should
have risk close to that of X.

There is another illuminating argument leading to rules of the form (4.7). A
classical statistician might well approach the problem of estimating µ from X by
fitting a simple model such as µ = βX + error with β ∈ R. The choice of β
minimizing ‖error‖2 is

β̂ =
〈X, µ〉
‖X‖2

=
〈X, µ〉

S
.

One can not use β̂X as an estimator because 〈X, µ〉 depends on µ, which is unknown.
However, the expected value of 〈X, µ〉, namely ‖µ‖2, is unbiasedly estimated by
‖X‖2 − p = S − p. Replacing the unobservable β̂ by the observable (1− p/S) leads
to (4.7) with c = p.

4.8 Theorem (James-Stein). Suppose p ≡ dim(M) ≥ 3. The estimator of µ of
the form (4.7) having minimum risk, uniformly in µ, is

µ̂JS ≡
(
1 − p − 2

S

)
X =

(
1 − p − 2

‖PMY ‖2

)
PMY ; (4.9)
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its risk is

R(µ̂JS ; µ) = Eµ‖µ̂JS − µ‖2

= p − (p − 2)2Eµ

( 1
S

)
= p − (p − 2)2Ep

(
‖µ‖2

)
,

(4.10)

where, for t ≥ 0,

Ep(t) ≡
∑

0≤k<∞
e−t/2 (t/2)k

k!
1

p − 2 + 2k
= E

( 1
p − 2 + 2K

)
, (4.11)

K being a Poisson random variable with mean t/2.

Proof. Let us consider the risk

R
(
µ̂(X); µ

)
= Eµ‖µ̂(X) − µ‖2

of an estimator of µ of the form

µ̂(X) = φ(S)X, (4.12)

where φ: R → R. Presuming the risk of µ̂(X) to be everywhere finite or, equivalently,
that

Eµ

(
φ2(S)S

)
< ∞ for all µ ∈ M, (4.13)

we may write

R
(
µ̂(X);µ

)
= Eµ

(
φ2(S)S

)
− 2Eµ

(
φ(S)〈X, µ〉

)
+ ‖µ‖2. (4.14)

By Proposition 3.8.7,

S = ‖X‖2 ∼ χ2
p;‖µ‖ =

∑
0≤k<∞

p(k; ρ)χ2
p+2k,

where

p(k; ρ) = e−ρ ρk

k!
with ρ =

‖µ‖2

2
.

The first term on the right side of (4.14) is thus

Eµ

(
φ2(S)S

)
=
∑

0≤k<∞
p(k; ρ)

∫ ∞

0

φ2(s)s
(
density of χ2

p+2k

)
(s) ds

=
∑

0≤k<∞
p(k; ρ)E

(
φ2(Sk)Sk

)
, (4.15)

where, for k ≥ 0,

Sk denotes a random variable with a χ2
p+2k distribution. (4.16)
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To calculate the second term on the right of (4.14), let e1, . . . , ep be an orthonor-
mal basis for M with e1 pointing in the direction of µ, that is,

e1 = µ/u ,
where

u = ‖µ‖ .

For x ∈ M write xi for 〈x, ei〉; similarly write Xi for 〈X, ei〉. Since the Xi’s are
independent unit normal random variables with means E(Xi) = δi1u,

Eµ

(
φ(S)〈X, µ〉

)
= uEµ

(
φ
(∑

X2
i

)
X1

)
= u

1
(2π)p/2

∫
x1φ
(∑

x2
i

)
exp
[
− 1

2

∑
x2

i + x1u − 1
2u2
]
dx1 · · · dxp

= ue−u2/2 1
(2π)p/2

∫
∂

∂u

(
φ
(∑

x2
i

)
exp
[
− 1

2

∑
x2

i + x1u
])

dx1 · · · dxp

= ue−u2/2 1
(2π)p/2

∂

∂u

∫
φ
(∑

x2
i

)
exp
[
− 1

2

∑
x2

i + x1u
]
dx1 · · · dxp

= ue−u2/2 ∂

∂u

(
eu2/2Eµφ(S)

)

= ue−u2/2 ∂

∂u

∑
0≤k<∞

(u2/2)k

k!
Eφ(Sk)

=
∑

0≤k<∞
p(k; ρ) 2k Eφ(Sk);

in order to justify the interchange of
∫

and ∂
∂u , we assume

Eµ

(
|φ|(S)

)
< ∞ for all µ ∈ M . (4.17)

To summarize, supposing the integrability conditions (4.13) and (4.17) to be in
effect, µ̂(X) has finite risk given by

R
(
µ̂(X);µ

)
=
∑

0≤k<∞
p(k; ρ)

(
ESkφ2(Sk) − 4kEφ(Sk) + 2k

)
(4.18)

with ρ = ‖µ‖2/2 and Sk satisfying (4.16).
Now let us look at the special case

φ(s) = 1 − c

s
.

For such a φ, conditions (4.13) and (4.17) hold if (and only if) S and 1/S have finite
expectations. But

Eµ(S) =
∑

0≤k<∞
p(k; ρ)ESk =

∑
0≤k<∞

p(k; ρ) (p + 2k)
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is trivially finite and by (4.6)

Eµ

( 1
S

)
=
∑

0≤k<∞
p(k; ρ)E

( 1
Sk

)
=
∑

0≤k<∞
p(k; ρ)

1
p − 2 + 2k

= Ep(u2)

is finite because of the assumption p ≥ 3. By (4.18),

R
((

1 − c

S

)
X; µ

)
=
∑

0≤k<∞
p(k; ρ)E

[
Skφ2(Sk) − 4kφ(Sk) + 2k

]

=
∑

0≤k<∞
p(k; ρ)E

[ (
Sk − 2c +

c2

Sk

)
+
(
−4k +

4kc

Sk

)
+ 2k

]

=
∑

0≤k<∞
p(k; ρ)

[
p − 2c

(
1 − 2k

p − 2 + 2k

)
+

c2

p − 2 + 2k

]
= p − 2c(p − 2)Ep(u2) + c2Ep(u2). (4.19)

This expression is minimized uniformly in u = ‖µ‖ by

c = p − 2,

the minimum being

p − (p − 2)2Ep(u2) = p − (p − 2)2Eµ

( 1
S

)
.

4.20 Exercise [2]. Suppose φ satisfies conditions (4.13) and (4.17). For s ≥ 0 put φ+(s) =

max(φ(s), 0). Show that R(φ+(S)X; µ) ≤ R(φ(S)X; µ) for all µ, with strict inequality if

the set {s : φ(s) < 0 } has positive Lebesgue measure. �

Remarks. (1) From Jensen’s inequality applied to the convex function

f(y) =
1

p − 2 + 2y
, y ≥ 0,

we obtain

Ep(t) = E
( 1

p − 2 + 2K

)
= Ef(K) ≥ f(EK)

= f
( t

2

)
=

1
p − 2 + t

,

(4.21)

whence

R(µ̂JS ; µ) = p − (p − 2)2Ep

(
‖µ‖2

)
≤ p − (p − 2)2

(p − 2) + ‖µ‖2
< p. (4.22)
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Equality holds in (4.21) when t = 0, so

R(µ̂JS ; 0) = 2. (4.23)

As (4.22) shows, the Gauss-Markov estimator X = PMY of µ is inadmissible with
respect to mean square error for p = dim(M) ≥ 3; indeed, PMY is dominated by
the James-Stein estimator

µ̂JS =
(
1 − p − 2

S

)
X. (4.24)

By (4.22), the domination is considerable for p large and µ near 0.

(2) Consider again the Bayesian framework where

µ ∼ NM (0, λIM ).

By (3.13) the Bayes rule
(
1−B(λ)

)
X ≡

(
1− 1

1+λ

)
X has Bayes risk p λ

1+λ , which is
an improvement of

p − p
λ

1 + λ
=

p

1 + λ

over the Bayes risk p of the GME X. On the other hand, since S ∼ (1 + λ)χ2
p by

(4.4), the Bayes risk of µ̂JS = (1 − B̂(S))X ≡
(
1 − p−2

S

)
X is

E

(
p − (p − 2)2Eµ

( 1
S

))
= p − (p − 2)2E

( 1
S

)
= p − (p − 2)2

(p − 2)(1 + λ)
,

which is an improvement of
p − 2
1 + λ

over the Bayes risk of the GME X. Thus, from the perspective of improvement
in Bayes risk, the James-Stein rule in fact compares very favorably with the Bayes
rule it was designed to emulate; moreover, it has the advantage of not requiring
foreknowledge of the diffuseness parameter λ.

(3) µ̂JS is minimax, since it dominates the minimax estimator X = PMY. µ̂JS is not,
however, admissible, since by Exercise 4.20 it is itself dominated by the so-called
positive-part estimator

ˆ̂µJS ≡
(
1 − p − 2

S

)+

X = max
(
0, 1 − p − 2

S

)
X, (4.25)

which, unlike µ̂JS , never reverses the sign of X in estimating µ. It is known that
every admissible rule in the problem at hand must be a smooth function of the data,
so ˆ̂µJS is also inadmissible; a dominating rule has yet to be found.
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4.26 Figure. For the case p = 10, the following diagram displays the risk functions of
the GME µ̂GME = X = PM Y , the James-Stein estimator µ̂JS (4.24), the positive part
estimator ˆ̂µJS (4.25), and the generalized Bayes estimator µ̂a of the next section for the
cases a = 1/2 and a = 2 (see (5.13)). The risk functions depend on µ only through ‖µ‖,
which is given on the horizontal axis. Evidently all four of the alternatives to µ̂GME have
substantially smaller risks than µ̂GME for µ’s near 0, but there is not much difference in
the risks of the alternative estimators. The Bayes estimator µ̂a=1/2 is somewhat preferable
to µ̂JS and ˆ̂µJS in the region where those estimators provide a considerable reduction in
risk. µ̂a=2 dominates µ̂JS .
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4.27 Exercise [3]. Suppose σ2 is unknown. Let σ̂2 = ‖QM Y ‖2/d(M⊥) be the usual
unbiased estimator of σ2. Show that, with respect to normalized mean square error

R(µ̂; µ, σ2) =
Eµ,σ2‖µ̂ − µ‖2

σ2
,

the best estimator of µ of the form

(
1 − cσ̂2

‖PM Y ‖2

)
PM Y
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is (
1 − q

q + 2

(p − 2)σ̂2

‖X‖2

)
X,

with risk

p − q

q + 2
(p − 2)2 Ep

(‖µ‖2

σ2

)
;

in these expressions p = dim(M) ≥ 3 and q = dim(M⊥).

[Hint: In view of the independence of σ̂2 and X = PM Y , this result follows easily from

(4.19).] �

The estimators considered so far have “shrunk” the GME X toward the origin,
in accordance with the semi-Bayesian idea that µ is near 0. In some instances one’s
prior belief may be only that µ lies near some given subspace L of M . One way to
shrink X towards L is to estimate the component of µ in L by its GME PLY and
to estimate the component of µ in M − L using the previous techniques as applied
to PM−LY ; the resulting estimator is then

µ̂ = PLY +
(
1 − c

‖PM−LY ‖2

)
PM−LY. (4.28)

For example, when V = M = R
p and L is spanned by the equiangular line

(1, 1, . . . , 1)T , equation (4.28) reads

µ̂i = Ȳ +
(
1 − c∑

1≤j≤p(Yj − Ȳ )2

)
(Yi − Ȳ ) for 1 ≤ i ≤ p; (4.29)

this is the so-called Efron-Morris estimator .

4.30 Exercise [3]. Give the risk function of the estimator (4.28) and determine the opti-

mum choice of c. How might you shrink toward the flat m + L for a given m ∈ M? �

5. Problem set: Admissible minimax estimation of µ

Adopt the setup of the GLM under normal theory, with σ2 taken to be 1 for the
sake of simplicity:

Y ∼ NV (µ, IV ), µ ∈ M, µ unknown.

Suppose throughout that

p ≡ dim(M) ≥ 3.

The end result of this problem set is an admissible estimator µ̂ ≡ µ̂(Y ) of µ domi-
nating the GME PMY with respect to the mean square error

R(µ̂; µ) = Eµ( ‖µ̂ − µ‖2 ) =
∫

V

‖µ̂(y) − µ‖2 nµ(y) dy,
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where

nµ(y) =
1

(2π)dim(V )/2
exp
(
− 1

2 ‖y − µ‖2
)
. (5.1)

Since
X = PMY ∼ NM (µ, IM )

is a sufficient statistic, there is no real loss of generality in supposing, as we do, that
V = M and Y = X.

We will be considering estimators of µ of the form

µ̂(X) =
(
1 − (p − 2)τ(S)

S

)
X

= τ(S)
((

1 − p − 2
S

)
X

)
+
(
1 − τ(S)

)
X, (5.2)

where
S = ‖X‖2

and τ : [0,∞) → R. By way of motivation, we note that such estimators are linear
combinations (with coefficients depending on τ(S)) of the James-Stein estimator
µ̂JS and the Gauss-Markov estimator X; moreover, every estimator µ̂ of µ that
is spherically symmetric, in the sense that µ̂(OX) = Oµ̂(X) for all orthogonal
transformations O: V → V, must be of the form (5.2).

Our first objective is formula (5.8) below for the risk of such an estimator. Unlike
formula (4.18), formula (5.8) gives a way of estimating the risk R(µ̂(X);µ) of µ̂(X)
directly from X. We begin with a preliminary technical result. Let F (respectively,
F+) be the collection of functions f : R → R (respectively, f : [0,∞) → R) that are
continuous and have a piecewise continuous derivative.

A. Prove

5.3 Lemma (Stein). Let f ∈ F and let Z be a normal random variable with
mean θ and unit variance. If

f ′(Z) and (Z − θ)f(Z) have finite expectations,

then

E
(
f ′(Z)

)
= E

(
(Z − θ)f(Z)

)
. (5.4)

[Hint: Integrate by parts.] ◦

Now we turn to

5.5 Theorem (Stein-Efron-Morris). If τ ∈ F+ and if

Eµ
|τ(S)|

S
< ∞, Eµ

τ2(S)
S

< ∞, and Eµ|τ ′(S)| < ∞, (5.6)



106 CHAPTER 5. NORMAL THEORY: ESTIMATION

then the risk R
(
µ̂(X);µ

)
of the estimator

µ̂(X) =
(
1 − (p − 2)τ(S)

S

)
X ≡

(
1 − B(S)

)
X

is finite and estimated unbiasedly by

R̂(S) ≡ p − (p − 2)
[
(p − 2)

(τ(S)
(
2 − τ(S)

)
S

)
+ 4τ ′(S)

]
, (5.7)

that is,

R
(
µ̂(X);µ

)
= Eµ

(
R̂(S)

)
. (5.8)

Here is a sketch of the proof, setting aside questions of integrability. One has,
writing simply E in place of Eµ,

R
(
µ̂(X); µ

)
= E

(
‖
(
1 − B(S)

)
X − µ‖2

)
= E

(
‖X − µ‖2 − 2〈X − µ, B(S)X〉 + ‖B(S)X‖2

)
= p − 2

∑
1≤i≤p

E
(
B(S)Xi(Xi − µi)

)
+ E

(
B2(S)S

)
,

where, for some fixed orthonormal basis e1, . . . , ep for M ,

Xi = 〈X, ei〉 and µi = 〈µ, ei〉 for i = 1, . . . , p.

The conditional expectation of B(S)(Xi − µi)Xi, given X1 = x1, . . . , Xi−1 = xi−1,
Xi+1 = xi+1, . . . , Xp = xp, is

E
[ (

B
(∑

j �=i
x2

j + X2
i

)
Xi

)
(Xi − µi)

]
,

which by Stein’s lemma is the same as

E
[
B
(∑

j �=i
x2

j + X2
i

)
+ 2B′(∑

j �=i
x2

j + X2
i

)
X2

i

]
.

Consequently

R
(
µ̂(X);µ

)
= p − 2pE

(
B(S)

)
− 4E

(
B′(S)S

)
+ E

(
B2(S)S

)
;

expressing B(S) and B′(S) in terms of S, τ(S), and τ ′(S), one arrives at (5.8).

B. Complete the preceding argument, making it rigorous in the process.
[Hint: You will need the following facts about the integrability of random variables,
say F and G, defined on a common probability space:
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(a) If F and G are each integrable (that is, have finite expectations), then so is
F + G, and

E(F + G) = E(F ) + E(G).

(b) If F 2 and G2 are each integrable, then so is FG.
(c) If F is integrable, then the conditional expectation, E(F

∣∣ G = g), of F
given G = g is defined for (almost) all g and is integrable in g with

E(F ) =
∫

E(F
∣∣ G = g)P (G ∈ dg).

(d) If |F | ≤ |G| and G is integrable, then so is F .] ◦
C. Show that the integrability condition (5.6) in the Stein-Efron-Morris theorem is
met if ∫ ∞

0

|τ ′(s)| ds < ∞. (5.9)

For t ∈ R, use the Stein-Efron-Morris theorem to verify that the risk of

µ̂JS ;t(X) ≡
(
1 − (p − 2)t

S

)
X

is unbiasedly estimated by

R̂JS ;t(S) ≡ p − (p − 2)2
t(2 − t)

S

(compare (4.10)) and the risk of

ˆ̂µJS ;t(X) ≡
(
1 − (p − 2)t

S

)+

X =
[
1 −

(p − 2) min
(
t, S/(p − 2)

)
S

]
X

is unbiasedly estimated by

ˆ̂
RJS ;t(S) =

{
R̂JS ;t(S), if S ≥ (p − 2)t,

S − p, if S < (p − 2)t.
◦

D. Use the Stein-Efron-Morris theorem to deduce

5.10 Theorem (Baranchik). If 0 ≤ τ ≤ 2 and τ is nondecreasing, then µ̂(X)
defined by (5.2) is minimax.

[Hint: For τ ∈ F+ this follows from (5.7)–(5.8). For a nonsmooth τ , first approxi-
mate τ(s) by

τn(s) ≡
∫ ∞

−∞

1√
2π/n

exp
(
− (s − t)2

2/n

)
τ(t) dt

(put τ(t) = 0 for t ≤ 0) and then pass to the limit as n → ∞.] ◦
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Now let Π be a prior distribution on µ. By(3.6), the Π-Bayes estimator of µ is
µ̂Π(X), where

µ̂Π(x) =

∫
µ∈M

µ nµ(x) Π(dµ)∫
µ∈M

nµ(x) Π(dµ)
(5.11)

and where nµ is defined by (5.1) with V = M . Up to now we have thought of
priors as having unit probability mass. It is clear though that µ̂Π is well defined for
any nonnegative measure Π of nonzero finite mass; in fact such a measure could be
renormalized to unit mass without changing the value of µ̂Π. There are technical
advantages in considering µ̂Π even for nonnegative measures Π of infinite mass,
subject to the proviso that the integrals appearing in (5.11) are finite for all x.
When Π has finite mass, µ̂Π(X) is called a proper Bayes estimator. For Π of infinite
mass, µ̂Π(X) is called a formal, or improper , Bayes estimator. Both cases are
subsumed under the term generalized Bayes. In what follows we will be considering
the generalized Bayes estimators for priors Π having the following structure. For
a given a ∈ R, one first selects β in the interval (0, 1) at random according to the
density

dβ

βa
(5.121)

and then selects µ at random in M according to

NM (0, λIM ), (5.122)

where

λ =
1
β
− 1. (5.123)

Denote the resulting distribution of µ by Πa. Note that the bigger is a, the more
dβ/βa favors smaller values of β and hence larger values of λ. Note also that when
a ≥ 1, Πa has infinite mass.

E. Show that the generalized Bayes estimator versus the prior Πa defined by (5.12)
is well defined for each

a < 1 +
p

2
and is given by the formula

µ̂a(X) ≡ µ̂Πa (X) =
(
1 − Ba(S)

)
X, (5.13)

where

Ba(s) =

∫ 1

0
βp/2−a+1 e−βs/2 dβ∫ 1

0
βp/2−a e−βs/2 dβ

=
r

ρ

P [Gr+1,ρ ≤ 1]
P [Gr,ρ ≤ 1]

(5.141)

=
1
s

(
p + 2 − 2a − 2 e−s/2∫ 1

0
βp/2−a e−βs/2 dβ

)
; (5.142)
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in (5.141) Gr,ρ denotes a gamma random variable with shape parameter r = p/2 −
a + 1 and rate parameter ρ = s/2.
[Hint: Use the results of Example 3.11.] ◦
F. The final result provides explicit admissible minimax estimators of µ for each p
(≥ 3). Prove

5.15 Theorem (Strawderman-Berger). Let a < 1 + p/2 and let µ̂a(X) be
defined by (5.13). Then

(i) µ̂a is minimax if 3 − p/2 < a,

(ii) µ̂a is admissible if a ≤ 2,

(iii) µ̂a is proper Bayes if a < 1.

[Hint: (i) follows from Baranchik’s theorem. (iii) is trivial and covers the case
a < 1 in (ii). For the rest of (ii), use the following result of Larry Brown (1971):
If p ≥ 1 and Π is spherically symmetric, in the sense that Π(A) = Π(OA) for all
(measurable) sets A of M and all orthogonal transformations O: M → M , then
µ̂Π(X) is admissible if

supx∈M ‖µ̂Π(x) − x‖ < ∞

and ∫ ∞

1

dt

tp−1φ(t)
= ∞,

where

φ(t) =
∫

µ∈M

nµ(x) Π(dµ)

is the (generalized) marginal density of X at any point x ∈ M with ‖x‖ = t.] ◦



CHAPTER 6

NORMAL THEORY: TESTING

Suppose V , 〈·, ·〉 is an inner product space. Throughout this chapter, we assume
that

Y ∼ NV (µ, σ2IV ) (0.1)

with µ (unknown) lying in a given proper subspace M of V and with σ2 (unknown)
> 0. We are interested in the problem of testing

H: µ ∈ M0 versus A: µ �∈ M0, (0.2)

where M0 is a given subspace of M .

0.3 Example (The triangle problem). As in Example 4.1.5, let V = R
3 and E(Yi) =

βi for i = 1, 2, and 3 with β1 + β2 + β3 = 0, so

M =
{∑

1≤j≤3
βje

(j) : β1 + β2 + β3 = 0
}

with (e(j))i = δij . Thinking of the βj ’s as the angles, less 60◦, of a triangle, the
hypothesis that “the angles are equal” is expressed as β1 = β2 = β3 or as β1 = β2 =
β3 = 0 in view of the constraint. The “equilateral hypothesis” therefore corresponds
to µ ∈ M0, where

M0 = 0. •

0.4 Example (Simple linear regression). Here V = R
n and EYi = α + βxi for

1 ≤ i ≤ n, so
M = [e, x] with (x)i = xi.

The hypothesis that the slope β is 0 corresponds to µ ∈ M0 with

M0 = [e]. •

0.5 Example (One-way analysis of variance). As in Example 4.2.2(C), suppose
V =

{
(xij)j=1,...,ni ;i=1,...,p ∈ R

n
}

with n =
∑

i ni and E(Yij) = βi for j = 1, . . . , ni,
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i = 1, . . . , p, so

M =
{∑

1≤i≤p
v(i)βi : β1, . . . , βp ∈ R

}
with

(
v(i)
)
i′j′ = δii′ . The hypothesis that the group means βi are equal corresponds

to µ ∈ M0 with

M0 =
[∑

1≤i≤p
v(i)
]

= [e]. •

0.6 Exercise [1]. Which of the following hypotheses fall directly within the context of
(0.2) or can be made to do so by a simple modification?

(a) In the triangle problem, the hypothesis that angles 1 and 2 are equal.

(b) In the triangle problem, the hypothesis that the triangle is isosceles.

(c) In simple linear regression, the hypothesis that the slope is 1.

(d) In simple linear regression, the hypothesis that the slope is positive.

(e) In one-way ANOVA, the hypothesis that β1 < β2 < · · · < βp .

(f) In one-way ANOVA, the hypothesis that (β1 + β2)/2 = β3.

(g) In one-way ANOVA, the hypothesis that β1 = β2 = β3 and β4 = β5 = · · · = βp .�
In the next two sections we show that both the likelihood ratio principle and

several appealing heuristic arguments point to the classical F -test as the “right”
test of (0.2). In Section 6.3, the power of the F -test is shown to be a nondecreasing
function of the distance from µ ∈ M to M0 in σ units; this fact is used in Section 4
in establishing the optimality of the F -test within a certain class of invariant tests.
Section 5 shows how the problem of simultaneous inference on linear functionals of
µ relates to the F -test. The chapter closes with a problem set that examines the
optimality of the F -test with respect to a criterion involving average power.

1. The likelihood ratio test

We will derive the likelihood ratio test of (0.2). By (3.7.6), Y has density

fµ,σ2(y) =
1

(2πσ2)n/2
e−

1
2 ‖y−µ‖2/σ2

(n = dim(V ))

with respect to Lebesgue measure on V . The likelihood ratio test employs the
criterion

λ(Y ) =
supµ∈M0,σ2>0 fµ,σ2(Y )
supµ∈M,σ2>0 fµ,σ2(Y )

together with the rejection region

λ(Y ) ≤ c,

where c is chosen to give the test the desired size. For notational convenience, set
M1 = M . For i = 0 or 1, µ ∈ Mi, and σ2 > 0 one has

fµ,σ2(Y ) =
1

(2πσ2)n/2
e−

1
2 ‖PM i

Y −µ‖2/σ2
e−

1
2 ‖QM i

Y ‖2/σ2
.
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This expression is a maximum at the maximum likelihood estimators µ̂MLE = PMi Y
and σ̂2

MLE = ‖QMi Y ‖2/n, the maximum being

fµ̂MLE,σ̂2
MLE

(Y ) =
1

(2π)n/2

( n

‖QMi Y ‖2

)n/2

e−n/2 .

Thus

λ(Y ) =
( ‖QMY ‖2

‖QM0Y ‖2

)n/2

and the likelihood ratio test rejects for small values of the ratio of the distance of Y
from M to the distance of Y from the smaller subspace M0.

2. The F -test

It is convenient to put the likelihood ratio test in an equivalent form in which the
distributions of the test statistic are more readily dealt with. We do this now:

the LHR test rejects ⇐⇒ ‖QMY ‖2

‖QM0Y ‖2
is small

⇐⇒ ‖QM0Y ‖2

‖QMY ‖2
is large

⇐⇒ ‖QM0Y ‖2 − ‖QMY ‖2

‖QMY ‖2
is large

⇐⇒ F ≡ ‖PM−M0Y ‖2/d(M − M0)
‖QMY ‖2/d(M⊥)

is large; (2.1)

at the last step we used the Pythagorean identity

‖QM0Y ‖2 = ‖QMY ‖2 + ‖PM−M0Y ‖2.

By Theorem 3.8.2, for any µ ∈ M and σ2 > 0,

‖PM−M0Y ‖2 ∼ σ2 χ2
d(M−M0),‖PM −M0µ‖/σ

independently of
‖QMY ‖2 ∼ σ2 χ2

d(M⊥) .

It follows that when µ and σ2 obtain, the distribution of F is the (noncentral)
Fd(M−M0),d(M⊥);γ distribution, the noncentrality parameter γ being given by

γ =
‖PM−M0µ‖

σ
=

‖µ − PM0µ‖
σ

=
‖QM0µ‖

σ
; (2.2)

note that γ is the distance from µ to M0, in units of σ. Under the hypothesis H
that µ lies in M0, one has γ = 0, and so to achieve size α one rejects for

F ≥ c, (2.3)
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where c is the upper α fractional point of the central Fd(M−M0),d(M⊥) distribution.
This is the so-called F -test (of size α). To summarize:

2.4 Proposition. For the testing problem (0.1)–(0.2), the likelihood ratio test (of
size α) coincides with the F -test (of size α).

In view of the orthogonality of M0, M − M0, and M⊥, the quantities figuring
in the F -statistic (2.1) may be expressed in various ways:

d(M⊥) = d(V ) − d(M),

d(M − M0) = d(M) − d(M0),

‖PM−M0Y ‖2 = ‖PMY ‖2 − ‖PM0Y ‖2 = ‖QM0Y ‖2 − ‖QMY ‖2,

‖QMY ‖2 = ‖Y ‖2 − ‖PMY ‖2,

‖QM0Y ‖2 = ‖Y ‖2 − ‖PM0Y ‖2.

The following schematic diagram may be helpful in thinking about these identities;
M0 lies along the horizontal axis, M⊥ along the vertical axis, and M −M0 along an
axis receding into the page.

M0

M⊥

M − M0

↑
PM0Y

← PM−M0YPM Y →

← QM Y

← QM0Y

Y↘

QM−M0Y↘
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‖PM−M0Y ‖2 is often called the sum of squares for testing H, denoted SSH , and
‖QMY ‖2 is often called the sum of squares for error, denoted SS e. The terminology
comes from the case of (V, 〈·, ·〉) = (Rn, dot product), where the squared length of
a vector is the sum of squares of its components.

The F -test has the following simple interpretations:

A. For any µ ∈ M and σ2 > 0, formula (3.5.5) for the expected squared length of
a weakly spherical random vector implies that

σ̂2
H ≡ ‖PM−M0Y ‖2/d(M − M0)
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has expectation

E(σ̂2
H) = σ2 +

‖QM0µ‖2

d(M − M0)

while
σ̂2 ≡ ‖QMY ‖2/d(M⊥)

has expectation
E(σ̂2) = σ2.

When H: µ ∈ M0 is true, both σ̂2
H and σ̂2 unbiasedly estimate σ2 and one

expects their ratio

F =
σ̂2

H

σ̂2

to be around one. When H is false, σ̂2 still unbiasedly estimates σ2 while σ̂2
H

tends to overestimate σ2, so one expects F to be larger than one. Hence it is
reasonable to reject H for large values of F .

B. PMY is the best estimator of µ under the general assumptions (µ ∈ M), while
PM0Y is the best estimator of µ under the hypothesis H (µ ∈ M0). The F -test
rejects if the discrepancy ‖PMY − PM0Y ‖ between these two estimators of µ is
too large compared to the estimate σ̂ of the underlying variability in the data;
that is, the F -test rejects for large values of

‖PMY − PM0Y ‖
σ̂

.

C. Suppose we regard ‖QMY ‖2 as the variability in Y left “unexplained” after
taking into account the assumption µ ∈ M, and ‖QM0Y ‖2 as the corresponding
variability left “unexplained” by the hypothesis µ ∈ M0. The quantity

‖QM0Y ‖2 − ‖QMY ‖2

‖QMY ‖2

is then the relative increase in unexplained variation as we pass from M to the
smaller, and hence poorer, explanatory manifold M0; the F -test rejects if the
increase is too large.

2.5 Exercise [2]. When H: µ ∈ M0 is true,

σ̂2
0 ≡ ‖QM0Y ‖2

d(M⊥
0 )

unbiasedly estimates σ2, and more accurately so (there being more degrees of freedom)
than the usual

σ̂2 =
‖QM Y ‖2

d(M⊥)
.
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It might be thought that a better test of H: µ ∈ M0 would be obtained by rejecting for
large values of the statistic

‖PM−M0Y ‖2/d(M − M0)

σ̂2
0

,

the null distribution of which does not depend on µ ∈ M0 or on σ2. How does this test

relate to the F -test? �

The power of the F -test is

β(µ, σ2) = Pµ,σ2 [reject H] = Fd(M−M0),d(M⊥);γ

(
[c,∞)

)
, (2.6)

where the noncentrality parameter γ is given by (2.2) and c is the upper α point of
the central Fd(M−M0),d(M⊥) distribution. Notice that

σ2γ2

d(M − M0)
=

‖PM−M0µ‖2

d(M − M0)
(2.7)

is just the numerator of the F -statistic evaluated for Y = µ; this observation is
helpful in obtaining γ. In the next section we will prove that the power of the
F -test is an increasing function of γ.

2.8 Example (The triangle problem). Here V = R
3 and E(Yi) = βi for i = 1, 2,

and 3 with β1 + β2 + β3 = 0, so
M = [e]⊥

and
M0 = 0

for the equilateral hypothesis. One has

M⊥ = [e], QMY = Ȳ e, d(M⊥) = 1,

M − M0 = M, d(M − M0) = 2,

PM−M0Y = PMY = Y − QMY = Y − Ȳ e .

The F -statistic for testing H: µ ∈ M0 versus A: µ �∈ M0 is thus

‖PM−M0Y ‖2/d(M − M0)
‖QMY ‖2/d(M⊥)

=

∑
1≤i≤3(Yi − Ȳ )2/2

3Ȳ 2/1
,

distributed as F2,1;γ with

γ =

√∑
1≤i≤3(βi − β̄)2

σ
=

√∑
1≤i≤3 β 2

i

σ
=

‖µ‖
σ

(β̄ ≡ (β1 + β2 + β3)/3 = 0 by the constraint). •



116 CHAPTER 6. NORMAL THEORY: TESTING

2.9 Example (Simple linear regression). Here V = R
n and E(Yi) = α + βxi for

1 ≤ i ≤ n, so
M = [e, x] = [e, v],

where (x)i = xi and v = Q[eee]x. For the hypothesis of 0 slope

M0 = [e].

One has

QMY = Y − PMY = Y − P[eee]Y − P[vvv]Y = Y − Ȳ e − β̂v,

d(M⊥) = n − 2,

with

β̂ = GME(β) = 〈cv(β), Y 〉 = 〈 v

‖v‖2
, Y 〉 =

∑
i Yi(xi − x̄)∑
i(xi − x̄)2

and
M − M0 = [v], PM−M0Y = β̂v, d(M − M0) = 1.

The F -statistic is

‖PM−M0Y ‖2/d(M − M0)
σ̂2

=
β̂ 2
∑

i(xi − x̄)2/1∑
i

(
Yi − Ȳ − β̂(xi − x̄)

)2
/(n − 2)

,

distributed as F1,n−2;γ with

γ =

√
β 2
∑

1≤i≤n(xi − x̄)2

σ
. •

2.10 Exercise [2]. In the spirit of the two preceding examples, develop the F -test for the

hypothesis posed in Example 0.5. �
2.11 Exercise [3]. In the context of the GLM, suppose ψ is a given linear functional
on M , ψ̂ its GME, and σ̂ψ̂ = σ̂‖ψ‖ its estimated standard error (see (4.4.2)). Show that
the F -statistic for testing

H: ψ(µ) = 0 versus A: ψ(µ) �= 0

is (
ψ̂(Y )

σ̂ψ̂

)2
, (2.12)

distributed as F1,d(M⊥);γ with

γ =
|ψ(µ)|

σψ̂

. (2.13)

Review Example 2.9 from this perspective. �
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3. Monotonicity of the power of the F -test

Here we will prove:

3.1 Proposition. The power of the F -test is an increasing function of the noncen-
trality parameter

γ =
‖PM−M0µ‖

σ
.

In fact we will prove even more than this, namely, that for fixed m and n, the
noncentral F family {Fm,n;γ : γ ≥ 0 } has the so-called monotone likelihood ratio
property with respect to γ; the desired monotonicity of the power of the F -test will
follow as a simple corollary.

Let (Pθ)θ∈Θ be a family of probability distributions on R indexed by a subset Θ
of R. This family is said to have a monotone (increasing) likelihood ratio with respect
to θ, in brief, MLR, if the Pθ’s have densities fθ with respect to some measure ν
on R such that, for all θ1 < θ2,

λθ1,θ2(x) ≡ fθ2(x)
fθ1(x)

(3.2)

is nondecreasing in x over the region in which it is not indeterminate
(
= 0

0

)
. To put

it another way, (Pθ)θ∈Θ has an MLR if and only if, for all θ1 < θ2 and x1 < x2, one
has

fθ2(x1)
fθ1(x1)

≤ fθ2(x2)
fθ1(x2)

(3.31)

(with ≤ holding by convention if either side is 0
0 ) or, equivalently,

det
(

fθ1(x1) fθ1(x2)
fθ2(x1) fθ2(x2)

)
≥ 0. (3.32)

Since this condition is symmetric in x and θ, one says that fθ(x) has an MLR in x
and θ.

Examples of families (Pθ)θ∈Θ having an MLR are the one-parameter exponential
families with densities of the form

fθ(x) = C(θ)h(x) eT (x)Q(θ), (3.4)

where Q(θ) is nondecreasing in θ and T (x) is nondecreasing in x; indeed, for such a
family,

fθ2(x)
fθ1(x)

=
C(θ2)
C(θ1)

eT (x)[Q(θ2)−Q(θ1)]

is nondecreasing in x for θ1 < θ2. Here are a couple of specific cases:
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1◦ The Poisson family {P(θ) : θ ≥ 0 } with P(θ) having density

pθ(x) = e−θ 1
x!

θx = C(θ)h(x) ex log(θ)

with respect to counting measure on the nonnegative integers.
2◦ The unnormalized F family {F∗

m,n : m ≥ 1 } for fixed n ≥ 1. F∗
m,n is the

distribution of U/V for U ∼ χ2
m, V ∼ χ2

n, and U and V independent; it has
density

f∗
m,n(x) =

1
Beta(m/2, n/2)

xm/2−1

(1 + x)(m+n)/2

= C(m)h(x) elog[x/(1+x)] m/2

with respect to Lebesgue measure on [0,∞).

Now consider the noncentral unnormalized F∗
m,n;γ distribution, defined to be

the distribution of U/V for U ∼ χ2
m;γ , V ∼ χ2

n, and U and V independent.

3.5 Proposition. For fixed m and n, the family {F∗
m,n;γ : γ ≥ 0} has an MLR

in γ.

Proof. By Exercise 3.8.13,

F∗
m,n;γ =

∑
0≤k<∞

pθ(γ)(k)F∗
m+2k,n with θ(γ) =

γ2

2
,

whence F∗
m,n;γ has density

f∗
m,n;γ(x) =

∑
0≤k<∞

pθ(γ)(k) f∗
m+2k,n(x).

By 1◦ above, pθ(γ)(k) has an MLR in γ and k while by 2◦ above, f∗
m+2k,n(x) has

an MLR in k and x. The proposition below guarantees that f∗
m,n;γ(x) has an MLR

in γ and x and hence that the family {F∗
m,n;γ : γ ≥ 0} has an MLR in γ.

3.6 Exercise [2]. The noncentral normalized Fm,n;γ distribution is the distribution of

(U/m)/(V/n) for U ∼ χ2
m;γ , V ∼ χ2

n , and U and V independent. Show that for fixed m

and n, the family {Fm,n;γ : γ ≥ 0 } has an MLR in γ. �
3.7 Proposition. Suppose 0 ≤ p(x, t) has an MLR in x and t and 0 ≤ q(t, y) has
an MLR in t and y. Let τ be a nonnegative measure such that

r(x, y) =
∫

p(x, t)q(t, y) τ(dt) (3.8)

is finite for each x and y. Then r(x, y) has an MLR in x and y.

Proof. We have to show that when x1 < x2 and y1 < y2,

r(x2, y1)
r(x1, y1)

≤ r(x2, y2)
r(x1, y2)

(3.9)
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in the case that neither side above is of the form 0
0 . We will do this assuming

r(x1, y1) > 0, r(x1, y2) > 0, and

p(x2, t) = 0 for each t such that p(x1, t) = 0;
(3.10)

the general case is left to the reader as an exercise. For y = y1 or y2, write

r(x2, y)
r(x1, y)

=

∫ (p(x2, t)
p(x1, t)

)
p(x1, t)q(t, y) τ(dt)∫

p(x1, t)q(t, y) τ(dt)
=
∫

φ(t)sy(t) τ(dt),

where

φ(t) =
p(x2, t)
p(x1, t)

and

sy(t) =
p(x1, t)q(t, y)

r(x1, y)
.

Note that

0 ≤ sy(t) and
∫

sy(t) τ(dt) = 1,

so that the measure Sy having density sy with respect to τ is a probability measure;
moreover, because q(t, y) has an MLR in t and y = y1, y2, the family {Sy : y =
y1, y2 } has an MLR with respect to y = y1, y2. Because p(x, t) has an MLR in x =
x1, x2 and t, φ(t) is nondecreasing in t (off of the region { t : p(x1, t) = 0 = p(x2, t) },
which has probability 0 under Sy1 and Sy2). That (3.9) holds now follows from
Proposition 3.12 below.

3.11 Exercise [3]. Deduce (3.9) without assuming (3.10).

[Hint: Replace p(x1, t) by p(x1, t) + p(x2, t), and hence r(x1, yi) by r(x1, yi) + r(x2, yi) for

i = 1, 2.] �

3.12 Proposition. Let (Pθ)θ∈Θ be a family of probabilities having an MLR. Let
φ: R → R be a nondecreasing function such that

Eθφ ≡
∫

φ(x)Pθ(dx) (3.13)

is finite for each θ. Then Eθφ is a nondecreasing function of θ.

Remarks. (1) If (Pθ)θ∈Θ has an MLR, then for any x0 ∈ R

Pθ( [x0,∞)) =
∫

I[x0,∞)(x)Pθ(dx)

is nondecreasing in θ; this says that the mass of Pθ “moves to the right” as θ in-
creases. This property is called stochastic monotonicity .
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(2) The power of the F -test is

β(γ) = Fd(M−M0),d(M⊥);γ

(
[c,∞)

)
,

where c is chosen so that
β(0) = α,

the prescribed level of significance. Since {Fm,n;γ : γ ≥ 0 } has an MLR in γ, β(γ)
is nondecreasing in γ, as asserted. In particular, β(γ) ≥ α for all γ > 0, that is, the
F -test is “unbiased.”

Proof of Proposition 3.12. Let θ1 < θ2 and let fθ1 and fθ2 be the densities of
Pθ1 and Pθ2 with respect to the base measure ν. Then

Eθ2φ − Eθ1φ =
∫

φ(x)
(
fθ2(x) − fθ1(x)

)
ν(dx) ≡

∫
φ(fθ2 − fθ1) dν

=
∫

L

φ(fθ2 − fθ1) dν +
∫

G

φ(fθ2 − fθ1) dν,

where
L = {x : fθ2(x) < fθ1(x) } and G = {x : fθ2(x) > fθ1(x) }.

Since λθ1,θ2(x) = fθ2(x)/fθ1(x) is nondecreasing in x, L lies to the left of G. Because
φ(x) is nondecreasing in x,

supx∈L φ(x) ≡ � ≤ g ≡ infx∈G φ(x).

Thus

Eθ2φ − Eθ1φ ≥ �

∫
L

(fθ2 − fθ1)dν + g

∫
G

(fθ2 − fθ1)dν

= (g − �)
∫

G

(fθ2 − fθ1)dν ≥ 0,

with the equality on the preceding line holding because∫
G

(fθ2 − fθ1)dν +
∫

L

(fθ2 − fθ1)dν =
∫

(fθ2 − fθ1)dν

=
∫

fθ2 dν −
∫

fθ1 dν = 1 − 1 = 0.

3.14 Exercise [2]. Show that for fixed m the family {χ2
m;γ : γ ≥ 0 } of noncentral χ2

distributions has an MLR in γ. �
3.15 Exercise [3]. The unnormalized noncentral t∗n;θ distribution is the distribution of
U/

√
V , where U ∼ N(θ, 1), V ∼ χ2

n , and U and V are independent. Show that for each
fixed n, the family {t∗n;θ : −∞ < θ < ∞} has an MLR in θ.
[Hint: The density of t∗n;θ is

f∗
n;θ(t) =

1√
2πΓ(n/2)2n/2

∫ ∞

0

e−
1
2 (t

√
v−θ)2 v

n−1
2 e−

v
2 dv. (3.16)
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When t > 0, the change of variables w = t
√

v and Proposition 3.7 show that f∗
n;θ(t) has

an MLR in θ and t. For t < 0 use f∗
n;θ(t) = f∗

n;−θ(−t).] �

3.17 Exercise [4]. Deduce Proposition 3.12 from Proposition 3.7.

[Hint: Think about
∫ ξ

−ξ
etφ(x)fθ(x) ν(dx) for ξ near ∞ and t near 0.] �

4. An optimal property of the F -test

We will show that the F -test is uniformly most powerful (UMP) in a certain class
of invariant tests. We begin by describing the notion of invariance in the context of
a general hypothesis test.

Let X be an X-valued random variable whose distribution belongs to some given
class (Pθ)θ∈Θ of distinct probabilities on the given observation space X. Consider
testing

H: θ ∈ ΘH versus A: θ ∈ ΘA, (4.1)

with Θ being the disjoint union of ΘH and ΘA. Let g: X → X be a transformation
of X, that is, a one-to-one (bimeasurable) mapping of X onto itself. g is said to leave
the testing problem invariant, written g ∈ I, if the possible distributions of g(X)
are precisely the possible distributions of X and if g(X) is distributed according to a
hypothesis distribution if and only if X is. Clearly the identity transformation, which
maps each x ∈ X to itself, leaves the problem invariant. Since the composition hg
of two transformations g and h of X acts on X by the rule

(hg)(X) = h
(
g(X)

)
, (4.2)

one has hg ∈ I whenever g ∈ I and h ∈ I, and g−1 ∈ I whenever g ∈ I. (g−1 de-
notes the inverse of g.) Consequently, if C is a class of transformations each of
which leaves the problem invariant, then each element of the subgroup G (of all
transformations of X) generated by C is in I.

4.3 Example. Consider the setup of the GLM (but identify Y there with X here):
X = V and

X ∼ NV (µ, σ2IV ) = Pµ,σ2

Θ =
{

(µ, σ2) : µ ∈ M, σ2 > 0
}

= M × (0,∞)

ΘH = M0 × (0,∞), ΘA = { θ ∈ Θ : θ �∈ ΘH }.

The problem of testing θ ∈ ΘH versus θ ∈ ΘA (that is, µ ∈ M0 versus µ �∈ M0) is
left invariant by the following transformations:

gm0 : (xM0 , xM1 , xM⊥) → (xM0 + m0, xM1 , xM⊥) m0 ∈ M0

gOM1
: (xM0 , xM1 , xM⊥) → (xM0 ,OM1xM1 , xM⊥) OM1 : M1 → M1

orthogonal
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gO
M ⊥ : (xM0 , xM1 , xM⊥) → (xM0 , xM1 ,OM⊥xM⊥) OM⊥ : M⊥ → M⊥

orthogonal
gc: (xM0 , xM1 , xM⊥) → (cxM0 , cxM1 , cxM⊥) c > 0.

Here we have written the typical x ∈ V as (xM0 , xM1 , xM⊥), where xM0 = PM0x,
xM1 = PM1x, and xM⊥ = PM⊥x are the components of x in the subspaces M0,
M1 = M−M0, and M⊥, respectively. The general element of the group G generated
by all such transformations can be written in the form

gm0,OM1 ,O
M ⊥ ,c: (xM0 , xM1 , xM⊥) → (cxM0 + m0, cOM1xM1 , cOM⊥xM⊥), (4.4)

where m0, OM1 , OM⊥ , and c are subject to the above constraints. •
4.5 Exercise [1]. Let g and h be two transformations of V of the form (4.4). Write f in

the form (4.4) for (1) f = hg and (2) f = g−1. �
4.6 Exercise [2]. Let G be a group of transformations leaving the testing problem (4.1)

invariant. For g ∈ G and θ ∈ Θ, let ḡ(θ) ∈ Θ be the index such that Pḡ(θ) is the distribution

of g(X) when Pθ is the distribution of X, and let ḡ be the mapping θ → ḡ(θ). Show that:

(1) If g is the identity transformation on X, then ḡ is the identity transformation on Θ.

(2) hg = h̄ḡ for all g, h ∈ G. (3) For each g ∈ G, ḡ is one-to-one, maps ΘH onto itself, and

maps ΘA onto itself. �
Returning to the general setup, let G be a group of transformations leaving the

problem invariant. Let g ∈ G and put Y = g(X). The testing problem based on Y is
formally equivalent to that based on X. So if φ: X → [0, 1] is a (possibly randomized)
test (φ(x) being the conditional probability of rejecting H, given that x is the value
of X), we could apply it equally well to Y as to X. But Y is distributed according
to a hypothesis distribution if and only if X is. To avoid the awkward situation of,
for example, deciding that Y is hypothesis distributed (φ(Y ) = 0) simultaneously
with deciding that X is alternative distributed (φ(X) = 1), we ought to require that
we reach the same decision in applying φ to X and to Y , that is, that

φ(X) = φ(Y ) = φ(g(X)).

A test φ is said to be invariant under the group G if

φ(x) = φ
(
g(x)

)
for all x ∈ X and g ∈ G. (4.7)

The principle of invariance states that attention should be limited to invariant tests.
To implement this principle we need a simple way to come up with invariant

tests. If x and y are in X, say x ∼G y if there exists a g ∈ G such that g(x) = y. Since
G is a group, x ∼G y is an equivalence relation and X splits up into ∼G equivalence
classes, called orbits. φ is invariant if and only if it is constant on orbits. Let M be
a mapping from X to another space M. M is said to be a maximal invariant if

(i) M is constant on orbits (x ∼G y implies M(x) = M(y)), and
(ii) M distinguishes between orbits (x �∼G y implies M(x) �= M(y)).
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Suppose M is a maximal invariant. It is easily seen that a test φ: X → [0, 1] is invari-
ant if and only if there exists a test ψ: M → [0, 1] such that φ is the composition ψM

of M and ψ. Hence the invariant tests are the tests that are functions of M.

4.8 Example. Consider the group G in Example 4.3 above; G leaves the testing
problem for the GLM invariant. We claim that the mapping M from X = V to
M ≡ [0,∞] ∪

{
0
0

}
, defined by

M(x) =
‖PM1x‖2

‖QMx‖2
=

‖xM1‖2

‖xM⊥‖2
for x ∈ V ,

is a maximal invariant.

M is constant on orbits : Suppose y and x are on the same orbit, so

y ≡ (yM0 , yM1 , yM⊥) = (cxM0 + m0, cOM1xM1 , cOM⊥xM⊥)

for appropriate m0, OM1 , OM⊥ , and c. Then ‖yM1‖ = c‖xM1‖ and ‖yM⊥‖ =
c‖xM⊥‖, so that

M(y) = M(x).

M distinguishes between orbits: We need to show that

M(y) = M(x)
implies

y ∼G x.

We do this by cases.

Case 1◦: 0 < M(x) < ∞ (this is the basic case). Here none of xM1 , xM⊥ , yM1 ,
and yM⊥ are 0. Choose orthogonal transformations OM1 and OM⊥ of M1 and M⊥,
respectively, so that

OM1

( xM1

‖xM1‖
)

=
yM1

‖yM1‖
and OM⊥

( xM⊥

‖xM⊥‖
)

=
yM⊥

‖yM⊥‖ .

Then choose c so that
‖yM1‖
‖xM1‖

= c =
‖yM⊥‖
‖xM⊥‖ ;

such a choice is possible because

‖xM1‖2

‖xM⊥‖2
= M(x) = M(y) =

‖yM1‖2

‖yM⊥‖2
.

Finally, set m0 = yM0 − cxM0 . Then

(yM0 , yM1 , yM⊥) = (cxM0 + m0, cOM1xM1 , cOM⊥xM⊥).
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Case 2◦: M(x) = 0
0 . Here xM1 = 0 = xM⊥ and yM1 = 0 = yM⊥ , so

(yM0 , yM1 , yM⊥) = (cxM0 + m0, cOM1xM1 , cOM⊥xM⊥)

for OM1 = IM1 , OM⊥ = IM⊥ , c = 1, and m0 = yM0 − xM0 . •
4.9 Exercise [2]. Work out the details of

Case 3◦: M(x) = 0.

Case 4◦: M(x) = ∞. �

Return again to the general setup, where M: X → M is assumed to be a maximal
invariant for the action of G on X. Restricting attention to invariant tests amounts
to considering a testing problem on the space M, as we will now show. For g ∈ G
and θ ∈ Θ, let ḡ(θ) ∈ Θ be the index such that

Lawθ

(
g(X)

)
= Lawḡ(θ)(X), (4.10)

where Law denotes “distribution of.” It follows from Exercise 4.6 that the function
θ → ḡ(θ) is a one-to-one mapping of Θ onto itself and the collection Ḡ = { ḡ : g ∈ G }
of all such induced transformations of Θ is a group. Let N, mapping Θ onto some
space Γ, be a maximal invariant for the action of Ḡ on Θ; in effect, N is a means
of indexing the orbits of Ḡ. The basic observation is that the distribution of M(X)
under θ depends on θ only through N(θ): For each g ∈ G,

Lawḡ(θ) M(X) = Lawθ M
(
g(X)

)
= Lawθ M(X)

because M is invariant. Let
{Qγ : γ ∈ Γ } (4.111)

be the possible distributions of M(X):

Qγ = Lawθ M(X) for any θ such that N(θ) = γ. (4.112)

The possible distributions of M(X) under H: θ ∈ ΘH (respectively, under A: θ ∈ ΘA)
are {Qγ : γ ∈ ΓH } (respectively, {Qγ : γ ∈ ΓA }), where

ΓH = N(ΘH) and ΓA = N(ΘA); (4.12)
note that

ΓH ∩ ΓA = ∅

because ΘH ∩ ΘA = ∅ and ΘH and ΘA are each unions of orbits, and

ΓH ∪ ΓA = Γ

because Θ = ΘH ∪ ΘA and N is onto. Passing from the original problem of testing

H: θ ∈ ΘH versus A: θ ∈ ΘA
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on the basis of X to the so-called reduced problem of testing

H: γ ∈ ΓH versus A: γ ∈ ΓA

on the basis of M(X) is called an invariance reduction. In order that the reduced
problem be well posed, we need to assume that the distributions Qγ of (4.11) are
distinct.

4.13 Exercise [3]. Let X = {0, 1}, let Θ = [0, 1], and let Pθ be the distribution on X

assigning mass θ to 1 and mass 1 − θ to 0. Show that the problem of testing H: θ = 1
2

versus A: θ �= 1
2

is left invariant by the transformation of X that exchanges 0 and 1. Find

maximal invariants for the action of the associated group G on X and the action of Ḡ on Θ,

and observe that all the Qγ ’s are the same. �
The idea now is that if a test ψ has an optimal property in the reduced problem,

then ψM will have the same property among invariant tests in the original problem.
The following result illustrates this principle. Recall that the power function βφ of
a test φ of H versus A based on X is defined by

βφ(θ) = Pθ[reject H using φ] = Eθ

(
φ(X)

)
for θ ∈ Θ. (4.14)

One would like βφ(θ) to be near 0 for all θ ∈ ΘH and near 1 for all θ ∈ ΘA. φ is
said to be uniformly most powerful of level α (UMP(α)) in a given class T of tests
if

1◦ φ ∈ T and βφ(θ) ≤ α for all θ ∈ ΘH , and
2◦ for any other test τ ∈ T with βτ (θ) ≤ α for all θ ∈ ΘH , one has βτ (θ) ≤

βφ(θ) for all θ ∈ ΘA.
Similar definitions apply to tests ψ of H versus A based on M(X).

4.15 Lemma. If ψ is a UMP(α) test in the reduced problem, then φ ≡ ψM is
UMP(α) among invariant tests in the original problem (in brief, φ is UMPI(α)).

Proof. Suppose ψ is UMP(α) in the reduced problem. Consider φ = ψM. This
is an invariant test in the original problem. Its power function βφ is related to the
power function βψ of ψ by the identity

βφ(θ) = Eθφ(X) = Eθ

(
(ψM)(X)

)
= Eθ

(
ψ(MX)

)
= βψ

(
N(θ)

)
(4.16)

for all θ ∈ Θ. In particular, βφ(θ) ≤ α for all θ ∈ ΘH , because βψ(γ) ≤ α for all
γ ∈ ΓH .

Now let φ∗ be an invariant test in the original problem satisfying βφ∗(θ) ≤ α for
all θ ∈ ΘH . Because M is a maximal invariant, there exists a test ψ∗ in the reduced
problem such that

φ∗ = ψ∗
M,

and by analogy with (4.16),

βφ∗(θ) = βψ∗
(
N(θ)

)
for all θ ∈ Θ.
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Consequently, βψ∗(γ) ≤ α for all γ ∈ ΓH . Because ψ is UMP(α) in the reduced
problem, we must have

βψ∗(γ) ≤ βψ(γ) for all γ ∈ ΓA,

and this implies that
βφ∗(θ) ≤ βφ(θ) for all θ ∈ ΘA.

Hence φ is UMPI(α), as claimed.

4.17 Example. Consider again the testing problem of the GLM. The transforma-
tion

g: (xM0 , xM1 , xM⊥) → (cxM0 + m0, cOM1xM1 , cOM⊥xM⊥)

of X induces the transformation

ḡ: (µM0 , µM1 , σ
2) → (cµM0 + m0, cOM1µM1 , c

2σ2)

of Θ. A maximal invariant for the action of Ḡ on Θ is N: Θ → [0,∞) ≡ Γ, defined
by

N(θ) ≡ N
(
(µM0 , µM1 , σ

2)
)

=
‖µM1‖

σ
=

‖PM−M0µ‖
σ

.

We have seen that a maximal invariant for the action of G on X is

M: (xM0 , xM1 , xM⊥) → ‖xM1‖2/d(M1)
‖xM⊥‖2/d(M⊥)

=
‖PM−M0x‖2/d(M − M0)

‖QMx‖2/d(M⊥)
,

and we know that the distribution of F = MX under θ = (µM0 , µM1 , σ
2) is

Fd(M1),d(M⊥);γ ≡ Qγ with γ = N(θ);

this illustrates the general fact that the distribution of the maximal invariant of the
data depends on the parameter only through the maximal invariant of the parameter.
We have

ΓH = N(ΘH) = {0} and ΓA = N(ΘA) = (0,∞).

The reduced problem consists of testing

H: γ ∈ ΓH , that is, γ = 0 versus A: γ ∈ ΓA, that is, γ > 0

on the basis of F . Since the family (Qγ)γ≥0 has an increasing MLR in γ by Propo-
sition 3.5, the Neyman-Pearson fundamental lemma (see Lehmann (1959, p. 65))
implies that for any given 0 < α < 1 there is a UMP(α) test in the reduced prob-
lem, namely the test that rejects for F ≥ c, where c is chosen so that

Q0({F ≥ c}) = α.
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Consequently, the test that rejects for values of X such that

‖PM−M0X‖2/d(M − M0)
‖QMX‖2/d(M⊥)

≥ c,

that is, the F -test of size α, is UMPI(α) in the original problem. •

To summarize:

4.18 Theorem. The F -test of size α is uniformly most powerful of level α among
tests invariant under the group of transformations (4.4).

In thinking about this result, it should be borne in mind that transformations
that leave the testing problem invariant in the mathematical sense above need not
be substantively meaningful. For example, while it might be reasonable to regard a
linear combination of the prices of apples, bananas, pears, oranges, and lettuce as
an object of interest (the price of fruit salad), it would be nonsensical to include the
price of motor oil in the equation.

4.19 Exercise [3]. Suppose the variance parameter σ2 in the GLM is known; for definite-

ness, take σ2 = 1. The problem of testing H: µ ∈ M0 versus A: µ /∈ M0 is left invariant by

transformations of the form (4.4) with c = 1 and OM⊥ = IM⊥ . Use the approach of this

section to find a UMPI(α) test in this situation. �

5. Confidence intervals for linear functionals of µ

We return to our old notation:

Y ∼ NV (µ, σ2IV ), µ ∈ M, σ2 > 0. (5.1)

Let
ψ(µ) = 〈cv(ψ), µ〉

be a nonzero linear functional of µ. Recall that cv(ψ), or cv ψ for short, designates
the coefficient vector (in M) of ψ. The best unbiased estimator of ψ(µ) is the GME

ψ̂(Y ) = 〈cv ψ, Y 〉 = 〈cv ψ, PMY 〉.

The standard deviation of ψ̂(Y ) is

σψ̂ = σ‖ cv ψ‖;

this may be estimated by
σ̂ψ̂ = σ̂‖ cv ψ‖,

where

σ̂2 =
‖QMY ‖2

d(M⊥)
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is the best unbiased estimator of σ2. Because

ψ̂(Y ) ∼ N
(
ψ(µ), σ2‖ cv ψ‖2

)
independently of

σ̂2 ∼ σ2χ2
d(M⊥)/d(M⊥),

it follows that

ψ̂(Y ) − ψ(µ)
σ̂ψ̂

=

(
ψ̂(Y ) − ψ(µ)

)
/(σ‖ψ‖)

σ̂/σ
∼ td(M⊥), (5.2)

as asserted by Exercise 5.1.6. In particular, if tm(β) denotes the upper β fractional
point of the t distribution with m degrees of freedom, then

ψ̂(Y ) ± td(M⊥)

(
α
2

)
σ̂ψ̂

is a 100(1 − α)% confidence interval for ψ(µ):

Pµ,σ2

(
ψ̂(Y ) ± td(M⊥)

(
α
2

)
σ̂ψ̂ covers ψ(µ)

)
= 1 − α (5.3)

for all µ ∈ M and all σ2 > 0. By Exercise 2.11, this interval fails to cover 0 if and
only if the size α F -test of H: ψ(µ) = 0 versus A: ψ(µ) �= 0 rejects H.

5.4 Example. Consider simple linear regression: V = R
n, Y1, . . . , Yn are uncor-

related with equal variances σ2, and E(Yi) = α + β(xi − x̄) for 1 ≤ i ≤ n, with
x1, . . . , xn known constants. Here

µ = E(Y ) = αe + βv,

where (Y )i = Yi, (e)i = 1, and (v)i = xi − x̄ for 1 ≤ i ≤ n. Fix an x0 in R and
consider the point on the population regression line above x0:

ψx0(µ) = α + β(x0 − x̄) = 〈cv ψx0 , µ〉,
with

cv ψx0 =
e

‖e‖2
+ (x0 − x̄)

v

‖v‖2
.

The GME of ψx0(µ) is the corresponding point on the fitted line:

ψ̂x0(Y ) = 〈cv ψx0 , Y 〉 = α̂ + β̂(x0 − x̄),
where

α̂ =
〈 eee

‖eee‖2
, Y
〉

= Ȳ and β̂ =
〈 vvv

‖vvv‖2
, Y
〉

=
∑

i(xi − x̄)Yi∑
i(xi − x̄)2

are the GMEs of α and β, respectively. One has

σψ̂x0
= σ‖ cv ψx0‖ = σ

√
1

‖eee‖2
+

(x0 − x̄)2

‖vvv‖2
= σ

√
1
n

+
(x0 − x̄)2∑
i(xi − x̄)2
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and

σ̂2 =
‖YYY − PMYYY ‖2

d(M⊥)
=
∑

i

(
Yi −

(
α̂ + β̂(xi − x̄)

))2
n − 2

.

Thus

α̂ + β̂(x0 − x̄) ± tn−2

(
α
2

)
σ̂

√
1
n

+
(x0 − x̄)2∑
i(xi − x̄)2

(5.5)

is a 100(1 − α)% confidence interval for α + β(x0 − x̄).
Up to now x0 has been fixed. But it is often the case that one wants to estimate

ψx0(µ) = α + β(x0 − x̄) simultaneously for all, or at least many, values of x0. The
intervals (5.5) are then inappropriate for 100(1 − α)% confidence, because

Pµµµ,σ2

(
ψ̂x0(Y ) ± tn−2

(
α
2

)
σ̂ψ̂x0

covers ψx0(µ) for all x0 ∈ R
)

< 1 − α (5.6)

(see Exercise 5.20 below). We will develop a method of making simultaneous infer-
ences on ψx0(µ) for all x0 —in fact, we will treat the general problem of making
simultaneous inferences on ψ(µ) for an arbitrary family of linear functionals in the
context of the GLM. •

Return to the setting of (5.1). Let K be a collection of linear functionals of µ
and set

K = { cv ψ : ψ ∈ K} ⊂ M. (5.7)

Let L be the subspace generated by K in the vector space M◦ of all linear functionals
on M and set

L = { cv ψ : ψ ∈ L} ⊂ M ; (5.8)
equivalently,

L = span(K).

L and L are isomorphic, so
d(L) = d(L).

Assume some ψ ∈ K is nonzero, so d(L) ≥ 1. We will produce a constant C
(depending on d(L), d(M⊥), and α) such that

Pµ,σ2

(
ψ̂(Y ) ± Cσ̂ψ̂ covers ψ(µ) for all ψ ∈ L

)
= 1 − α (5.9)

for all µ, σ2; this says that the intervals

ψ̂(Y ) ± Cσ̂ψ̂ (5.10)

cover the ψ(µ)’s for ψ ∈ L with simultaneous confidence 100(1 − α)%. Of course,
(5.9) implies

Pµ,σ2

(
ψ̂(Y ) ± Cσ̂ψ̂ covers ψ(µ) for all ψ ∈ K

)
≥ 1 − α (5.11)
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for all µ, σ2, whence the intervals (5.10) cover the ψ(µ)’s for ψ ∈ K with simultaneous
confidence at least 100(1 − α)%.

Now

ψ̂(Y ) ± Cσ̂ψ̂ covers ψ(µ) for all ψ ∈ L

if and only if

sup0 �=ψ∈L

(
ψ̂(Y ) − ψ(µ)

)2
σ̂2

ψ̂

≤ C2.

But

sup0 �=ψ∈L

(
ψ̂(Y ) − ψ(µ)

)2
σ̂2

ψ̂

= sup0 �=ψ∈L

(
〈cv ψ, Y − µ〉

)2
‖ cv ψ‖2 σ̂2

=
1
σ̂2

sup0 �=x∈L

(
〈x, Y − µ〉

)2
‖x‖2

=
1
σ̂2

sup0 �=x∈L

(〈 x

‖x‖ , PL(Y − µ)
〉)2

=
‖PL(Y − µ)‖2

σ̂2
≡ Q, (5.12)

the last equality holding by the Cauchy-Schwarz inequality (2.1.21). Since Y − µ ∼
NV (0, σ2IV ) and L ⊥ M⊥, we have

Q

d(L)
=

‖PL(Y − µ)‖2/d(L)
‖QM (Y − µ)‖2/d(M⊥)

∼ Fd(L),d(M⊥);

notice that it is the central F distribution that figures here. It follows that for all
µ, σ2,

Pµ,σ2

(
ψ̂(Y ) ± Cσ̂ψ̂ covers ψ(µ) for all ψ ∈ L

)
= Pµ,σ2

(
Q ≤ C2

)
= Fd(L),d(M⊥)

( [
0, C2/d(L)

] )
.

(5.13)

Letting Ff1,f2(α) denote the upper α fractional point of the F distribution with f1

and f2 degrees of freedom, and setting

Sf1,f2(α) =
√

f1Ff1,f2(α), (5.14)

we find that (5.9) holds with C = Sd(L),d(M⊥)(α):

5.15 Theorem. If L is a subspace of Mo and L = { cv ψ : ψ ∈ L} ⊂ M is the
corresponding subspace of coefficient vectors, then the intervals

ψ̂(Y ) ± Sd(L),d(M⊥)(α)σ̂ψ̂ (5.16)

cover the ψ(µ)’s for ψ ∈ L with simultaneous confidence 100(1 − α)%.
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The intervals (5.16) are called Scheffé intervals; Sd(L),d(M⊥)(α) is the Scheffé
multiplier. Note that S1,f (α) = tf

(
α
2

)
, so that when L = [ψ] is one-dimensional,

Theorem 5.15 reduces to the simple assertion (5.3) that ψ̂(Y ) ± td(M⊥)

(
α
2

)
σ̂ψ̂ is a

100(1 − α)% confidence interval for ψ(µ).

5.17 Example. Return to the simple linear regression model. Put

K = {ψx0 : x0 ∈ R },
so

K =
{ eee

‖eee‖2
+ (x0 − x̄)

vvv

‖vvv‖2
: x0 ∈ R

}
and

L = span(K) = [eee, vvv] = M and d(L) = d(M) = 2.

From Theorem 5.15, the Scheffé intervals

ψ̂x0(Y ) ± S2,n−2(α)σ̂ψ̂x0
(5.18)

cover the various ψx0(µ) = α + β(x0 − x̄) for x0 ∈ R with simultaneous confidence
at least 100(1 − α)%; note that K is properly contained in L = span(K). •
5.19 Exercise [2]. Let K, K, L, and L be as in the discussion leading up to Theorem 5.15.
Show that for any constant C, simultaneous coverage by the intervals ψ̂(Y ) ± Cσ̂ψ̂ for all
ψ ∈ K is equivalent to simultaneous coverage for all ψ ∈ L provided

L =
⋃

x∈K
span(x). �

5.20 Exercise [3]. Use the result of the preceding exercise to deduce that the intervals
(5.18) in fact have simultaneous confidence exactly 100(1−α)%. Use (5.13) to evaluate the
left-hand side of (5.6). Verify that for large n the probability of simultaneous coverage for
all x0 ∈ R by the t-intervals (5.5) is given approximately by the formula 1−exp(− 1

2
t2∞(α

2 )),
as exemplified by the following table:

Nominal Actual Simultaneous Nominal Actual
Confidence Level Confidence Level Failure Rate Failure Rate

90.0% 74.0% 10.0% 26.0%
95.0% 85.0% 5.0% 15.0%
99.0% 96.4% 1.0% 3.6% �

5.21 Exercise [5]. Suppose the variance parameter σ2 in (0.1) is known. Let K ⊂ M◦ be
the line segment {wψ0 + (1 − w)ψ1 : 0 ≤ w ≤ 1 } between two given linear functionals ψ0

and ψ1 of µ, and suppose 0 /∈ K. Let

θ =
1

2
arccos

( 〈ψ0, ψ1〉
‖ψ0‖ ‖ψ1‖

)
=

1

2
arccos

( 〈cv ψ0, cv ψ1〉
‖ cv ψ0‖ ‖ cv ψ1‖

)
(5.22)

be half the angle between ψ0 and ψ1; by convention, 0 ≤ θ ≤ 1
2
π. Show that the failure

probability

qθ,C ≡ Pµ( ψ̂(Y ) ± Cσψ̂ fails to cover ψ(µ) for at least one ψ ∈ K ) (5.23)
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depends only on θ and C and is given by the formula

qθ,C =
2

π

(
θe−C2/2 +

∫ π/2−θ

0

e−C2/(2 cos2(a)) da
)
. (5.24)

[Hint: Use the ideas behind (5.12).] �

5.25 Figure. Failure probabilities and confidence coefficients for simultaneous confidence
intervals for ψ(µ) for ψ ∈ K in the case when K is a line segment in M◦. Let K be
the collection of linear functionals of µ described in Exercise 5.21 and let qθ,C be the
failure probability defined by (5.23)–(5.24). In the left graph below, qθ,C is plotted versus
sin(θ) for C = t∞(α

2 ) ≡ z(α
2 ) with α = 0.10, 0.05, and 0.01. The graph shows that

qθ,z(α/2) is substantially larger than α = q0,z(α/2) unless the angle θ is quite small. The
right graph below exhibits the confidence coefficient C = Cθ(α) that makes qθ,C = α.
The quantity Dθ(α) = α exp( 1

2
C2

θ (α)) is plotted on the vertical axis against sin(θ) on
the horizontal axis, for α = 0.10, 0.05, and 0.01. The graph shows that for a given α,
Dθ(α) is to a close approximation given by linear interpolation with respect to sin(θ) between
D0(α) = α exp( 1

2
z2(α

2 )) and Dπ/2(α) = 1. Cπ/2(α) is the Scheffé multiplier S2,∞(α) =√
2 log(1/α).
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5.26 Exercise [3]. As in Example 5.4, let ψ̂x0(Y ) be the GME of ψx0(µ) = α+β(x0 − x̄)
in the simple linear regression model. Suppose that σ is known. Using the result of the
preceding exercise, show that for ξ ≥ 0 and C ≥ 0,

Pµµµ( ψ̂x0(Y )±Cσψ̂x0
fails to cover ψx0(µ) for some x0 with |x0 − x̄| ≤ ξ ) = qθ,C , (5.27)

where qθ,C is given by (5.24) with

θ = arctan
(

ξ√
1
n

∑
1≤i≤n

(xi − x̄)2

)
. (5.29)

Verify that θ = 1
4
π if half of the design points x1, . . . , xn are at ξ and the other half are

at −ξ, and that θ ≈ 1
3
π if the xi’s are evenly spaced over the interval from −ξ to ξ. �
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The Scheffé intervals (5.16) have an interesting and important relationship to
the F -test for

H: ψ(µ) = 0 for all ψ ∈ K versus A: ψ(µ) �= 0 for some ψ ∈ K. (5.30)

This is a testing problem of the usual kind, because

M0 ≡ {µ ∈ M : ψ(µ) = 0 for all ψ ∈ K}
= {µ ∈ M : ψ(µ) = 0 for all ψ ∈ L}
= {µ ∈ M : 〈x, µ〉 = 0 for all x ∈ L }
= M − L (5.31)

is indeed a subspace of M ; note that

M − M0 = L = { cv ψ : ψ ∈ L}.

The hypothesis µ ∈ M0 fails if ψ(µ) �= 0 for some ψ ∈ L. The canonical estimator
of ψ(µ) is the GME ψ̂(Y ); say that ψ̂(Y ) is significantly different from zero (SDFZ)
at level α according to the Scheffé criterion if

ψ̂(Y ) ± Sd(L),d(M⊥)(α)σ̂ψ̂ does not cover 0

⇐⇒ |ψ̂(Y )| ≥ Sd(L),d(M⊥)(α)σ̂ψ̂.
(5.32)

One then has

ψ̂(Y ) is SDFZ at level α for some ψ ∈ L

⇐⇒ supψ∈L |ψ̂(Y )|2/σ̂2
ψ̂
≥ d(L)Fd(L),d(M⊥)(α)

⇐⇒ ‖PL(Y )‖2/d(L)
‖QM (Y )‖2/d(M⊥)

≥ Fd(M−M0),d(M⊥)(α)

⇐⇒ the size α F -test rejects the hypothesis H: µ ∈ M0, (5.33)

where the second ⇐⇒ uses (5.12) with µ = 0. For the case d(L) = 1, this phe-
nomenon was pointed out in the discussion following (5.2).

5.34 Exercise [1]. Show that the testing problem (0.2) can always be put in the form

(5.30) for a suitable choice of K. �
5.35 Exercise [2]. Let L be a subspace of the vector space of linear functionals on M and
let M0 be defined by (5.30) with K = L. Write µ ∈ M as (µM0 , µM1), where µM0 = PM0µ
and µM1 = PM1µ with M1 = M − M0. For each m1 ∈ M1, let Am1 be the acceptance
region of a nonrandomized test of the hypothesis Hm1 : µM1 = m1 versus the alternative
Am1 : µM1 �= m1. For each v ∈ V , let C(v) be the subset of M1 defined by the rule

m1 ∈ C(v) ⇐⇒ v ∈ Am1 ;
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C(Y ) can be thought of as the set of values of µM1 that are plausible in the light of the
data Y , as judged by the given family of tests. (1) Show that each acceptance region Am1

is similar of size α, in the sense that

PµM0 ,m1,σ2(Y /∈ Am1 ) = α

for all µM0 ∈ M0 and σ2 > 0, if and only if C is a 100(1−α)% confidence region procedure
for µM1 , in the sense that

PµM0 ,µM1 ,σ2(C(Y ) covers µM1 ) = 1 − α

for all µM0 ∈ M0, µM1 ∈ M1, and σ2 > 0. (2) Show that when Am1 is taken as the
acceptance region of the size α F -test of H: µ ∈ m1 + M0 versus A: µ /∈ m1 + M0, then

C(Y ) = {m1 ∈ M1 : ‖m1 − PM1Y ‖ ≤ Sd(M1),d(M⊥)(α)σ̂ };

moreover, for each µM1 ∈ M1,

Y ∈ AµM1
⇐⇒ C(Y ) covers µM1 ⇐⇒

[
ψ̂(Y ) ± Sd(M1),d(M⊥)(α)σ̂ψ̂

covers ψ(µM1) for all ψ ∈ L

]
. �

5.36 Example. Consider one-way ANOVA, in which V = {(xij)j=1,...,ni ; i=1,...,p ∈
R

n} with n =
∑

i ni and E(Yij) = βi for j = 1, . . . , ni, i = 1, . . . , p, so

M =
{∑

1≤i≤p
v(i)βi : β1, . . . , βp ∈ R

}
with (v(i))i′j′ = δii′ . Notice that

βi =
〈 vvv(i)

‖vvv(i)‖2
, µ
〉
≡ ψi(µ) for 1 ≤ i ≤ p.

A linear functional of µ of the form

ψ(µ) =
∑

1≤i≤p
ciψi(µ) =

∑
1≤i≤p

ciβi (5.371)

with ∑
1≤i≤p

ci = 0 (5.372)

is called a contrast in the group means β1, . . . , βp. For example, β2 − β1 and β1 −
1
2 (β2 + β3) are contrasts, but β1 is not. The space C of all contrasts has dimension
p − 1, because it is the range of the nonsingular linear transformation

c →
∑

1≤i≤p
ciψi

defined on the p − 1 dimensional subspace{
c ∈ R

p :
∑

1≤i≤p
ci = 0

}
= R

p − [e]
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of R
p. The GME of the contrast

∑
1≤i≤p ciβi is

ψ̂(Y ) =
∑

1≤i≤p
ciβ̂i =

∑
1≤i≤p

ciȲi;

it has estimated standard deviation

σ̂ψ̂ = σ̂

√∑
1≤i≤p

c2
i /ni

with

σ̂2 =
‖YYY − PMYYY ‖2

d(M⊥)
=

∑
1≤i≤p

∑
1≤j≤ni

(Yij − Ȳi)2

n − p
.

By Theorem 5.15,

Pµ,σ2

(
ψ̂(Y ) ± Sp−1,n−p(α)σ̂ψ̂ covers ψ(µ) for all contrasts ψ

)
= 1 − α

for all µ ∈ M and σ2 > 0. Moreover, by (5.33), some estimated contrast ψ̂(Y )
is significantly different from 0 at level α if and only if the size α F -test of the
hypothesis H: ψ(µ) = 0 for all ψ ∈ C, that is, of the hypothesis

H: β1 = β2 = · · · = βp

rejects:

‖PM−M0YYY ‖2/(p − 1)
‖QMYYY ‖2/(n − p)

=
∑

i ni(Ȳi − Ȳ )2/(p − 1)∑
i

∑
j(Yij − Ȳi)2/(n − p)

≥ Fp−1,n−p(α). •

5.38 Exercise [2]. In the context of the GLM, suppose ψ1, . . . , ψp are p linear functionals
of µ. Show that the space

C = {
∑

1≤i≤p
ciψi :

∑
1≤i≤p

ci = 0 }

of contrasts in the ψi’s can be written in the form

C = span( ψi − ψ̄ : 1 ≤ i ≤ p ),

where ψ̄ =
∑

1≤i≤p
wiψi/w is the weighted average of the ψi’s with respect to any given

nonnegative weights w1, . . . , wp with sum w > 0. �
5.39 Exercise [3]. Suppose ψ1, . . . , ψp are p nonzero orthogonal linear functionals of µ.
Put

M0 = {µ ∈ M : ψ(µ) = 0 for all contrasts ψ in the ψi’s }.

Show that

d(M − M0) = p − 1
and

‖PM−M0Y ‖2 =
∑

1≤i≤p
wi(ψ̂i(Y ) − ˆ̄ψ(Y ))2 =

∑
1≤i≤p

wiψ̂
2
i (Y ) − w ˆ̄ψ2(Y ), (5.40)
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where

ψ̂i(Y ) is the GME of ψi(µ)

1

wi
= Var(ψ̂i(Y ))/σ2 = ‖ψi‖2

(5.41)

for 1 ≤ i ≤ p and

ˆ̄ψ(Y ) is the GME of ψ̄(µ) =
1

w

∑
1≤i≤p

wiψi(µ)

1

w
=

1∑
1≤i≤p

wi
= Var( ˆ̄ψ)/σ2 = ‖ψ̄‖2.

(5.42)

[Hint: Check that [ ψ1 − ψ̄, . . . , ψp − ψ̄ ] = [ ψ1, . . . , ψp ] − [ ψ̄ ] and use the result of Exer-

cise 5.38.] �

5.43 Exercise [2]. Use the result of the preceding exercise to obtain the numerator of the

F -statistic in Example 5.36. �

6. Problem set: Wald’s theorem

This problem set is devoted to the proof of yet another optimality property of the
F -test. Consider the testing problem (0.2): For given subspaces M and M0 of V ,
we have

Y ∼ Pθ ≡ NV (µ, σ2IV )

for some unknown θ ≡ (µ, σ2) in

Θ = M × (0,∞),

and we wish to test
H: θ ∈ ΘH versus A: θ ∈ ΘA, (6.1)

where
ΘH = M0 × (0,∞) and ΘA = { θ ∈ Θ : θ �∈ ΘH }.

We will sometimes write the generic θ ∈ Θ as (µM0 , µM1 , σ
2), where µM0 = PM0µ

and µM1 = PM1µ are the components of µ ∈ M in M0 and M1 = M − M0,
respectively. A (possibly) randomized test φ of H versus A is a mapping from V to
[0, 1] with the interpretation that for each v ∈ V, φ(v) is the conditional probability
of rejecting H when Y = v. The power function of φ is the mapping βφ from Θ to
[0, 1] defined by

βφ(θ) = Eθφ(Y ) =
∫

V

φ(y)Pθ(dy) = Pθ

(
reject H using φ

)
.

For given µM0 ∈ M0, ρ > 0, and σ2 > 0, let

β̄φ(µM0 , ρ, σ2) (6.2)
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denote the average of βφ(θ) with respect to alternatives θ = (µM0 , µM1 , σ
2) with µM1

chosen at random according to the uniform distribution Uρ on the sphere {m ∈ M1 :
‖m‖ = ρ }. This problem set is devoted to proving

6.3 Theorem (Wald’s theorem). In regard to the problem (6.1), among tests φ
such that

βφ(θ) = α for all θ ∈ ΘH , (6.4)

the size α F -test maximizes the average power β̄φ(µM0 , ρ, σ2) for every µM0 ∈ M0,
ρ > 0, and σ2 > 0.

Loosely speaking, the F -test is best when whatever might be µM0 ∈ M0 and
σ2 > 0, all alternatives with µM1 of a given magnitude are of equal, and hence
“uniform,” concern. A test φ such that (6.4) holds is said to be similar of size α.
A test φ such that

βφ(θ) ≤ α for all θ ∈ ΘH and βφ(θ) ≥ α for all θ ∈ ΘA

is said to be unbiased of level α.

A. Show that the size α F -test is unbiased of level α and (for the problem at hand)
every unbiased test of level α is similar of size α.
[Hint: The second assertion follows from the continuity of βφ(θ) in θ (see Exer-
cise 5.2.4).] ◦

A reformulation of Wald’s theorem is somewhat easier to prove. Put

Θ∗ =
{

(µM0 , ρ, σ2) : µM0 ∈ M0, ρ ≥ 0, σ2 > 0
}

= M0 × [0,∞) × (0,∞),

and for θ∗ ∈ Θ∗ let P ∗
θ∗ be the average of P(µM0 ,µM1 ,σ2) with µM1 chosen at random

according to the uniform distribution Uρ above. Consider testing

H∗ : θ∗ ∈ Θ∗
H versus A∗ : θ∗ ∈ Θ∗

A, (6.5)
where

Θ∗
H =

{ (
µM0 , ρ, σ2

)
∈ Θ∗ : ρ = 0

}
and Θ∗

A = { θ∗ ∈ Θ∗ : θ∗ �∈ Θ∗
H }.

For any test φ: V → [0, 1], write β∗
φ for the power function of φ in the problem (6.5):

β∗
φ(θ∗) =

∫
V

φ(y)P ∗
θ∗(dy) = P ∗

θ∗
(
reject H∗ using φ

)
.

B. Show that Wald’s theorem is equivalent to

6.6 Theorem. In regard to problem (6.5), the size α F -test is uniformly most
powerful among tests φ satisfying the similarity condition

β∗
φ(θ∗) = α for all θ∗ ∈ Θ∗

H . (6.7) ◦

Parts C through G deal with the proof of Theorem 6.6. To begin with, here is
a technical result that is called upon in the later stages of the proof.
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C. Let U be a random variable uniformly distributed over the unit sphere {m1 ∈
M1 : ‖m‖1 = 1 } in M1. Show that the function

G(c) ≡ E(ec〈m1,U〉) (6.8)

does not depend on the unit vector m1 in M1 and is continuous and strictly increas-
ing in c ≥ 0.
[Hint: For the first assertion, use the fact that U and OU have the same distribu-
tions for all orthogonal transformations O of M1 into itself. For the second assertion,
look at the first two derivatives of G.] ◦

The next part examines the distributions P ∗
θ∗ for θ∗ ∈ Θ∗.

D. Show that the density of P ∗
θ∗ (with respect to Lebesgue measure on V ) is

f∗
θ∗(y) ≡

( 1
2πσ2

)n/2

exp
(
−‖µM0‖2 + ρ2

2σ2

)
exp
(〈

PM0y,
µM0

σ2

〉)
× G

(
‖PM1y‖

ρ

σ2

)
exp
(
−‖y‖2

2σ2

)
,

where θ∗ =
(
µM0 , ρ, σ2

)
, n = dim(V ), and G is defined by (6.8). Deduce that the

triple
T0 = PM0Y, T1 = ‖PM1Y ‖, and T2 = ‖Y ‖2

is a sufficient statistic for the family {P ∗
θ∗ : θ∗ ∈ Θ∗ }.

[Hint: For the second assertion, use the factorization criterion for sufficiency (see
Lehmann (1959, p. 49)).] ◦

In view of the sufficiency of T0, T1, and T2, we may limit attention to tests φ of
the form

φ(y) = ψ
(
PM0y, ‖PM1y‖, ‖y‖2

)
, (6.9)

where ψ : M0 × [0,∞) × [0,∞) → [0, 1]. Bear in mind that we are trying to test
whether ρ is 0 or, equivalently, whether

η ≡ ρ

σ2
(6.10)

is 0, regardless of the values of the nuisance parameters µM0/σ2 and 1/σ2 figur-
ing in f∗

θ∗(y). The conditioning argument of the next part makes these nuisance
parameters “disappear.”

E. Show that for each τ0 ∈ M0 and τ2 ≥ 0, the conditional P ∗
θ∗-distribution of T1

given T0 = τ0 and T2 = τ2 depends on θ∗ only through the parameter η of (6.10);
specifically, for τ1 ≥ 0, the P ∗

θ∗-conditional density f∗
θ∗(τ1

∣∣ τ0, τ2) of T1 given T0 = τ0

and T2 = τ2 has the form

f∗
θ∗(τ1

∣∣ τ0, τ2) = G(τ1η)hτ0,τ2(τ1)Cτ0,τ2(η),
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where G is as in (6.8) and hτ0,τ2(τ1) and Cτ0,τ2(η) depend only on the arguments
shown.
[Hint: First work out the form of the P ∗

θ∗-joint density of T0, T1, and T2, and then
use the standard formula for a conditional density; it is not necessary to evaluate
f∗

θ∗(τ1

∣∣ τ0, τ2) explicitly.] ◦

The above result suggests testing (6.5) conditionally on T0 and T2. Write Qη|τ0,τ2

for the conditional P ∗
θ∗ -distribution of T1, given T0 = τ0 and T2 = τ2.

F. Show that in regard to the family {Qη|τ0,τ2 : η ≥ 0 } of distributions on [0,∞),
the test

ψ(τ0, τ1, τ2) ≡
{

1, if τ1 ≥ c

0, if τ1 < c,
(6.11)

with c chosen as the upper α fractional point of Q0|τ0,τ2 , is UMP(α) for testing

Hτ0,τ2 : η = 0 versus Aτ0,τ2 : η > 0.

Show that for ψ as defined by (6.11), the test

ψ(PM0y, ‖PM1y‖, ‖y‖2)

is the size α F -test.
[Hint: For the first assertion, use part C and the Neyman-Pearson fundamental
lemma. For the second assertion, use the independence under Pθ of PM0Y, PM1Y,
and PM⊥Y along with the fact that if A and B are independent random variables
each having central χ2 distributions, then A/B is independent of A + B.] ◦

The next part completes the proof of Theorem 6.6.

G. Let φ be a test of the form (6.9) satisfying the similarity condition (6.7). Show
that ∫

ψ(τ0, τ1, τ2)Q0|τ0,τ2(dτ1) = α

for all (actually, Lebesgue almost all) τ0 and τ2, and deduce that φ has no greater
power than the size α F -test at each θ∗ ∈ Θ∗

A.
[Hint: First note that for any θ∗ ∈ Θ∗,

β∗
φ(θ∗) = E∗

θ∗
(
bη(T0, T2)

)
,

where

bη(τ0, τ2) =
∫

ψ(τ0, τ1, τ2)Qη|τ0,τ2(dτ1).

Then use part F in conjunction with the completeness of the statistic (T0, T2) for
the family { θ∗ : θ∗ ∈ Θ∗

H } (see Section 5.2).] ◦

The last two parts deal with some corollaries of Wald’s theorem.
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H. Deduce

6.12 Theorem (Hsu’s theorem). The size α F -test is uniformly most powerful
among all similar size α tests of (6.1) whose power depends on the parameter
θ =

(
µM0 , µM1 , σ

2
)

only through the distance ‖µM1‖/σ from µ to M0 in σ units. ◦
I. Show that the size α F -test φ of (6.1) is admissible, in the sense that there is no
test φ̃ such that

βφ̃(θ) ≤ βφ(θ) for all θ ∈ ΘH and βφ̃(θ) ≥ βφ(θ) for all θ ∈ ΘA,

with strict inequality holding for at least one θ ∈ Θ. ◦



CHAPTER 7

ANALYSIS OF COVARIANCE

In this chapter we formulate the analysis of covariance problem in a coordinate-free
setting and work out procedures for point and interval estimation and F -testing of
hypotheses. We begin by developing various properties of nonorthogonal projections
that are needed for the abstract formulation and subsequent analysis.

1. Preliminaries on nonorthogonal projections

Throughout this section, we suppose

K = I + J

is a direct sum decomposition of a given inner product space K into disjoint, but not
necessarily orthogonal, subspaces I and J . Each x ∈ K can be represented uniquely
in the form

x = xI + xJ (1.1)

with xI ∈ I and xJ ∈ J . The map

A ≡ PI;J : x → xI is called projection onto I along J , and

B ≡ PJ;I : x → xJ is called projection onto J along I.

In visualizing the action of, say, PI;J on x ∈ K, think of x as being translated
parallel to J until reaching I, as illustrated below:

xI = PI ;J x = Ax

xJ = PJ ;Ix = Bx

•

• • x

I

J
Plane is K = I + J

....................................................................................................................................................................................................................................................................................................................................................................................................................................................................
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If I ⊥ J , then PI;J = PI and PJ;I = QI , with PI and QI denoting as usual orthog-
onal projection onto I and I⊥ = J , respectively.
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1A. Characterization of projections

PI;J may be characterized as follows:

1.2 Proposition. (i) PI;J is an idempotent linear transformation from K to K
with range R(PI;J ) = I and null space N (PI;J) = J .

(ii) Conversely, if T : K → K is an idempotent linear transformation with range
R(T ) and null space N (T ), then K is the direct sum of R(T ) and N (T ) and T =
PR(T );N (T ).

Proof. (i) is immediate. For (ii), write the general x ∈ K as

x = Tx + (x − Tx).

Tx ∈ R(T ) by definition, and x − Tx ∈ N (T ) because T (x − Tx) = Tx − T 2x =
Tx − Tx = 0. It follows that T = PR(T );N (T ), provided K is in fact the direct sum
of R(T ) and N (T ). Now the preceding argument shows that K is indeed the sum
of R(T ) and N (T ); the sum is direct because (see Lemma 2.2.39) R(T ) and N (T )
are disjoint — if x = Ty ∈ N (T ), then x = Ty = T 2y = Tx = 0.

1.3 Exercise [2]. Deduce the characterization of orthogonal projections given in Proposi-

tion 2.2.4 from Proposition 1.2 above. �

1B. The adjoint of a projection

Let T denote projection onto I along J . We inquire as to what the adjoint T ′ of T
is. T ′ is linear and idempotent (T ′T ′ = (TT )′ = T ′), so T ′ must be projection onto
R(T ′) along N (T ′). By Exercise 2.5.9,

N (T ′) = R⊥(T ).

Since this identity is actually valid for any linear transformation T : K → K, we may
replace T by T ′ to get

R(T ′) = N⊥(T ).

This proves

1.4 Proposition. One has

(PI;J)′ = PJ⊥;I⊥ . (1.5)

Notice that I and J have been “reversed and perped” on the right-hand side of
(1.5). If I ⊥ J , then J⊥ = I and I⊥ = J , and (1.5) reduces to the familiar formula
P ′

I = PI .

1.6 Exercise [2]. Interpret Proposition 1.4 in the context of R
n and the matrix X repre-

senting PI ;J with respect to the usual basis eee(1), . . . , eee(n).

[Hint: Think about what (1.5) asserts about the row and column spaces of X and its

transpose.] �
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1C. An isomorphism between J and I⊥⊥⊥

The next result is illustrated by this picture:

• •

••

y PJ ;Iy = By

QIz z

I

J
I⊥
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1.7 Proposition. Let B denote PJ;I . Then QI restricted to J and B restricted
to I⊥ are inverses; in particular, J and I⊥ are isomorphic.

Proof. We need to show

(i) BQIz = z for all z ∈ J ,
(ii) QIBy = y for all y ∈ I⊥.

For (i), let z ∈ J . Then we have

QIz = −PIz + z,

with −PIz ∈ I and z ∈ J , so BQIz = z as claimed. For (ii), let y ∈ I⊥. Letting A
denote PI;J , we have

QIBy = QI(y − Ay) = QIy − QIAy = y − 0 = y,

as claimed.

1D. A formula for PJ;IJ;IJ;I when J is given by a basis

If y1, . . . , yh is a basis for I⊥, then we know that, for x ∈ K,

QIx =
∑

1≤j≤h
cjyj

can be obtained by solving for the cj ’s in the normal equations

〈
yi, x −

∑
1≤j≤h

cjyj

〉
= 0 for i = 1, . . . , h, (1.81)

or 〈
yi, x

〉
=
∑

1≤j≤h
〈yi, yj〉cj for i = 1, . . . , h, (1.82)

or
〈y, x〉 = 〈y, y〉c, (1.83)
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where the h × h matrix 〈y, y〉 and the h × 1 column vectors 〈y, x〉 and c are given
by

(〈y, x〉)i = 〈yi, x〉, (〈y, y〉)ij = 〈yi, yj〉, and (c)j = cj (1.9)

for i, j = 1, . . . , h. The solution to (1.8) is of course

c = 〈y, y〉−1〈y, x〉.

We have just considered the orthogonal case, where J = I⊥. We ask if there
is a similar recipe for PJ;I = B for general J (disjoint from I). Let z1, . . . , zh be a
basis for J . By Proposition 1.7, QIz1, . . . , QIzh is a basis for I⊥. Now note that
Bx depends on x ∈ K only through QIx:

Bx = B(QIx + PIx) = BQIx.

We have just seen that

QIx =
∑

1≤j≤h
cj QIzj ,

where
c = 〈QIz, QIz〉−1〈QIz, x〉.

And from Proposition 1.7,

Bx = BQIx =
∑

1≤j≤h
cj BQIzj =

∑
1≤j≤h

cjzj .

This gives

1.10 Proposition. Let z1, . . . , zh be a basis for J . For each x ∈ K,

PJ;Ix ≡ Bx =
∑

1≤j≤h
cjzj , (1.11)

where c1, . . . , ch are the coefficients for the regression of x on QIz1, . . . , QIzh, that
is,

c = 〈QIz, QIz〉−1〈QIz, x〉 (1.12)

(see (1.9) for the notation).

Of course, to use the proposition one needs to know about QI in order to
compute the numbers

〈QIzi, x〉, 〈QIzi, QIzj〉, i, j = 1, . . . , h,

appearing in (1.12).
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1.13 Exercise [2]. For each u ∈ K, set

R(u) = ‖QIu‖2 = ‖u − PIu‖2. (1.14)

Verify that for u, v ∈ K,

〈QIu, v〉 = 〈QIu, QIv〉 =
R(u + v) − R(u) − R(v)

2
; (1.15)

in particular, if

R(u) =
∑

1≤j≤m
bj(〈u, wj 〉)2 (1.16)

for b1, . . . , bm real and w1, . . . , wm in K, then

〈QIu, v〉 = 〈QIu, QIv〉 =
∑

1≤j≤m
bj 〈u, wj 〉〈v, wj〉. (1.17) �

1E. A formula for P ′
J;IP ′
J;IP ′
J;I when J is given by a basis

As above, let z1, . . . , zh be a basis for J and let QIz1, . . . , QIzh be the corresponding
basis for I⊥. Let B denote PJ;I . By Proposition 1.4, B′ = PI⊥;J⊥ . Thus, for x ∈ K,

B′x =
∑

1≤j≤h
djQIzj ,

where the dj ’s are determined by the condition that x − B′x lies in J⊥, that is, by
the equations 〈

zi, x −
∑

1≤j≤h
djQIzj

〉
= 0 for i = 1, . . . , h.

Thus

1.18 Proposition. Let z1, . . . , zh be a basis for J . Then, for each x ∈ K,

P ′
J;Ix ≡ B′x = PI⊥;J⊥x =

∑
1≤j≤h

djQIzj , (1.19)

where

d = 〈QIz, QIz〉−1〈z, x〉 (1.20)

(see (1.9) for the notation).

In comparing Propositions 1.10 and 1.18, notice that PJ:Ix is a linear combina-
tion of the zj ’s with coefficients involving the inner products of x with the QIzj ’s,
whereas P ′

J:Ix is a linear combination of the QIzj ’s with coefficients involving the
inner products of x with the zj ’s.

1.21 Exercise [1]. Verify that the recipes for PJ ;Ix in Proposition 1.10 and for P ′
J ;Ix in

Proposition 1.18 yield the same result when I ⊥ J . �
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2. The analysis of covariance framework

We begin with an example. Consider a GLM consisting of a one-way analysis of
variance design coupled with regression on one covariate t:

E(Yij) = βi + γtij for j = 1, . . . , ni, i = 1, . . . , p; (2.1)

here the Yij ’s are uncorrelated random variables of equal variance σ2, the tij ’s are
known fixed numbers, and β1, . . . , βp, γ, and σ2 are unknown parameters (for p = 1
the model is just simple linear regression). Notice that

βi = E(Yij) − γtij

measures the expected “yield” of the jth replication of the ith factor, adjusted for the
effect of the covariate. The space M̃ of possible means for Y = (Yij)1≤j≤ni ,1≤i≤p

in this problem may be written as

M̃ = M + N,
where

M =
{∑

1≤i≤p
βivi : β1, . . . , βp ∈ R

}
is the usual regression space in the one-way ANOVA model

(
(vi)i′j′ ≡ δii′

)
and

N =
[
(tij)

]
≡ [t];

it is assumed that the covariate is not constant within each of the p groups, that is,
that t �∈ M , so M̃ is the direct sum of M and N . Of special interest are the βi’s
and γ, or, in vector terms,

µM =
∑

1≤i≤p
βivi = PM ;Nµ and µN = γt = PN ;Mµ,

where µ = E(Y ) = µM + µN , as illustrated below:

µM

µN

•

• • µ = E(Y )

M

N

Plane is M̃ = M + N
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It is natural to seek procedures for making inferences about µM and µN that build
as much as possible on the prior analysis of the one-way ANOVA model.

From a broader perspective, suppose Y is a weakly spherical random variable
taking values in an inner product space V :

ΣY = σ2IV . (2.2)
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Suppose also that it is known how to treat the GLM that obtains when µ = E(Y )
is assumed to lie in a certain subspace M of V. The problem at hand is how to use
this knowledge advantageously in treating the GLM that arises when the space of
possible means of Y is enlarged from M to

M̃ = M + N, (2.3)

where N is a subspace disjoint from M . For each µ ∈ M̃ , write

µ = µM + µN ≡ PM ;Nµ + PN ;Mµ ≡ Aµ + Bµ, (2.4)

with A = PM ;N and B = PN ;M viewed as mappings of M̃ into itself. Generalizing
from the specific case above, we presume µM and µN to be of particular interest.

3. Gauss-Markov estimation

The Gauss-Markov estimator of µ ∈ M̃ is

µ̂ = PM̃Y = PMY + PM̃−MY.

The derived Gauss-Markov estimators (see Exercise 4.3.3) µ̂N = Bµ̂ and µ̂M = Aµ̂
of µN = Bµ and µM = Aµ may be written as

µ̂N = BPM̃Y = BQMPM̃Y = B(PM̃−MY ) (3.1)
and

µ̂M = PM µ̂ − PM µ̂N = PMY − PM µ̂N , (3.2)

as illustrated below:

PM µ̂N µ̂M
↑

PM Y = PM µ̂

µ̂N↘
PM̃−M Y µ̂ = PM̃ Y

•

• •

•

•

•
M

NM̃ − M Plane is M̃
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Notice that µ̂M is the “old GME” PMY (that is, the GME of µM in the original
problem involving just M) minus the “correction term” PM µ̂N , which can be viewed
as the old GME applied to µ̂N in place of Y . Notice also that PMY and µ̂N are
uncorrelated.

Turning to linear functionals, note that for any xN ∈ N , the GME of 〈xN , µN 〉 =
〈xN , Bµ〉 = 〈B′xN , µ〉 may be written variously as

〈xN , µ̂N 〉 = 〈xN , BPM̃Y 〉 = 〈B′xN , Y 〉. (3.3)
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Similarly, for any xM ∈ M , the GME of

〈xM , µM 〉 = 〈xM , Aµ〉 = 〈A′xM , µ〉 = 〈xM − B′xM , µ〉

may be written variously as

〈xM , µ̂M 〉 = 〈xM , PMY 〉 − 〈xM , PM µ̂N 〉
= 〈xM , Y 〉 − 〈xM , µ̂N 〉
= 〈xM − B′xM , Y 〉. (3.4)

The second line of this formula expresses the new GME 〈xM , µ̂M 〉 of 〈xM , µM 〉 as
the old GME 〈xM , Y 〉 less a subtractive correction that is the old GME applied to
µ̂N in place of Y .

Once µ̂N = BPM̃−MY is in hand, the computations reduce to those of the
original model, which we presume is well understood. The central problem then is
one of getting a handle on µ̂N . According to the formula µ̂N = BPM̃−MY , what
one needs to do is to render N orthogonal to M , project Y onto the resulting space,
and transfer the projection back to N . This is readily accomplished in explicit form
if we have a basis z1, . . . , zh for N . Indeed, from Proposition 1.10, it follows that

µ̂N =
∑

1≤j≤h
γ̂jzj , (3.5)

where the γ̂j ’s are the coordinates of PM̃−MY with respect to the basis QMz1, . . . ,

QMzh for M̃ − M :

γ̂ = 〈QMz, QMz〉−1〈QMz, PM̃−MY 〉 = 〈QMz, QMz〉−1〈QMz, Y 〉. (3.6)

With this representation for µ̂N , (3.2) becomes

µ̂M = PMY −
∑

j
γ̂jPMzj . (3.7)

Similarly, (3.4) becomes

GME of 〈xM , µM 〉 = 〈xM , µ̂M 〉 = 〈xM , Y 〉 −
∑

j
γ̂j〈xM , zj〉

= (old GME) −
∑

j
γ̂j (old GME applied to zj)

(3.8)

and (3.3) becomes

GME of 〈xN , µN 〉 = 〈xN , µ̂N 〉 =
∑

j
γ̂j〈xN , zj〉. (3.9)

If we write
µN =

∑
j
γjzj , (3.10)
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so that γj is the coordinate of µN with respect to zj in the z1, . . . , zh basis, and if we
let x

(j)
N ∈ N be the coefficient vector for the jth-coordinate functional for this basis,

so that 〈x(j)
N , zi〉 = δij for i = 1, . . . , h, then (3.9) says that γ̂j =

∑
i γ̂i〈x(j)

N , zi〉 is in
fact the GME of γj = 〈x(j)

N , µN 〉.

3.11 Exercise [3]. Show how formulas (3.5)–(3.7), with the γ̂j ’s interpreted as the Gauss-
Markov estimators of the γj ’s of (3.10), follow directly via basic properties of Gauss-Markov
estimation coupled with orthogonalization of the zj ’s with respect to M .
[Hint: Corresponding to the unique representation

µ = µM + (
∑

j
γjzj)

of µ ∈ M̃ as the sum of a vector in M and a vector in N , there is the unique representation

µ = (µM +
∑

j
γjPM zj) + (

∑
j
γjQM zj)

of µ as the sum of a vector in M and a vector in M̃ − M .] �

3.12 Example. In the model (2.1), where E(Yij) = βi + γtij , one has for any
y = (yij)

(PMyyy)ij = ȳi =

∑
j yij

ni
and (QMy)ij = yij − ȳi .

By (3.6)

γ̂ =
〈QMttt, YYY 〉

〈QMttt, QMttt〉 =

∑
ij(tij − t̄i)Yij∑
ij(tij − t̄i)2

(3.131)

=

∑
ij(tij − t̄i)(Yij − Ȳi)∑

ij(tij − t̄i)2
(3.132)

=
∑

i

[ ∑
j(tij − t̄i)2∑

i′j′(ti′j′ − t̄i′)2
][∑

j(tij − t̄i)Yij∑
j(tij − t̄i)2

]
. (3.133)

Notice how the numerator in (3.132) can be obtained from the denominator by the
technique of Exercise 1.13 and how (3.133) expresses γ̂ as a weighted average of the
slope estimators one obtains by carrying out simple linear regression within each
group, with the weights being proportional to reciprocal variances. By (3.8)

β̂i =
〈 vvvi

‖vvvi‖2
, Y
〉
− γ̂
〈 vvvi

‖vvvi‖2
, t
〉

= Ȳi − γ̂t̄i . (3.14)

In vector terms

µ̂N = γ̂t and µ̂M =
∑

i
β̂ivi . •
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4. Variances and covariances of GMEs

Under the assumption µ = E(Y ) ∈ M̃ , for any vector x ∈ M̃ the GME of 〈x, µ〉 is
〈x, Y 〉, and for x1, x2 ∈ M̃ one has

Cov
(
〈x1, Y 〉, 〈x2, Y 〉

)
= σ2〈x1, x2〉

Var
(
〈xi, Y 〉

)
= σ2‖xi‖2.

In (3.3) and (3.4) we saw that

〈xN , µ̂N 〉 = 〈B′xN , Y 〉 is the GME of 〈xN , µN 〉 = 〈B′xN , µ〉,
〈xM , µ̂M 〉 = 〈xM − B′xM , Y 〉 is the GME of 〈xM , µM 〉 = 〈xM − B′xM , µ〉

for xN ∈ N and xM ∈ M . Consequently,

Cov
(
〈xN,1, µ̂N 〉, 〈xN,2, µ̂N 〉

)
= σ2〈B′xN,1, B

′xN,2〉 (4.11)

Var
(
〈xN , µ̂N 〉

)
= σ2‖B′xN‖2 (4.12)

for xN,1, xN,2, xN ∈ N , and since M ⊥R(B′),

Cov
(
〈xM,1, µ̂M 〉, 〈xM,2, µ̂M 〉

)
= σ2〈xM,1 − B′xM,1, xM,2 − B′xM,2〉
= σ2

(
〈xM,1, xM,2〉 + 〈B′xM,1, B

′xM,2〉
)

= σ2(old expression + correction) (4.21)

Var
(
〈xM , µ̂M 〉

)
= σ2

(
‖xM‖2 + ‖B′xM‖2

)
= σ2(old expression + correction) (4.22)

for xM,1, xM,2, xM ∈ M . Formula (4.22) reflects the fact that 〈xM , µ̂〉 is the dif-
ference between the two uncorrelated random variables 〈xM , PMY 〉 = 〈xM , Y 〉 and
〈xM , µ̂N 〉 = 〈B′xM , Y 〉. A similar remark applies to (4.21).

Supposing z1, . . . , zh is a basis for N , formulas for the inner products

〈B′x1, B
′x2〉

figuring in (4.1) and (4.2) can be obtained easily with the aid of Proposition 1.18.
According to that result, for any x ∈ M̃ one has

B′x =
∑

1≤j≤h
djQMzj , (4.31)

where
d = C〈z, x〉, (4.32)

with
C = R−1 for R = 〈QMz, QMz〉. (4.33)
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For x1, x2 ∈ M̃ , after setting

d(i) = C〈z, xi〉 for i = 1, 2

we thus have

〈B′x1, B
′x2〉 =

〈∑
j
d

(1)
j QMzj ,

∑
k
d

(2)
k QMzk

〉
=
∑

j,k
d

(1)
j 〈QMzj , QMzk〉d(2)

k

= (d(1))TR d(2) = 〈z, x1〉T
C〈z, x2〉. (4.4)

In particular,

‖B′x‖2 = dTR d = 〈z, x〉T
C〈z, x〉 with d = C〈z, x〉 (4.5)

for x ∈ M̃ .
To see the probabilistic significance of these algebraic manipulations, write as

before
µ̂N =

∑
j
γ̂jzj ,

and again let x
(j)
N be the coefficient vector of the jth-coordinate functional for the

basis z1, . . . , zh, so γ̂j =
〈
x

(j)
N , µ̂N

〉
. Then (4.11) and (4.4) give

Cov(γ̂j , γ̂k) = σ2
〈
B′x

(j)
N , B′x

(k)
N

〉
= σ2

〈〈〈
z, x

(j)
N

〉〉〉T
C
〈〈〈
z, x

(k)
N

〉〉〉
= σ2Cjk;

in other words,

σ2C is the variance-covariance matrix of γ̂, (4.6)

as could have been anticipated from (3.6) (see (4.2.22) and (4.2.24)). Since, for any
x1, x2 ∈ M̃ ,

〈xi, µ̂N 〉 =
∑

j
〈zj , xi〉γ̂j ,

(4.4) and the rule for figuring the covariance of two linear combinations of a given
set of random variables give

σ2〈B′x1, B
′x2〉 = σ2〈z, x1〉T

C〈z, x2〉

= Cov
(∑

j
〈zj , x1〉γ̂j ,

∑
j
〈zj , x2)γ̂j〉

)
= Cov

(
〈x1, µ̂N 〉, 〈x2, µ̂N 〉

)
. (4.7)

4.8 Exercise [2]. What is the covariance of 〈xM , µ̂M 〉 and 〈xN , µ̂N 〉 for given xM ∈ M

and xN ∈ N? �
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4.9 Example. Consider again our running example, where E(Yij) = βi + γtij .
From (4.6) and (4.33),

Var(γ̂) = σ2C11 =
σ2∑

ij(tij − t̄i)2
, (4.10)

as one would obtain directly from

γ̂ =

∑
ij(tij − t̄i)Yij∑
ij(tij − t̄i)2

.

Moreover, from (4.22) and (4.5), for any c1, . . . , cp ∈ R we have, upon writing x for∑
i civi/‖vi‖2,

Var (GME of
∑

i
ciβi) = Var

(
〈x, µ̂M 〉

)
= σ2

(
‖x‖2 + ‖B′x‖2

)
= σ2

(∑
i

c2
i

ni
+ 〈t, x〉T C 〈t, x〉

)

= σ2
(∑

i

c2
i

ni
+

(∑
i cit̄i

)2∑
ij(tij − t̄i)2

)
, (4.11)

as one would obtain directly from

GME of
∑

i
ciβi = old GME − old GME applied to µ̂N

=
(∑

i
ciȲi

)
− γ̂
∑

i
cit̄i

(recall that PMY and µ̂N are uncorrelated). •
4.12 Exercise [1]. Show that when p = 1, formula (4.10) reduces to the usual expression

for the variance of the GME of the slope coefficient in simple linear regression, and (4.11)

with c1 = 1 reduces to the usual expression for the variance of the GME of the intercept.�

5. Estimation of σ222

The standard unbiased estimator of σ2 is

σ̂2 =
‖QM̃Y ‖2

d(M̃⊥)
.

We have
d(M̃) = d(M) + d(N)

because M and N are disjoint, so

d(M̃⊥) = d(M⊥) − d(N)

= old degrees of freedom − correction term.
(5.1)
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The Pythagorean theorem applied to the orthogonal decomposition

PM̃−MY + QM̃Y = QMY

gives
‖QM̃Y ‖2 = ‖QMY ‖2 − ‖PM̃−MY ‖2

= old term − correction term.
(5.2)

If z1, . . . , zh is a basis for N , so that QMz1, . . . , QMzh is a basis for M̃ − M ,
then

PM̃−MY =
∑

j
γ̂jQMzj ,

as pointed out above (3.6), and

‖PM̃−MY ‖2 =
∑

jk
γ̂j〈QMzj , QMzk〉γ̂k

= γ̂TR γ̂

= 〈QMz, Y 〉T
C 〈QMz, Y 〉, (5.3)

with the matrices R and C being defined by (4.33).

5.4 Example. In our running example with E(Yij) = βi + γtij , set

n =
∑

1≤i≤p
ni.

One has
d(M̃⊥) = d(M⊥) − d(N) = (n − p) − 1

and

‖QM̃Y ‖2 = ‖QMY ‖2 − ‖PM̃−MY ‖2 =
∑

ij
(Yij − Ȳi)2 − γ̂2

∑
ij

(tij − t̄i)2. •

5.5 Exercise [1]. Show that an alternate expression for ‖QM̃ Y ‖2 in the running example
is ∑

ij
(Yij − Ȳi − γ̂(tij − t̄i))2. �

6. Scheffé intervals for functionals of µMMM

Throughout this section suppose that Y is normally distributed. For any vector
space, say L̃, of linear functionals ψ̃ of µ ∈ M̃ , Scheffé’s result says

Pµ,σ2

(
ψ̃(PM̃Y ) − Sσ̂ψ̃(PM̃ Y ) ≤ ψ̃(µ) ≤ ψ̃(PM̃Y ) + Sσ̂ψ̃(PM̃ Y )

for all ψ̃ ∈ L̃
)

= 1 − α
(6.1)



154 CHAPTER 7. ANALYSIS OF COVARIANCE

for all µ ∈ M̃ and σ2 > 0; here

σ̂ψ̃(PM̃ Y ) = σ̂‖ cv ψ̃‖, σ̂2 =
‖QM̃Y ‖2

d(M̃⊥)
, and S = Sd(L̃),d(M̃⊥)(α).

We want to particularize (6.1) to the case where L̃ is essentially a space of functionals
of µM .

Let then L be a vector space of functionals on M . For each ψ ∈ L, let xψ ∈ M
be the coefficient vector of ψ:

ψ(m) = 〈m, xψ〉 for all m ∈ M .

Each ψ ∈ L gives rise to a corresponding linear functional ψ̃ on M̃ via the recipe

ψ̃(µ) = ψ(µM ) = ψ(Aµ) = 〈xψ, Aµ〉 = 〈A′xψ, µ〉

for µ ∈ M̃ . Let L̃ be the space { ψ̃ : ψ ∈ L}. The spaces of coefficient vectors

L = {xψ : ψ ∈ L} ⊂ M

L̃ = {A′xψ : ψ ∈ L} ⊂ M̃

are related by
L̃ = A′(L).

Now A′, being projection onto M̃−N along M̃−M within M̃ , has null space M̃−M
and so is nonsingular on L. Thus

d(L̃) = d(L̃) = d(L) = d(L).

It follows from (6.1) that

Pµ,σ2

(
ψ(µ̂M ) − Sσ̂ψ(µ̂M ) ≤ ψ(µM ) ≤ ψ(µ̂M ) + Sσ̂ψ(µ̂M )

for all ψ ∈ L
)

= 1 − α
(6.2)

for all µ ∈ M̃ and σ2 > 0, with

S = Sd(L),d(M̃⊥)(α), (6.31)

σ̂ψ(µ̂M ) = σ̂‖A′xψ‖ = σ̂
√

‖xψ‖2 + ‖B′xψ‖2, (6.32)

σ̂2 =
‖QM̃Y ‖2

d(M̃⊥)
. (6.33)

6.4 Example. In our running example with E(Yij) = βi+γtij , consider the space L
of contrasts in the βi’s. We know

d(L) = p − 1
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and we have seen that for any contrast ψ(µM ) =
∑

i ciβi,

ψ(µ̂M ) =
∑

i
ci(Ȳi − γ̂t̄i)

σ̂ψ(µ̂M ) = σ̂

(∑
i

c2
i

ni
+

(∑
i cit̄i

)2∑
ij(tij − t̄i)2

)1/2

with

σ̂2 =

∑
ij(Yij − Ȳi)2 − γ̂2

∑
ij(tij − t̄i)2

(n − p) − 1
.

Thus the intervals
ψ(µ̂M ) ± Sp−1,n−p−1(α) σ̂ψ(µ̂M )

have simultaneous confidence 100(1 − α)% for the corresponding contrasts ψ(µM )
for ψ ∈ L.

6.5 Exercise [3]. What are the Scheffé intervals for a vector space L of functionals of µN

in the general augmented model (µ ∈ M̃)? �
6.6 Exercise [3]. An experiment is contemplated in which an even number n = 2m of
observations are to be taken at equally spaced time intervals. For 1 ≤ i ≤ n, the response Yi

for the ith observation is assumed to take the form

Yi =

{
α + ∆ + εi, if i is odd,

α − ∆ + εi, if i is even,
(6.7)

where α is the mean output of the experimental apparatus in the absence of any treatment
effect, ∆ (respectively, −∆) is the incremental mean response due to a treatment applied
in a positive (respectively, negative) direction, and the εi’s are experimental errors. α is
of no interest. (1) Assuming that the εi’s are uncorrelated with zero means and common
unknown variance σ2 > 0, give explicit formulas for the GME of ∆ and its estimated
standard deviation; also set 100(1 − α)% confidence limits on ∆. (2) The proposed model
(6.7) is defective in that it does not take into account a possible drift of the experimental
apparatus over time. As an improved model one might take

Yi =

{
α + βti + ∆ + εi, if i is odd,

α + βti − ∆ + εi, if i is even,

where ti = it1 is the time at which the ith observation is to be taken. What now are the

GME of ∆, its estimated standard deviation, and the confidence limits? �

7. F -testing

To motivate things, consider our running example with E(Yij) = βi + γtij . The
hypothesis

H: β1 = β2 = · · · = βp

constrains µ ∈ M̃ to lie in
M̃0 = M0 + N,
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where
M0 =

{∑
i
βivi : β1 = β2 = · · · = βp

}
= [e]

is the hypothesis space in the original one-way ANOVA model.
In general, if one has a GLM that presupposes µ ∈ M and is interested in testing

H: µ ∈ M0 versus A: µ �∈ M0, (7.1)

then in the augmented model, where µ ∈ M̃ = M + N , the corresponding testing
problem is

H: µ ∈ M̃0 versus A: µ �∈ M̃0, (7.2)

where
M̃0 = M0 + N ;

the sum here is direct because we have assumed N to be disjoint from M . The
F -statistic for (7.1) is

F =

(
‖QM0Y ‖2 − ‖QMY ‖2

)
/d(M − M0)

‖QMY ‖2/d(M⊥)
, (7.3)

while that for (7.2) is

F̃ =

(
‖QM̃0

Y ‖2 − ‖QM̃Y ‖2
)
/d(M̃ − M̃0)

‖QM̃Y ‖2/d(M̃⊥)
. (7.4)

From our previous work we know how each term in (7.4) can be obtained from the
corresponding term in (7.3) via an appropriate correction:

‖QM̃Y ‖2 = ‖QMY ‖2 − ‖PM̃−MY ‖2, (7.51)

with

‖PM̃−MY ‖2 = γ̂T
MRM γ̂M , RM = 〈QMz, QMz〉, γ̂M = R−1

M 〈QMz, Y 〉

in the basis case;
‖QM̃0

Y ‖2 = ‖QM0Y ‖2 − ‖PM̃0−M0
Y ‖2, (7.52)

with
‖PM̃0−M0

Y ‖2 = γ̂T
M0

RM0 γ̂M0 , RM0 = 〈QM0z, QM0z〉,
γ̂M0 = R−1

M0
〈QM0z, Y 〉

in the basis case;
d(M̃⊥) = d(M⊥) − d(N); (7.53)

and
d(M̃ − M̃0) = d(M̃) − d(M̃0)

=
(
d(M) + d(N)

)
−
(
d(M0) + d(N)

)
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= d(M − M0). (7.54)

7.6 Example. Consider again the case

E(Yij) = βi + γtij , j = 1, . . . , ni, i = 1, . . . , p,

with
H: β1 = β2 = · · · = βp.

Here
(QMY )ij = Yij − Ȳi, ‖QMY ‖2 =

∑
ij(Yij − Ȳi)2

(QM0Y )ij = Yij − Ȳ , ‖QM0Y ‖2 =
∑

ij(Yij − Ȳ )2

with Ȳ =
∑

ij Yij

/∑
i ni. One has

‖QM0Y ‖2 − ‖QMY ‖2 = ‖PM−M0Y ‖2 =
∑

i
ni(Ȳi − Ȳ )2,

‖PM̃−MY ‖2 = γ̂2
M‖QM t‖2 = γ̂2

M

∑
ij

(tij − t̄i)2,

with

γ̂M =
〈QM t, Y 〉
‖QM t‖2

=

∑
ij(tij − t̄i)Yij∑
ij(tij − t̄i)2

as in (3.13) and

‖PM̃0−M0
Y ‖2 = γ̂2

M0
‖QM0t‖2 = γ̂2

M0

∑
ij

(tij − t̄ )2,

with

γ̂M0 =
〈QM0ttt, Y 〉
‖QM0ttt‖2

=

∑
ij(tij − t̄ )Yij∑
ij(tij − t̄ )2

as in simple linear regression, whence the F -statistic is[∑
i ni(Ȳi − Ȳ )2 −

[
γ̂2

M0

∑
ij(tij − t̄ )2 − γ̂2

M

∑
ij(tij − t̄i)2

]]/
(p − 1)[∑

ij(Yij − Ȳi)2 − γ̂2
M

∑
ij(tij − t̄i)2

]/(
(n − p) − 1

) . •

7.7 Exercise [2]. Show that an alternative expression for the numerator of the F -statistic
in the preceding example is∑

ij
(Ȳi − Ȳ + γ̂M (tij − t̄i) − γ̂M0(tij − t̄ ))2/(p − 1). �

7.8 Exercise [3]. Let M0 be a subspace of M . (1) Find the F -statistic for testing

H: PM µ ∈ M0 versus A: PM µ �∈ M0 (7.9)
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in the context of the general augmented model, where µ ∈ M̃ = M + N . (2) In what

respects does the F -statistic in (1) differ from that for the problem (7.2), and from that

for the problem (7.1) in the context of the original model, where µ ∈ M? (3) Verify that

in the context of our running example, where E(Yij ) = βi +γtij , the hypothesis H in (7.9)

is that the unadjusted mean yields βi + γt̄i, i = 1, . . . , p, are equal. �

7.10 Exercise [2]. In the general augmented problem (µ ∈ M̃), what is the F -statistic

for the null hypothesis that µN = 0? �

Assuming the normality of Y, the power of the F -test of

H: µ ∈ M̃0 versus A: µ �∈ M̃0

(presuming µ ∈ M̃) at (µM , µN , σ2) is

Fd(M−M0), d(M⊥)−d(N); δ

(
[Fd(M−M0),d(M⊥)−d(N)(α),∞)

)
, (7.11)

where the noncentrality parameter δ is determined by the relation

σ2δ2 = ‖QM̃0
µ‖2

= ‖QM̃0
µM + QM̃0

µN‖2 (µ = µM + µN )

= ‖QM̃0
µM‖2 (µN ∈ N ⊂ M0 + N = M̃0)

= ‖QM0µM‖2 − ‖PM̃0−M0
µM‖2 (see (7.52))

= ‖QM0µM‖2 − ‖PM̃0−M0
QM0µM‖2

(
PM0µM ⊥ (M̃0 − M0)

)
,

that is,

δ =

√
‖QM0µM‖2

σ2
−

‖PM̃0−M0
QM0µM‖2

σ2

=
√

old expression − correction term. (7.12)

Notice that δ does not depend on µN and depends on µM only through QM0µM =
PM−M0µM . In the case that z1, . . . , zh is a basis for N ,

‖PM̃0−M0
QM0µM‖2 = 〈QM0z, QM0µM〉T 〈QM0z, QM0z〉−1〈QM0z, QM0µM〉

=

(
〈QM0z1, QM0µM 〉

)2
〈QM0z1, QM0z1〉

, if h = 1.

7.13 Example. In connection with testing H: β1 = β2 = · · · = βp in our running
example (E(Yij) = βi + γtij), one has

µM =
∑

i
βivi, M0 = [e], QM0µM =

∑
i
(βi − β̄)vi,
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with β̄ being the weighted average
(∑

i niβi

)
/
∑

i ni, whence

σ2δ2 =
∑

i
ni(βi − β̄)2 −

(∑
i ni(βi − β̄)(t̄i − t̄ )

)2∑
ij(tij − t̄ )2

. •

7.14 Exercise [1]. In the context of Exercise 6.6, what is the F -test of the hypothesis

H:∆ = 0 versus the alternative A:∆ �= 0, and what is the power of that test? �

8. Problem set: The Latin square design

In this problem set you are asked to work through the analysis of a Latin square
design. Clarity of exposition is especially important. Ideas and techniques developed
throughout this book are called upon and should be employed wherever possible.
Parts A–H can be worked using just the material from Chapters 1–6, part I requires
this chapter, and part J requires the next chapter.

Consider an additive three-way ANOVA design with m levels for each of the
three classifications and one observation per cell. This design calls for m3 observa-
tions, which may be beyond the resources available for the experiment. An easily
analyzed incomplete design for handling this problem is the so-called Latin square
design (LSD), which requires only m2 observations.

An LSD is an incomplete three-way layout in which all three factors have, say,
m ≥ 2 levels and in which one observation is taken on each of m2 treatment combi-
nations in such a way that each level of each factor is combined exactly once with
each level of each of the other two factors. The m2 treatment combinations ijk are
usually presented in an m × m array, in which the rows correspond to levels of the
first factor, say A, the columns to levels of the second factor, say B, and the entries
to the levels of the third factor, say C. The rule for combining treatments requires
that each integer k = 1, . . . , m appear exactly once in each row and exactly once in
each column. An m × m array with this property, such as

1 2 3 4
2 3 4 1
3 4 1 2
4 1 2 3

(8.1)

for m = 4, is called an m × m Latin square. Each m × m Latin square can be used
to determine an m × m LSD.

So let D be a given m × m Latin square. Set

D = { ijk ∈ {1, 2, . . . , m}3 : k is the entry in the ith row
and the j th column of D }.

Notice that a triple ijk in D is determined by any two of its components. For
example, with D as in (8.1), the triple in D with i = 3 and k = 2 is 342. We
will be dealing with the Latin square design determined by D: Specifically, we will



160 CHAPTER 7. ANALYSIS OF COVARIANCE

be dealing with uncorrelated random variables Yijk, ijk ∈ D, that have common
(unknown) variance σ2 and mean structure of the form

E(Yijk) = ν + αA
i + αB

j + αC
k (8.2)

for some grand mean ν and differential treatment effects αA
i , αB

j , αC
k , i, j, k =

1, . . . , m satisfying the constraints

αA
· = αB

· = αC
· = 0. (8.3)

Here αG
· denotes the arithmetic average of the quantities αG

1 , . . . , αG
m for G =

A, B, C.
Let

V = { (yijk)ijk∈D : yijk ∈ R for each ijk ∈ D }
be endowed with the dot-product, and let M be the regression space determined by
(8.2) and (8.3):

M = { y ∈ V : yijk = ν + αA
i + αB

j + αC
k for some

ν, αA
i ’s, αB

j ’s, and αC
k ’s satisfying αA

· = αB
· = αC

· = 0 }.

Let e and xA
i , xB

j , xC
k for i, j, k = 1, . . . , m be the vectors in V defined by

(e)i′j′k′ = 1, (xA
i )i′j′k′ = δii′ , (xB

j )i′j′k′ = δjj′ , (xC
k )i′j′k′ = δkk′

for i′j′k′ ∈ D.

A. Show that

M = Span{ e, xA
1 , . . . , xA

m, xB
1 , . . . , xB

m, xC
1 , . . . , xC

m }

and verify

‖e‖2 = m2,

‖xG
g ‖2 = m, for G = A, B, C and g = 1, 2, . . . , m

〈xG
g , e〉 = m, for G = A, B, C and g = 1, 2, . . . , m

〈xG
g , xG

h 〉 = 0, for G = A, B, C and g �= h,

〈xG
g , xH

h 〉 = 1, for G �= H and g, h = 1, . . . , m. ◦

B. For µ ∈ M , define

µ··· =
1

m2

∑
i′j′k′∈D

µi′j′k′

µi·· =
1
m

∑
i′j′k′∈D

i′=i

µi′j′k′ , µ·j· =
1
m

∑
i′j′k′∈D

j′=j

µi′j′k′ , µ··k =
1
m

∑
i′j′k′∈D

k′=k

µi′j′k′
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for i, j, k = 1, . . . , m. These quantities are linear functionals of µ and so may be
represented in the form

〈x, µ〉
for appropriate coefficient vectors x ∈ M . Express these coefficient vectors in terms
of e and the xA

i ’s, xB
j ’s, and xC

k ’s.
Also, show that when µ is written as the tuple

(µijk)ijk∈D = (ν + αA
i + αB

j + αC
k )ijk∈D

with
αA
· = αB

· = αC
· = 0,

then
ν = µ···

and
αA

i = µi·· − µ···, αB
j = µ·j· − µ···, and αC

k = µ··k − µ··· .

Express the coefficient vectors for ν, αA
i , αB

j , and αC
k in terms of e and the xA

i ’s,
xB

j ’s, and xC
k ’s. ◦

C. Show that the GMEs of ν, αA
i , αB

j , and αC
k are

ν̂ = Ȳ···
and

α̂A
i = Ȳi·· − Ȳ···, α̂B

j = Ȳ·j· − Ȳ···, α̂C
k = Ȳ··k − Ȳ···,

where Ȳ···, and so on, are defined like µ···, and so on, but with µ replaced by Y .
Also, verify that

PMY = ν̂e +
∑

1≤i≤m
α̂A

i xA
i +

∑
1≤j≤m

α̂B
j xB

j +
∑

1≤k≤m
α̂C

k xC
k . ◦

D. Give the variances and covariances of ν̂ and the α̂A
i ’s, α̂B

j ’s, and α̂C
k ’s. (You may

find it helpful to work part E before this one.) ◦

Now introduce the canonical null hypotheses

HA: all αA
i = 0, HB : all αB

j = 0, and HC : all αC
k = 0.

These hypotheses restrict µ ∈ M to subspaces we denote by MA, MB , and MC ,
respectively. For notational convenience write

LA = M − MA, LB = M − MB , and LC = M − MC .

E. Show that
LA = Span{Q [e]x

A
i : i = 1, . . . , m }

= Span{xA
i : i = 1, . . . , m } − [e]
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and that
PLA

Y =
∑

i
Ȳi··x

A
i − Ȳ···e =

∑
i
α̂A

i xA
i .

Similar formulas hold vis-à-vis LB and LC . Show also that

M = [e] + LA + LB + LC

is an orthogonal decomposition of M . ◦
F. Use the foregoing results to complete, and verify all entries for, the following
extended ANOVA table.

Grand Treatment Treatment Treatment
Effect Error Total

mean A B C

Subspace LA V

Dimension
m − 1

(d.f.)

Sum of squares SSGM SSA SSB SSC SSe SStot

closed form m2Ȳ 2
··· m

∑
i
(α̂A

i )2
∑

Y 2
ijk

open form m
∑

i
Ȳ 2

i·· − m2Ȳ 2
···

Mean Square
MSGM MSA MSB MSC MSe MStot

SSA/(m − 1)

Expected

Mean Square

Remark that SS tot = SSGM + SSA + SSB + SSC + SS e. ◦
For the rest of the problem, make use of the notation introduced in F wherever

convenient, and assume normality.

G. What is the size α F -test of HA? How does the power of this test depend on
m, ν, the αA

i ’s, αB
j ’s, αC

k ’s, and σ2? ◦
H. What are Scheffé’s simultaneous confidence intervals for the family{∑

i
ciα

A
i : c1, . . . , cm ∈ R

}
? ◦

Suppose now that the Latin square design is enlarged through the addition of
one concomitant variable, say t (t �∈ M): In the augmented model we have

E(Yijk) = ν + αA
i + αB

j + αC
k + γtijk for ijk ∈ D,

with
αA
· = αB

· = αC
· = 0.
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Denote the old GME of, say, αA
i by α̂A

i (Y ) = Ȳi·· − Ȳ···; write α̂A
i (t) for t̄i·· − t̄···.

Similarly, let SSe(Y ) and SSe(t), and so on, have their obvious definitions. Use this
notation to advantage in what follows.

I. In the augmented model, what are the estimators of γ, αA
i , αB

j , αC
k , and σ2?

Redo parts D, G, and H in the context of the augmented model. ◦
The following question should be worked after study of the next chapter.

J. Return to the original design, without the covariate. Suppose the value recorded
for YIJk has been lost. What then would be the estimators of αA

i , αB
j , αC

k , and σ2?
Redo parts D, G, and H in the context of this missing observation model. ◦



CHAPTER 8

MISSING OBSERVATIONS

In this chapter we formulate the classical problem of missing observations in a
coordinate-free framework and work out procedures for point estimation, interval
estimation, and F -testing of hypotheses.

1. Framework and Gauss-Markov estimation

We begin with an example. Consider the two-way additive layout with one obser-
vation per cell: the random vector

Y = (Yij)i=1,...,I; j=1,...,J is weakly spherical (1.11)

in the space V of I ×J arrays endowed with the dot-product of Exercise 2.2.26, and

E(Yij) = ν + αi + βj for i = 1, . . . , I, j = 1, . . . , J (1.12)

with ∑
1≤i≤I

αi = 0 =
∑

1≤j≤J
βj . (1.13)

We presume familiarity with this model (see, for example, Exercises 2.2.26 and
4.2.14). Suppose now that YIJ is missing due to some chance effect. Perhaps its
value was recorded but accidentally lost; or the experimenter never got around to
observing the response to the Ith and J th treatment combinations (time or money
ran out); or the experimental apparatus went out of whack at this point, producing
a grossly spurious value; or whatever. We assume that the loss of YIJ is not due
to treatment effects (for example, death of an experimental subject due to drug
overdose); the chance factors determining the loss of an observation are presumed
to operate independently of the value that observation would take. Thus missingness
conveys no relevant information, and, conditional on YIJ missing, (1.1) is still the
appropriate model, albeit only the Yij ’s with (i, j) �= (I, J) are observable.

To separate Y into its observable and unobservable components, introduce

Y (1) = the array Y with 0 at the site of the missing observation,

Y (2) = the array Y with 0’s at the sites of the available observations:
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Y (1) =
(

Yij ’s YiJ ’s
YIj ’s 0

)I×J

Y (2) =
(

0 0
0 YIJ

)I×J

observable unobservable

Y (1) and Y (2) take values in the subspaces

V (1) = {v ∈ V : vIJ = 0} and V (2) = {v ∈ V : vij = 0 for (i, j) �= (I, J)},

respectively. Note that
V (1) + V (2)

is an orthogonal decomposition of V and that

Y (1) = PV (1)Y, Y (2) = PV (2)Y, and Y = Y (1) + Y (2).

The observable vector Y (1) is weakly spherical in V (1) and has regression man-
ifold

M (1) ≡ {PV (1)m : m ∈ M } = PV (1)(M),

where M is the regression manifold for Y . Thus Y (1) falls under the umbrella of the
GLM; in particular, the Gauss-Markov estimator of its mean

µ(1) ≡ E
(
Y (1)

)
= E(PV (1)Y ) = PV (1)(EY ) = PV (1)(µ)

is just
µ̂(1) = PM(1)

(
Y (1)

)
.

The point now is that µ and µ(1) are in fact one-to-one functions of one another, for
PV (1) is nonsingular on M . This assertion is equivalent to the null space of PV (1) ,
that is, V (2), being disjoint from M , or to

∆IJ ≡
(

0 0
0 1

)I×J

�∈ M. (1.2)

(1.2) holds because, for example, the differences (∆IJ)I−1,j − (∆IJ)I,j , 1 ≤ j ≤ J ,
do not all have the same value. The natural estimator of µ is thus

µ̂ = (PV (1) |M)−1(µ̂(1)),

where PV (1) |M denotes the restriction of PV (1) to M . µ̂ gives rise to estimates of
ν, αi, and βj in the obvious way. The objective is to determine µ̂ in the easiest
possible way, given what one already knows about the analysis of the model (1.1)
with no missing observations.

With this example as motivation, we proceed to describe what we will call the
incomplete observations model. Suppose then that

Y is weakly spherical in V , (1.31)
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where
(
V, 〈·, ·〉

)
is an arbitrary inner product space, and

µ = E(Y ) ∈ M, (1.32)

with M being a given manifold of V . Suppose also that one already knows how to
treat the GLM (1.3) — in particular, PM and QM are known operators.

Let Y be incompletely observed, in the following manner. V is split into two
orthogonal manifolds V (1) and V (2):

V = V (1) + V (2) with V (1) ⊥ V (2). (1.4)

Set
Y (1) = PV (1)Y and Y (2) = PV (2)Y. (1.5)

The interpretation is that only Y (1) is observable. As in the example, we assume
implicitly that the unobservability of Y (2) does not vitiate the distributional as-
sumption (1.3) about Y .

The classical missing observations model is obtained by specializing to V = R
n

endowed with the dot-product and taking V (1) (respectively, V (2)) to be the subspace
of vectors with 0’s at the sites of the missing (respectively, available) observations.
The construct also covers what is sometimes called the missing observations model
or the mixed-up observations model , an example of which is the following. Take
V = R

n, write Y T = (Y1, . . . , Yn), and suppose of Y1, Y2, and Y3 that we know only
their sum or, equivalently, their average, A. This situation falls under the general
scheme with

V (1) = { v ∈ V : v1 = v2 = v3 }
V (2) = { v ∈ V : v1 + v2 + v3 = 0, v4 = · · · = vn = 0 },

corresponding to

Y (1) = (A, A, A, Y4, . . . , Yn)T , Y (2) = (Y1 − A, Y2 − A, Y3 − A, 0, . . . , 0)T .

In general, the observable vector Y (1) = PV (1)Y is weakly spherical in V (1) with
mean

µ(1) ≡ E(Y (1)) = E(PV (1)Y ) = PV (1)(EY ) = PV (1)(µ) (1.6)

lying in the regression manifold

M (1) = {PV (1)m : m ∈ M } = PV (1)(M). (1.7)

The Gauss-Markov estimator of µ(1) is of course just

µ̂(1) = PM(1)Y (1). (1.8)

As suggested by the ANOVA example, we now assume that µ(1) and µ are one-to-one
functions of one another, that is, that

PV (1) is nonsingular on M (1.91)



SECTION 1. FRAMEWORK AND GAUSS-MARKOV ESTIMATION 167

or, equivalently,
dim(M) = dim(M (1)) (1.92)

or, equivalently,
M and V (2) are disjoint. (1.93)

We take as the estimator of µ the unique vector µ̂ ∈ M such that

µ̂(1) = PV (1)(µ̂), (1.10)

as illustrated below:

M

M (1) ⊂ V (1)•

•
µ̂

µ̂(1)

PV (1)
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This is the right way to estimate µ, for if ψ is any linear functional on M , then
ψ(µ̂) has minimum variance among all linear unbiased estimators of ψ(µ) of the
form 〈x, Y (1)〉 with x ∈ V ; it is therefore appropriate to call µ̂ the Gauss-Markov
estimator of µ.

1.11 Exercise [2]. Prove the above-stated version of the Gauss-Markov theorem for the

incomplete observation model.

[Hint: Apply the usual version of the Gauss-Markov theorem to the linear functional

ψ(PV (1) |M)−1 in the context of the model (V (1), Y (1), M (1)).] �
The problem before us is to obtain µ̂ as easily as possible, building upon prior

knowledge of the analysis of the GLM (1.3) with no unobservable components, in
particular on knowledge of PM . Before taking this up in detail in the next section
we introduce some more notation.

For m ∈ M we write

m(1) = PV (1)m and m(2) = PV (2)m, (1.12)

so
m = PV (1)m + PV (2)m = m(1) + m(2) (1.13)

is the unique representation of m as the sum of a vector in M (1) ⊂ V (1) and a vector
in the orthogonal manifold V (2). By (1.9), the map

m → m(1)

is invertible; we seek a better understanding of the inverse map. For this recall that,
by assumption, M and V (2) are disjoint; let

M̃ = M + V (2)
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be their direct sum. If m(1) is an arbitrary vector in M (1), and if m is the unique
vector in M such that

m(1) = PV (1)m

(the notation being consistent with (1.12)), then from

m(1) = m + (−m(2))

it follows that

M (1) ⊂ M̃

and

m = PM ;V (2)(m(1)) ≡ Am(1), (1.14)

where A = PM ;V (2) is projection onto M along V (2) within M̃ . Similarly,

m(2) = −PV (2);M (m(1)) ≡ −Bm(1), (1.15)

where B = PV (2);M is projection onto V (2) along M within M̃ .

1.16 Exercise [1]. Show that

M̃ = M (1) + V (2),

with the sum being orthogonal and direct. �

The following figures illustrate some of the relationships between the various
quantities in the preceding discussion. The first shows the relationship between m,
m(1), and m(2), viewed within the plane M̃ = M + V (2) = M (1) + V (2).

M

M (1) = PV (1)(M)

V (2)

m(2) = PV (2)m

= −Bm(1)

}
→ ←

{m = PM ;V (2)(m
(1)) = Am(1)

= m(1) + m(2)

m(1) = PV (1)m

PV (2);M (m(1)) = Bm(1)

• •

•

•
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The next figure shows the relationship between Y (1), µ̂(1), µ̂, and µ̂(2) = PV (2) µ̂,
viewed within V . The subspace V (1) recedes back into the page, passing through
the horizontal axis, the vector Y (1), and the subspace M (1). The construction is
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used to indicate perpendicularity.

M

M (1)

V (2)

µ̂(2) = PV (2) µ̂ = −Bµ̂(1)

µ̂ = Aµ̂(1)

Y (1) = PV (1)Y

← µ̂(1) = PM (1)Y (1) = PV (1) µ̂
•

•

•

•

Horizontal plane is V (1)
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2. Obtaining µ̂̂µ̂µ

In the notation of the preceding section,

µ̂(1) = PM(1)Y (1) (2.11)

is the GME of the mean µ(1) of the observable component Y (1) of Y ,

µ̂ = PM ;V (2)(µ̂(1)) = Aµ̂(1) (2.12)

is the GME of the mean µ = Aµ(1) of Y , and

µ̂(2) = PV (2) µ̂ = −PV (2);M (µ̂(1)) = µ̂ − µ̂(1) (2.13)

is the GME of the mean of the unobservable component Y (2) of Y . The only
operator we know explicitly is PM , and we seek ways to determine these GMEs,
especially µ̂, in terms of PM and something easy to calculate. We will describe three
approaches to this problem — the “consistency equation” method, the “quadratic
form” method, and the “analysis of covariance” method. Although these approaches
all lead to essentially the same conclusion, each sheds a somewhat different light on
the solution.

2A. The consistency equation method

µ̂(2) estimates the mean of the unobservable Y (2). If we could somehow find µ̂(2), it
might seem reasonable to use it as a substitute for the missing Y (2) and estimate µ
by

PM (Y (1) + µ̂(2)).
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In fact, this is µ̂ for

PM (Y (1) + µ̂(2)) = PM (µ̂(1) + µ̂(2)) + PM (Y (1) − µ̂(1))

= PM µ̂ + PM (PM(1) + PV (2))(Y (1) − µ̂(1))

= µ̂ + PMPM(1)(Y (1) − µ̂(1)) + PMPV (2)(Y (1) − µ̂(1))

= µ̂ + 0 + 0 = µ̂

since M ⊂ M (1) + V (2), µ̂(1) = PM(1)Y (1), and Y (1) − µ̂(1) ∈ V (1) is orthogonal
to V (2). Now, from

µ̂(1) + µ̂(2) = µ̂ = PM (Y (1) + µ̂(2)),

one obtains the so-called the consistency equation

µ̂(2) = PV (2)PM (Y (1) + µ̂(2)).

Heuristically, having decided to estimate µ by PM (Y (1)+µ̂(2)), one ought to estimate
the V (2)-component of µ by the V (2)-component of this estimator.

We have just seen that m ≡ µ̂(2) satisfies the equation

m = PV (2)PM (Y (1) + m).

We claim that this equation has a unique solution for m ∈ V (2) (or even for m ∈ V ,
for that matter). To see this, suppose

x = PV (2)PM (Y (1) + x)

y = PV (2)PM (Y (1) + y)

for vectors x, y ∈ V , necessarily in V (2). Then the difference d = y − x satisfies

d = PV (2)PMd,

whence
‖d‖ = ‖PV (2)PMd‖ ≤ ‖PMd‖ ≤ ‖d‖.

The fact that equality holds at the last step forces d ∈ M . Since d ∈ V (2) as well,
we must have d = 0.

In summary, we have

2.2 Theorem. The unique solution m in V (2) (or in V ) to the equation

m = PV (2)PM (Y (1) + m) (2.3)
is

m = µ̂(2);
moreover,

µ̂ = PM (Y (1) + µ̂(2)). (2.4)
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This solves the estimation problem in terms of PM , presumed to be at hand, and
PV (2) , which is often very simple. For example, in the classical missing observations
problem, PV (2) is just projection onto the coordinate plane determined by the sites
of the missing observations.
2.5 Exercise [2]. Suppose that a sequence m0, m1, m2, . . . of approximations to µ̂(2) is
defined as follows: m0 ∈ V (2) is arbitrary and

mn = PV (2)PM (Y (1) + mn−1)

for n ≥ 1. Show that there exists a real number c < 1 such that

‖mn − µ̂(2)‖ ≤ cn ‖m0 − µ̂(2)‖

for all n.

[Hint: See Exercise 2.1.24.] �
2.6 Example. Consider the two-way additive layout with one observation per cell
and with YIJ missing. One has

(PMy)ij = ȳi· + ȳ·j − ȳ·· (2.7)

for any vector y = (yij)i=1,...,I,j=1,...,J ∈ V and

V (2) = [∆IJ ] with ∆IJ =
(

0 0
0 1

)I×J

.

According to the theorem,

µ̂(2) = C ∆IJ

(C ∈ R) is determined by the consistency equation

µ̂(2) = PV (2)PM

(
Y (1) + µ̂(2)

)
or (looking only at the nonzero components of these vectors)

C = (µ̂(2))IJ =
(
PV (2)PM (Y (1) + C∆IJ)

)
IJ

=
(
PM (Y (1) + C∆IJ)

)
IJ

=
YI⊕ + C

J
+

Y⊕J + C

I
− Y⊕⊕ + C

IJ
, (2.8)

where ⊕ denotes summation over all the corresponding nonmissing subscript(s).
Thus

C
(
1 − 1

J
− 1

I
+

1
IJ

)
=
(YI⊕

J
+

Y⊕J

I
− Y⊕⊕

IJ

)
so

C =
1

(1 − 1/I)(1 − 1/J)

(YI⊕
J

+
Y⊕J

I
− Y⊕⊕

IJ

)

=
YI⊕

J − 1
+

Y⊕J

I − 1
−
∑

1≤i≤I−1,1≤j≤J−1 Yij

(I − 1)(J − 1)
. (2.9)
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Having obtained µ̂(2) = C∆IJ , one now gets µ̂ = PM (Y (1) + µ̂(2)) from (2.7), and
thence ν̂, α̂i, and β̂j . •
2.10 Exercise [3]. Work out explicit formulas for ν̂, α̂1, . . . α̂I , and β̂1, . . . , β̂J . �

2B. The quadratic function method

If we knew Y (2), the GME of µ would be

ˆ̂µ = PM

(
Y (1) + Y (2)

)
, (2.11)

the unique m ∈ M minimizing ‖Y (1) + Y (2) − m‖2; the minimum is

SSe = ‖QM (Y (1) + Y (2))‖2.

But as we do not know Y (2), it might be reasonable to use in (2.11) a fake Y (2)

chosen so as to minimize SSe. Under normal theory this amounts to maximizing the
likelihood function not only with respect to the parameters of the problem but also
the missing Y (2).

Let then m(2) be a variable point in V (2) and write

SSe(m(2)) ≡ ‖QM (Y (1) + m(2))‖2

= ‖Y (1) + m(2) − PM (Y (1) + m(2))‖2

= ‖Y (1) − PV (1)PM (Y (1) + m(2))‖2

+ ‖m(2) − PV (2)PM (Y (1) + m(2))‖2

= ‖Y (1) − µ̂(1)‖2 + ‖µ̂(1) − PV (1)PM (Y (1) + m(2))‖2

+ ‖m(2) − PV (2)PM (Y (1) + m(2))‖2 (∗)

≥ ‖QM(1)Y (1)‖2 + 0 + 0 = ‖QM(1)Y (1)‖2. (2.12)

If we take m(2) = µ̂(2), then, by (2.4), PM (Y (1) + m(2)) = µ̂ and the second and
third terms of (∗) vanish, giving equality throughout (2.12). Conversely, if equality
holds throughout (2.12), then m(2) must satisfy the consistency equation (2.3), and
so be µ̂(2). Thus

2.13 Theorem. The unique vector m(2) in V (2) that minimizes the quadratic func-
tion

SSe(m(2)) = ‖QM (Y (1) + m(2))‖2 (2.14)
is

m(2) = µ̂(2).
Moreover,

min
{

SSe(m(2)) : m(2) ∈ V (2)
}

= ‖QM (Y (1) + µ̂(2))‖2

= ‖QM(1)Y (1)‖2. (2.15)
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Equation (2.15) follows from (2.12) and admits the following interpretation.
Having agreed to estimate µ by PM (Y (1) + µ̂(2)), where µ̂(2) is the fake Y (2) min-
imizing SSe, the minimum SSe is in fact the sum of squares for error in the bona
fide GLM involving Y (1) weakly spherical in V (1) with regression manifold M (1).

2.16 Example. Consider again our running example. For any y ∈ V , one has

‖QMy‖2 =
∑

ij
(yij − ȳi· − ȳ·j + ȳ··)2

=
∑

ij
y2

ij − J
∑

i
ȳ2

i· − I
∑

j
ȳ2
·j + IJȳ2

··.

If we write m(2) ∈ V (2) as m(2) = C∆IJ , we have

SSe(m(2)) =
[(∑

(i,j) �=(I,J)
Y 2

ij

)
+ C2

]
− J
[∑

i �=I
Ȳ 2

i· +
(YI⊕ + C

J

)2 ]

− I

[∑
j �=J

Ȳ 2
·j +

(Y⊕J + C

I

)2 ]
+ IJ

(Y⊕⊕ + C

IJ

)2
.

The value of C minimizing this quadratic function is found by differentiating with
respect to C and equating to 0 to get

C − YI⊕ + C

J
− Y⊕J + C

I
+

Y⊕⊕ + C

IJ
= 0.

Since this equation is the same as (2.8), C is again given by (2.9). •

2C. The analysis of covariance method

This approach begins with the observation that

PM+V (2)(Y (1)) = PM(1)+V (2)(Y (1))

= PM(1)(Y (1)) + PV (2)(Y (1))

= µ̂(1) + 0 = µ̂(1). (2.17)

Hence, by (2.12) and (2.13),

µ̂ = PM ;V (2)(µ̂(1)) = PM ;V (2)

(
PM+V (2)(Y (1))

)
≡ ρ̂M

−µ̂(2) = PV (2);M (µ̂(1)) = PV (2);M

(
PM+V (2)(Y (1))

)
≡ ρ̂N

as illustrated below:

ρ̂M = µ̂

ρ̂N = −µ̂(2)

•

• • µ̂(1) = PM+V (2)(Y (1))

M

N = V (2)

Plane is M̃ = M + V (2)
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That figure looks like the schematic diagram for analysis of covariance and so sug-
gests that one think of ρ̂M and ρ̂N as the Gauss-Markov estimators of ρM and ρN

in the analysis of covariance model

Z weakly spherical in V (2.181)

E(Z) ≡ ρ = ρM + ρN ∈ M + N ≡ M̃, (2.182)

where
Z = Y (1) and N = V (2). (2.183)

The model is only formal because: (i) Y (1), although weakly spherical in V (1), is
not weakly spherical in V = V (1) + V (2), and (ii) E(Y (1)) = µ(1) is constrained to
lie in the proper subspace M (1) of M̃ = M (1) + V (2).

Nonetheless, one can use the computational formulas of the analysis of covari-
ance to determine µ̂ and µ̂(2). For example, the analysis of covariance recipe

new GME of ρM = old GME − old GME applied to ρ̂N

reads
µ̂ = PMY (1) − PM ρ̂N = PMY (1) + PM µ̂(2) = PM (Y (1) + µ̂(2)),

which is just (2.4) of the consistency equation method. Moreover, we know how to
obtain

µ̂(2) = −ρ̂N = −BPM̃−M (Y (1))

(B = PN ;M with N = V (2)) easily when z1, . . . , zh is a basis for V (2), to wit,

µ̂(2) = −
∑

1≤j≤h
γ̂jzj

with
γ̂ = 〈QMz, QMz〉−1〈QMz, Y (1)〉.

In the classical case of missing observations in R
n, a natural choice for a basis of N =

V (2) consists of the dim(V (2)) covariate vectors, one for each missing observation,
each consisting of all 0’s except for a 1 at the site of the corresponding missing
observation. Remember that in this case Y (1) has 0’s at the sites of the missing
observations.

2.19 Example. Consider again our running example, where V (2) = [∆IJ ]. With
z = ∆IJ , we find

‖QMz‖2 = 〈QMz, z〉 = 1 − 1
J
− 1

I
+

1
IJ

= (1 − 1/I)(1 − 1/J) (2.20)

and
〈QMz, Y (1)〉 = 〈z, Y (1)〉 − 〈PMz, Y (1)〉 = 0 − 〈z, PMY (1)〉

= −(PMY (1))IJ = −
( 1

J
YI⊕ +

1
I
Y⊕J − 1

IJ
Y⊕⊕

)
.
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Since the resulting equation 〈QMz, QMz〉C = 〈QMz, Y (1)〉 for C = −γ̂ is the same
as (2.8),

µ̂(2) = −γ̂z = −γ̂∆IJ

is as before (see again (2.9)). •
2.21 Exercise [3]. Suppose z1, . . . , zh is a basis for N = V (2). Let x(1), . . . , x(h) be vectors
in N such that

〈zi, x
(j)〉 = δij for i, j = 1, . . . , h;

x(j) is the coefficient vector for the functional
∑

i
cizi → cj . Show that

m =
∑

1≤j≤h
cjzj ∈ N

satisfies the consistency equation

m = PV (2)PM (Y (1) + m)

if and only if

〈x(i), m〉 = 〈x(i), PV (2)PM (Y (1) + m)〉 for i = 1, . . . , h, (2.221)

if and only if

−〈x(i), QM Y (1)〉 =
∑

j
〈x(i), QM zj 〉cj for i = 1, . . . , h, (2.222)

if and only if

−〈zi, QM Y (1)〉 =
∑

j
〈zi, QM zj 〉cj for i = 1, . . . , h, (2.223)

and if and only if

−〈QM zi, Y
(1)〉 =

∑
j
〈QM zi, QM zj 〉cj for 1 = 1, . . . , h, (2.224)

thereby verifying anew the relation µ̂(2) = −ρ̂N via the consistency equation characteriza-
tion of µ̂(2) and the basis characterization of ρ̂N .

(Note that in the classical missing observations model with z1, . . . , zh the usual or-

thonormal basis for V (2), one has x(i) = zi for each i, and (2.221) merely expresses the

consistency equation in coordinate form.) �
2.23 Exercise [4]. Consider again the two-way layout with one observation per cell, but
suppose now that YI−1,J−1, YI−1,J , YI,J−1, and YIJ are each missing. Assume I and J are
both 3 or more. Show, using any of the three methods discussed above, that the nonzero
components of µ̂(2) are

(µ̂(2))ij =
Yi⊕

J − 2
+

Y⊕j

I − 2
−
∑

1≤i≤I−2

∑
1≤j≤J−2

Yij

(I − 2)(J − 2)
(2.24)

for i = I − 1, I and j = J − 1, J . Check (2.24) using the guessing method, which says that

〈m(1), Y (1)〉 is the Gauss-Markov estimator of its expected value, provided m(1) ∈ M (1).

[Hint: If ( a
c

b
d
) = PV (2)PM y, then a + d = b + c.] �
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3. Estimation of σ222

By assumption, the dispersion operator of Y is σ2IV . The dispersion operator of
Y (1) is thus σ2IV (1) , and since Y (1) has regression manifold M (1), the “proper”
estimator of σ2 is

σ̂2 =
SSe

d(V (1) − M (1))
, (3.1)

where (in contrast to its usage in Section 2B above) SSe now denotes ‖QM(1)Y (1)‖2.
By (1.9) one has

d(V (1) − M (1)) = d(V (1)) − d(M (1)) = d(V (1)) − d(M)

= d(V ) − d(M) − d(V (2))

= d(M⊥) − d(V (2))

= old degrees of freedom
− “dimension” of the unobservable Y (2). (3.2)

This is exactly the reduction in the degrees of freedom (d.f.) for the formal analysis
of covariance model (2.18):

new d.f. = old d.f. − dimension of the covariate manifold

= old d.f. − d(N) = old d.f. − d(V (2)).

As for SSe, from the formulas in the consistency equation method, one has

SSe =
∥∥QM(1)Y (1)

∥∥2 =
∥∥Y (1) − µ̂(1)

∥∥2
=
∥∥Y (1) + µ̂(2) − (µ̂(1) + µ̂(2))

∥∥2 =
∥∥Y (1) + µ̂(2) − µ̂

∥∥2
=
∥∥Y (1) + µ̂(2) − PM (Y (1) + µ̂(2))

∥∥2 =
∥∥QM (Y (1) + µ̂(2))

∥∥2. (3.3)

Thus, if one uses Y (1)+ µ̂(2) as a fake Y , then the associated sum of squares for error
is in fact the proper SSe. We discovered this recipe for SSe earlier in connection
with the quadratic function method (see Theorem 2.13, especially (2.15)).

The formal analysis of covariance model (2.18) also gives a valid formula for
SSe. Indeed, from (2.17), that is,

µ̂(1) = PM̃Y (1)

with M̃ = M + V (2) = M + N , there follows

ANCOVA SSe ≡
∥∥QM̃Y (1)

∥∥2 =
∥∥Y (1) − PM̃Y (1)

∥∥2
=
∥∥Y (1) − µ̂(1)

∥∥2 =
∥∥QM(1)Y (1)

∥∥2.
SSe may therefore be determined from the analysis of covariance computing formula

new SS = old SS − adjustment =
∥∥QMY (1)

∥∥2 − ∥∥PM̃−MY (1)
∥∥2, (3.4)



SECTION 4. F -TESTING 177

with ∥∥PM̃−MY (1)
∥∥2 = γ̂T 〈QMz, QMz〉γ̂

= 〈QMz, Y (1)〉T 〈QMz, QMz〉−1〈QMz, Y (1)〉

and
γ̂ = 〈QMz, QMz〉−1〈QMz, Y (1)〉

in the basis case.

4. F -testing

Suppose in the unobservable components model we wish to test

H: µ ∈ M0 versus A: µ �∈ M0, (4.1)

where M0 is a given subspace of M . Since PV (1) is nonsingular on M by assumption,
it is also nonsingular on M0, and we may therefore treat

M
(1)
0 ≡ PV (1)(M0)

on the same footing as M (1). To (4.1) there corresponds the testing problem

H: µ(1) ∈ M
(1)
0 versus A: µ(1) �∈ M

(1)
0 (4.2)

based on Y (1). The appropriate F -statistic is

F =
(SSe,H − SSe)/d(M (1) − M

(1)
0 )

SSe/d(V (1) − M (1))
=

(SSe,H − SSe)/d(M (1) − M
(1)
0 )

σ̂2
(4.3)

with

d(M (1) − M
(1)
0 ) = d(M (1)) − d(M (1)

0 ) = d(M) − d(M0) = d(M − M0)

and
SSe =

∥∥QM(1)(Y (1))
∥∥2 and SSe,H =

∥∥Q
M

(1)
0

(Y (1))
∥∥2.

These sums of squares can be obtained by any of the methods of the preceding
section, in particular from the analysis of covariance formula (3.4). Since (4.2)
translates into

H: ρ ∈ M0 + V (2) versus A: ρ �∈ M0 + V (2)

in the formal analysis of covariance framework, that is, since the formal covariate
manifold N is V (2) under both the general assumptions and under H, use of the
standard analysis of covariance formula for the adjusted F -statistic gives the correct
value.
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4.4 Exercise [2]. In connection with the consistency equation/quadratic function methods

for the calculation of the SSe ’s, it is sometimes recommended for the sake of computational

simplicity that the same fake Y (2) = µ̂(2) obtained under the general assumptions be used

as well under H; this is the so-called Yates procedure. Use Theorem 2.13 to show that the

Yates procedure overestimates the true F -statistic, and discuss the implications. �

Assuming Y (1) is normally distributed, the F -statistic (4.3) is distributed as
F with d(M − M0) and d(M⊥) − d(V (2)) degrees of freedom, and noncentrality
parameter δ given by

σ2δ2 =
∥∥Q

M
(1)
0

µ(1)
∥∥2

=
∥∥QM̃0

µ(1)
∥∥2 (M̃0 ≡ M

(1)
0 + V (2))

=
∥∥QM̃0

µ − QM̃0
µ(2)
∥∥2 (µ = µ(1) + µ(2))

=
∥∥QM̃0

µ
∥∥2 (µ(2) ∈ V (2) ⊂ M̃0)

=
∥∥QM0µ

∥∥2 − ∥∥PM̃0−M0
µ
∥∥2

= old formula − correction term (4.5)

with

correction term = 〈QM0z, QM0µ〉T 〈QM0z, QM0z〉−1〈QM0z, QM0µ〉 (4.6)

in the basis case V (2) = [z1, . . . , zh]. These formulas are just specializations of the
usual analysis of covariance formulas.

4.7 Example. Let us take up again our running example and consider testing the
common null hypothesis of no row effect

HA: αi = 0 for i = 1, . . . , I. (4.8)

Writing MA for M0 and using the formula

(PMA
y)ij = ȳ·j ,

we find µ̂
(2)
HA

≡ CHA
∆IJ from the consistency equation

CHA
= (µ̂(2)

HA
)IJ =

(
PV (2)PMA

(Y (1) + µ̂
(2)
HA

)
)
IJ

=
(
PMA

(Y (1) + µ̂
(2)
HA

)
)
IJ

=
Y⊕J + CHA

I

or

CHA
=

Y⊕J

I − 1
. (4.9)
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With CHA
in hand in simple form, there is now no difficulty in computing SSe,HA

=∥∥QMA
(Y (1) + CHA

∆IJ)
∥∥2 via the usual recipe

‖QMA
y‖2 =

∑
ij

(yij − ȳ·j)2 =
∑

ij
y2

ij − I
∑

j
ȳ2
·j .

It may be helpful to give a simple numerical example of the test of (4.8). Take
I = 2 and J = 3 and suppose the sample is

j

i 1 2 3

1 −2 0 2
2 4 2 ?

where ? denotes a missing value. We will compute the F -statistic via the consistency
equation approach. From (2.9) we find that

C = estimate of the mean of the missing observation
under the general assumptions

=
YI⊕

J − 1
+

Y⊕J

I − 1
−
∑

1≤i≤I−1,1≤j≤J−1 Yij

(I − 1)(J − 1)

=
4 + 2

2
+

2
1
− −2 + 0

2
= 3 + 2 − (−1) = 6.

The fake Y , namely “Y ” = Y (1) + C∆IJ , is

row averages α̂i

−2 0 2 0 −2
“Y ” =

( )
4 2 6 4 2

column averages 1 1 4 2
β̂j ’s −1 −1 2 ν̂ = 2

Thus (see (Exercise 4.2.14))

PM (“Y ”) =
(
−1 −1 2
3 3 6

)
and QM (“Y ”) =

(
−1 +1 0
+1 −1 0

)
,

and
SSe = ‖QM (“Y ”)‖2 = 4

with
(I − 1)(J − 1) − 1 = 1 × 2 − 1 = 1

degree of freedom.
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Even more simply, for testing the null hypothesis HA of no row effects we obtain
from (4.9) that

CHA
= estimate of the mean of the missing observation under HA

=
Y⊕J

I − 1
= 2

(notice that the Yates approximation, namely CHA
≈ C, is very poor here), whence

the fake Y , namely “YHA
” = Y (1) + CHA

∆IJ , under HA is

−2 0 2“YHA
” =

( )
4 2 2

column averages 1 1 2

so

PMA
(“YHA

”) =
(

1 1 2
1 1 2

)
and QMA

(“YHA
”) =

(
−3 −1 0
3 1 0

)
.

Thus
SSe,H = 9 + 9 + 1 + 1 = 20

with
J(I − 1) − 1 = 3 × 1 − 1 = 2

degrees of freedom.
Consequently,

SSe,H − SSe = 20 − 4 = 16

with
2 − 1 = 1

degrees of freedom, and the test statistic is

F =
16/1
4/1

= 4, (4.10)

which is regarded as an F1,1 variate under the null hypothesis.
The power of the F -test in this example depends on the noncentrality parameter

δ given by

σ2δ2 = old formula − correction

= ‖QMA
µ‖2 − 〈QMA

∆23, µ〉2
〈QMA

∆23, QMA
∆23〉

= J
∑

i
α2

i −
〈∆23, QMA

µ〉2
‖QMA

∆23‖2

= J
∑

i
α2

i −
α2

I

1/2
= J

∑
i
α2

i −
I

I − 1
α2

I ,



SECTION 5. ESTIMATION OF LINEAR FUNCTIONALS 181

where

∆23 =
(

0 0 0
0 0 1

)
;

note that

PMA
∆23 =

(
0 0 1/2
0 0 1/2

)
and QMA

∆23 =
(

0 0 −1/2
0 0 +1/2

)
. •

4.11 Exercise [3]. Arrive at (4.10) following the analysis of covariance route. �

5. Estimation of linear functionals

Suppose ψ is a linear functional on M with coefficient vector x ∈ M :

ψ(m) = 〈x, m〉 for all m ∈ M .

The associated functional ψ∗ on M (1) defined by

ψ∗(m(1)) = ψ(PM ;V (2)m(1)) = 〈x, PM ;V (2)m(1)〉
= 〈x, Am(1)〉 = 〈A′x, m(1)〉

has by Proposition 7.1.4 coefficient vector

A′x = (PM ;V (2))′x = PM̃−V (2);M̃−Mx = PM(1);M̃−Mx; (5.1)

here and throughout this section, the operation of the various nonorthogonal pro-
jections involved is understood to be on the manifold

M̃ = M + V (2) = M (1) + V (2).

We note for future reference that the map

ψ → ψ∗

is one-to-one, because the map x ≡ cv ψ → A′x ≡ cv ψ∗ = PM(1);M̃−Mx is nonsin-
gular on M .

The estimator

ψ(µ̂) = ψ(PM ;V (2) µ̂(1)) = ψ∗(µ̂(1)) = ψ∗(PV (1)Y (1))

estimates ψ(µ) linearly and unbiasedly because

Eµψ(µ̂) = Eµψ∗(µ̂(1)) = ψ∗(µ(1)) = ψ(µ).

Moreover, if v ∈ V and 〈v, Y (1)〉V = 〈PV (1)v, Y (1)〉V (1) is an unbiased estimator of
ψ(µ) = ψ∗(µ(1)), then by the Gauss-Markov theorem for Y (1), M (1), and ψ∗, one
has Var

(
〈PV (1)v, Y (1)〉V (1)

)
≥ Var

(
ψ∗(µ̂(1))

)
, or

Var
(
〈v, Y (1)〉

)
≥ Var

(
ψ(µ̂)

)
,
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with equality if and only if 〈v, Y (1)〉 = ψ(µ̂). Thus ψ(µ̂) is the best linear unbiased
for ψ(µ), as asserted earlier in Exercise 1.11.

Recall B = PV (2);M and B′ = PM̃−M ;M(1) . By (5.1),

Var
(
ψ(µ̂)

)
= Var

(
ψ∗(µ̂(1))

)
= Var

(
〈A′x, µ̂(1)〉

)
= Var

(
〈A′x, Y (1)〉

)
= σ2‖A′x‖2 = σ2‖x − B′x‖2 = σ2

(
‖x‖2 + ‖B′x‖2

)
= old formula + correction, (5.2)

with x = cv ψ ∈ M . Moreover, in the case when z1, . . . , zh is a basis for V (2),
Proposition 7.1.18 gives

correction/σ2 = ‖B′x‖2 = 〈z, x〉T 〈QMz, QMz〉−1〈z, x〉
= ψ̂(z)T 〈QMz, QMz〉−1

ψ̂(z), (5.3)

where
ψ̂(z) =

(
ψ̂(z1), . . . , ψ̂(zh)

)T
,

with
ψ̂(zi) = ψ(PMzi) = 〈x, PMzi〉 = 〈x, zi〉 for 1 ≤ i ≤ h,

with the ˆ’s here designating Gauss-Markov estimation in the original model, with
no unobservable components. The natural estimator of Var

(
ψ(µ̂)

)
is of course

σ̂2
ψ̂
≡ σ̂2

(
‖x‖2 + ‖B′x‖2

)
(5.4)(

x = cv ψ
)

with

σ̂2 =
‖QM(1)Y (1)‖2

d(V (1) − M (1))

as in Section 3. Note that (5.2), (5.3), and (5.4) are just the analysis of covariance
formulas associated with the model (2.18).

5.5 Example. Consider again our running example of the two-way layout with one
observation per cell and YIJ missing. V (2) is spanned by z = ∆IJ . We will use (5.2)
and (5.3) to calculate Var(ν̂), Var(α̂i), and Var(β̂j):

Var(ν̂) = old formula + correction (by (5.2))

= σ2

[
1

IJ
+

(z̄··)2

‖QMz‖2

]
(by (5.3), with ν̂(z) = z̄··)

= σ2
[ 1
IJ

+
1/(IJ)2

(1 − 1/I)(1 − 1/J)

]
(by (2.20))

=
σ2

IJ

[
1 +

1
(I − 1)(J − 1)

]
(5.61)



SECTION 5. ESTIMATION OF LINEAR FUNCTIONALS 183

and

Var(α̂i) = old formula + correction

= σ2

[( 1
J
− 1

IJ

)
+

(z̄i· − z̄··)2

‖QMz‖2

]

= σ2

[
I − 1
IJ

+

(
1
J δiI − 1

IJ

)2
(1 − 1/I)(1 − 1/J)

]

=

⎧⎪⎨
⎪⎩

σ2 I−1
IJ

[
1 + 1

(I−1)2(J−1)

]
, if i �= I,

σ2 I−1
IJ

[
1 + 1

J−1

]
, if i = I.

(5.62)

Of course Var(β̂j) is given by (5.62) with the roles of rows and columns inter-
changed. •
5.7 Exercise [3]. Work out Var(

∑
1≤i≤I

ciα̂i) for c1, . . . , cI ∈ R. �
Suppose next that L is a space of linear functionals on M . Put

L∗ = {ψ∗ : ψ ∈ L}.

Under the assumption of normality, application of the Scheffé multiple comparison
procedures to L∗ in the context of the (V (1), Y (1), M (1)) GLM gives

Pµ(1),σ2

(
|ψ∗(µ̂(1)) − ψ∗(µ(1))| ≤ Sσ̂‖ cv ψ∗‖ for all ψ∗ ∈ L∗ ) = 1 − α

for all µ(1) ∈ M (1) and σ2 > 0, with

S = Sd(L∗),d(V (1)−M(1))(α).

But
d(L∗) = d(L),

since as observed above the map ψ → ψ∗ is one-to-one, and

ψ∗(µ̂(1)) = ψ(µ̂) and ψ∗(µ(1)) = ψ(µ).

Thus
Pµ,σ2

(
|ψ(µ̂) − ψ(µ)| ≤ Sσ̂ψ̂ for all ψ ∈ L

)
= 1 − α (5.8)

for all µ ∈ M and σ2 > 0, with σ̂2
ψ̂

given by (5.4) and

S = Sd(L),d(M⊥)−d(V (2))(α)

(see (3.2)).

5.9 Exercise [2]. Specialize (5.8) to the case where L is the collection of all linear combi-

nations of the αi’s in the running model. �
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6. Problem set: Extra observations

The preceding sections have dealt with the analysis of models in which some of
the observations one would customarily have at hand are missing. In contrast, this
problem set deals with the analysis of models in which observations are available
in addition to those customarily taken. Only material in Chapters 1 through 6 is
called upon.

To state the problem abstractly, let Y be a weakly spherical random vector(
Σ(Y ) = σ2I

)
taking values in a given inner product space (V, 〈·, ·〉) and having

mean µ lying in a given subspace M of V . Let

V = V (1) + V (2)

be an orthogonal decomposition of V . For i = 1, 2, put

Y (i) = PV (i)Y

and set

M (i) = PV (i)(M).

Suppose that it is known how to treat the general linear models involving Y (i)

weakly spherical in V (i) with regression manifold M (i) for i = 1, 2. The point of this
problem set is to see how one can build on this knowledge in analyzing the general
linear model involving Y weakly spherical in V with regression manifold M .

As an example of the setup just described, suppose Y1, . . . , Yn are uncorrelated
random variables with common variance σ2 and means of the form

E(Yj) =
∑

1≤k≤p
xjkβk for 1 ≤ j ≤ n,

where the design matrix (xjk)j=1,...,n;k=1,...,p is of full rank, so one can make infer-
ences on the treatment effects β1, . . . , βp. Suppose now some extra observations are
made on, say, the last treatment combination, that is, the previous model is aug-
mented to include m additional random variables Yn�, � = 1, . . . , m, having variance
σ2, zero correlation among themselves and with the original Yj ’s, and means

E(Yn�) =
∑

1≤k≤p
xnkβk for 1 ≤ � ≤ m.

This instance of the so-called replicated observations model falls under the general
framework above upon taking

V = R
n+m,

Y = (Y1, . . . , Yn, Yn1, . . . , Ynm)T ,

and
V (1) =

{
(y1, . . . , yn, yn1, . . . , ynm)T ∈ V : yn1 = · · · = ynm = 0

}
V (2) =

{
(y1, . . . , yn, yn1, . . . , ynm)T ∈ V : y1 = · · · = yn = 0

}
.
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The regression problem involving Y (1) and M (1) is essentially just the original prob-
lem involving (Y1, . . . , Yn)T and its regression manifold —a problem we presume to
be well understood —while the regression problem involving Y (2) and M (2) is es-
sentially just the one-sample problem, involving estimation of the common mean of
the extra observations Yn1, . . . , Ynm.

Return now to the general formulation. Add to the framework already estab-
lished the following two features of the particular replicated observations model
above:

d(M (1)) = d(M) (6.1)

and
d(M (2)) = 1. (6.2)

Choose and fix a nonzero x ∈ M (2).

A. By (6.1), the map
m → m(1) = PV (1)m

defined on M is invertible. Show that there exists a unique vector z ∈ M (1) such
that the inverse map is

m(1) → m(1) + 〈z, m(1)〉x. (6.3) ◦
Now write

µ(1) = EY (1) and µ(2) = EY (2) = γx;

by (6.3), γ and µ(1) are related by

γ = 〈z, µ(1)〉.

The GME of γ based on Y (1) alone is

γ̂(1) = 〈z, Y (1)〉,

while the GME of γ based on Y (2) alone is

γ̂(2) = 〈y, Y (2)〉,
where

y =
x

‖x‖2
.

Put
v = z − y.

B. Put
N = (M (1) + M (2)) − M.

Show that
d(N) = d(M (2))

and in fact
N = [v]. ◦
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C. Show that
PMY = PM(1)Y (1) + PM(2)Y (2) − PNY

= PM(1)Y (1) + γ̂(2)x − cδ̂v

and
PM(1)PMY = PM(1)(Y (1) − cδ̂z),

where
δ̂ = γ̂(1) − γ̂(2)

and
1
c

= ‖v‖2 = ‖z‖2 + ‖y‖2 =
Var(δ̂)

σ2
. ◦

D. Show that each linear functional ψ on M can be written uniquely in the form

ψ(µ) = ψ(1)(PM(1)µ) = 〈w, µ〉,

where ψ(1) is a linear functional on M (1) and w ∈ M (1) is its coefficient vector.
Show also that the GME of ψ(µ) is

ψ̂(Y ) = ψ(1)(PM(1)PMY ) = ψ̂(1)(Y (1)) − cδ̂ψ(1)(z)

and that

Var
(
ψ̂(Y )

)
= σ2‖PMw‖2 = σ2

[
‖w‖2 − c

(
ψ(1)(z)

)2]
.

What is the corresponding formula for the covariance between the GMEs of two
linear functionals of µ? ◦
E. In connection with the customary unbiased estimator of σ2, namely

σ̂2 =
‖QMY ‖2

d(M⊥)
,

show that
d(M⊥) = d(V (1) − M (1)) + d(V (2))

and that

‖QMY ‖2 =
∥∥PV (1)−M(1)Y (1)

∥∥2 +
∥∥PV (2)−M(2)Y (2)

∥∥2 +
∥∥PNY

∥∥2
=
∥∥PV (1)−M(1)Y (1)

∥∥2 +
∥∥Y (2) − γ̂(2)x

∥∥2 + cδ̂2. ◦

F. Suppose M0 is a subspace of M . Put

M
(1)
0 = PV (1)(M0), M

(2)
0 = PV (2)(M0), and N0 = (M (1)

0 + M
(2)
0 ) − M0.

Show that the F -statistic for testing

H: µ ∈ M0 versus A: µ �∈ M0
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is ∥∥P
M(1)−M

(1)
0

Y (1)
∥∥2 +

∥∥P
M(2)−M

(2)
0

Y (2)
∥∥2 +

∥∥PN0Y
∥∥2 − ∥∥PNY

∥∥2
σ̂2 d(M (1) − M

(1)
0 )

,

distributed (assuming normality of Y ) as

F
d(M(1)−M

(1)
0 ), d(V (1)−M(1))+d(V (2)); γ

,

where
σ2γ2 =

∥∥P
M(1)−M

(1)
0

µ(1)
∥∥2 +

∥∥P
M(2)−M

(2)
0

µ(2)
∥∥2 +

∥∥PN0µ
∥∥2.

What simplifications take place in these formulas when M
(2)
0 = M (2)? ◦

G. Consider an I × J two-way additive layout with one observation per cell, aug-
mented by m replications for the IJ th cell, that is, suppose

Yij , i = 1, . . . , I, j = 1, . . . , J, and YIJ�, � = 1, . . . , m,

are uncorrelated random variables with common variance σ2, and

E(Yij) = ν + αi + βj

E(YIJ�) = ν + αI + βJ

for i = 1, . . . , I, j = 1, . . . , J

for � = 1, . . . , m

with ∑
1≤i≤I

αi = 0 =
∑

1≤j≤J
βj .

Using the foregoing material wherever appropriate, work out explicit formulas for:

(1) the GMEs ν̂, α̂i, and β̂j of ν, αi, and βj ;
(2) the variances and covariances of these GMEs;
(3) the usual unbiased estimator σ̂2 of σ2;
(4) the F -statistic for testing

H: αi = 0 for each i versus A: αi �= 0 for some i;

(5) the degrees of freedom and noncentrality parameter for the above statistic;
and

(6) Scheffé’s simultaneous confidence intervals for all linear combinations of the
αi’s. ◦

H. What modifications would you make in the formulas of parts A through F if
assumption (6.2) on the dimension of M (2) were dropped? ◦



REFERENCES

The references given here comprise only those works cited in the text, and papers
from which the problem sets were derived.

[1] Baranchik, A. J. (1970). A family of minimax estimators of the mean of a
multivariate normal distribution. The Annals of Mathematical Statistics, 41,
642–645.

[2] Berger, J. O. (1976). Admissible minimax estimation of a multivariate normal
mean with arbitrary quadratic loss. The Annals of Statistics, 4, 223–226.

[3] Bickel, P. J., and Doksum, K. (1977). Mathematical Statistics: Basic Ideas and
Selected Topics. Holden Day, San Francisco.

[4] Brown, L. D. (1971). Admissible estimators, recurrent diffusions, and insoluble
boundary value problems. The Annals of Mathematical Statistics , 42, 855–903.

[5] Bryant, P. (1984). Geometry, statistics, probability; variations on a common
theme. The American Statistician, 38, 34–48.

[6] Cleveland, W. S. (1971). Projecting with the wrong inner product and its
application to regression with correlated errors and linear filtering of time series.
The Annals of Mathematical Statistics , 42, 616–624.

[7] Efron, B., and Morris, C. (1973). Stein’s estimation rule and its competitors—
An empirical Bayes approach. Journal of the American Statistical Association,
68, 117–130.

[8] Efron, B., and Morris, C. (1976). Families of minimax estimators of the mean
of a multivariate normal distribution. The Annals of Statistics, 4, 11–21.

[9] Haberman, S. J. (1975). How much do Gauss-Markov and least squares esti-
mates differ?— A coordinate-free approach. The Annals of Statistics, 3, 982–
990.

[10] Halmos, P. R. (1958). Finite-Dimensional Vector Spaces , second edition, Van
Nostrand, Princeton, New Jersey

[11] Herr, D. G. (1980). On the history of the use of geometry in the general linear
model. The American Statistician, 34, 43–47.

[12] Kruskal, W. K. (1960). Untitled. Unpublished monograph on the coordinate-
free approach to linear models.



REFERENCES 189

[13] Kruskal, W. K. (1961). The coordinate-free approach to Gauss-Markov esti-
mation, and its application to missing and extra observations. Proceedings of
the Fourth Berkeley Symposium of Mathematical Statistics and Probability , 1,
435–451.

[14] Lehmann, E. L. (1959). Testing Statistical Hypotheses. Wiley, New York.
[15] Rao, C. R. (1965). Linear Statistical Inference and Its Applications. Wiley,

New York.
[16] Saville, D. J., and Wood, G. R. (1986). A method for teaching statistics using

n-dimensional geometry. The American Statistician, 40, 205–214.
[17] Stein, C. (1966). An approach to the recovery of inter-block information in

balanced incomplete designs, in Festschrift for J. Neyman, 351–366, Wiley,
New York.

[18] Stein, C. (1973). Estimation of the mean of a multivariate normal distribution.
Proceedings of the Prague Symposium on Asymptotic Statistics , 345–381.

[19] Strawderman, W. E. (1971). Proper Bayes minimax estimators of the multi-
variate normal mean. The Annals of Mathematical Statistics , 42, 385–388.

[20] Wald, A. (1942). On the power function of the analysis of variance test. The
Annals of Mathematical Statistics , 13, 434–439.

[21] Zabell, S. (1994). A conversation with William Kruskal. Statistical Science, 9,
285–303.



INDEX

acceptance region
similar of type α, 134

adjoint identities, 72
adjoint of a linear transformation

definition of, 38, 39
dependence on the inner product, 72
for a nonorthogonal projection, 142

formula for, given a basis for the range
space, 145

“reverse and perp” rule, 142
for an orthogonal projection, 39
for an orthogonal transformation, 38
properties of, 38–40

admissible estimator, 97
affine estimator, 77
analysis of covariance

A and B transformations, 147
estimation of σ2, 152–153
F -test of H: µ ∈ M0 + N , 156

degrees of freedom for, 156
noncentrality parameter for, 158
power of, 158

F -test of H: PM µ ∈ M0, 157
formulation of, 146–147
Gauss-Markov estimators, 147–149
one-way layout with one covariate

estimation of σ2, 153
F -test of the hypothesis of equal

adjusted group means, 157, 158
F -test of the hypothesis of equal

unadjusted group means, 158
Gauss-Markov estimators, 149
introduction to, 146
simultaneous confidence intervals for all

contrasts in the adjusted group means,
155

variances of GMEs, 152
Scheffé confidence intervals

for linear functionals of µM , 153–154
for linear functionals of µN , 155

variances and covariances of GMEs,
150–151

analysis of variance
Latin square design, 159–163
one-way layout

ANOVA table for, 25
estimable parametric functionals, 79–80
estimation of σ2, 71
Gauss-Markov estimation in, 63
Gauss-Markov estimator of an estimable

parametric functional, 81
projections in, 15
simultaneous confidence intervals for all

contrasts in the group means, 135
testing the hypothesis that the group

means are equal, 111, 116
with a covariate, see analysis of

covariance, one-way layout with one
covariate

two-way additive layout
ANOVA table for, 25
differential effect, 65
estimable parametric functionals, 80
estimation of σ2, 72
Gauss-Markov estimation in, 65, 69
Gauss-Markov estimator of an estimable

parametric functional, 82
grand mean, 65
projections in, 17, 24
with a missing observation, see incom-

plete observations model, two-way
additive layout with a missing
observation

with replicated observations, 187
analysis of variance table

for a Latin square design, 162
for a Tjur system, 25
for the two-way layout, 25

ANCOVA, see analysis of covariance
ANOVA, see analysis of variance

Baranchik’s theorem, 107
bases

canonical, see canonical bases for a pair of
subspaces
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basis, 42
coordinates with respect to, 42
orthogonal, 9
usual coordinate basis for R

n , 42
Bayes estimator

as the mean of the posterior distribution of
the parameter given the data, 94

definition of, 92
extended, 92
formal, 108
generalized, 108
improper, 108
proper, 108
within ε, 92

best linear unbiased estimator, 64
bilinear functionals

definition of, 37
positive-definite, 39
representation theorem for, 38
symmetric, 38

BLUE, see best linear unbiased estimator
book orthogonal, see subspaces, book

orthogonal
Borel σ-field, 45

canonical bases for a pair of subspaces, 86
canonical transformation, 75
Cauchy-Schwarz inequality, 10
characteristic function

of a normal random vector, 53
of a random vector, 53

chisquare distribution
central, 54
moment generating function of, 56
noncentral, 54, 55

Poisson representation of, 56–57
Cleveland’s identity, 40
closed form of a residual squared length, 71
Cochran’s theorem

algebraic form of, 20–21
for quadratic forms in normally distributed

random variables, 58
coefficient vector, 36

confirmation method for, 37
direct-construction method for, 37
effect of covariates on, 148
effect of missing observations on, 181
for a coordinate functional, 37

in the case of an orthogonal basis, 62
obtained by partial orthogonalization,

61–62
properties of, 62

obtained by projection, 60
collinearity

effect on the variance of a GME, 64
complete statistic

condition for, 91
definition of, 91
in the GLM, 91

composition of linear transformations, 43
confidence intervals

for the value of a linear functional ψ of µ,
128

relation to the F -test of H: ψ(µ) = 0,
128

simultaneous, see simultaneous confidence
intervals

confidence region procedure, 134
contrasts, 134

spanning set for a space of contrasts, 135
coordinate functional, 37, 43, 61
covariance matrix, 47
covariance operator, 47–48

degrees of freedom
of a chisquare distribution, 54
of a squared length, 25
of a weakly spherical random vector, 51
of an F distribution, 57

design matrix, 1
design of experiments, 26
differential effect

in a Latin square design, 160
in the two-way additive layout, 65

dimension
of a vector space, 42

direct sum, see subspaces, direct sum of
disjoint subspaces, 43
dispersion matrix, 32, 49
dispersion operator (Σ), 49–50

of the projection of a weakly spherical
random vector onto a subspace, 51

dot-product, 6
convention about re R

n , 6, 45
weighted, 39

used with uncorrelated random variables,
52

dual space, 43

Efron-Morris estimator of a mean vector
assumed to lie in the space spanned
by the equiangular line, 104

eigenmanifold, 34
eigenvalue, 34
eigenvector, 34
ε-Bayes estimator, 92
equiangular vector (e), 3
equicorrelated, 73
equivalence relation, 27
estimable parametric functional, 78–85

and the covariance of Gauss-Markov
estimators, 82

characterization of, 78–79
subject to constraints, 84–85

Gauss-Markov estimator of, 80–81
subject to constraints, 85

in a Tjur design, 82–84
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estimation
of a mean, see estimation assuming

normality, Gauss-Markov estimator,
James-Stein estimator of µ

of a variance, see estimation of σ2

estimation assuming normality, 89–109
Bayes estimator of µ versus the prior

NM (0, λIM ), 96
with a hyper-prior on λ, 108

complete sufficient statistic for µ and σ2,
91

conditional distribution of Θ given Y = y,
when the marginal distribution of Θ
is NM (0, λIM ) and the conditional
distribution of Y given Θ = µ is
NV (µ, IV ), 96

desirable properties of the GME of µ
extended Bayes, 97
maximum likelihood estimator, 89
minimax for mean square error, 97
minimum dispersion in the class of all

unbiased estimators, 90
Efron-Morris estimator of µ, 104
maximum likelihood estimators of µ

and σ2, 89–90
joint distribution thereof, 90

minimum dispersion unbiased estimators
of µ and σ2, 90

smoothness with respect to µ and σ2 of the
expected value of a function of Y , 92

undesirable properties of the GME of µ
inadmissibility with respect to mean

square error when dim(M) ≥ 3., 102
see also James-Stein estimator of µ,

James-Stein type estimators of µ of
the form φ(S)X, Scheffé confidence
intervals

estimation of σ2

effect of covariates, 152–153
effect of extra observations, 186
effect of missing observations, 176–177
in a Tjur system of subspaces, 71
unbiased, 70–72

potential bias in, 71
under normality, see estimation assuming

normality
see also specific models, such as Latin

square designs and simple linear
regression

expectation
as a nondecreasing function of a parameter,

119
of a random vector, 46–47
of the squared length of a weakly spherical

random vector, 52
experimental units, 26
exponential family

and completeness, 91
and MLR, 117

extended Bayes estimator, 92
extra observations model, 184–187

F distribution, 57
central, 57
noncentral, 57

MLR property of, 118
Poisson representation of, 57

unnormalized (F∗), 57
F -test of H: µ ∈ M0

as a likelihood ratio test, 112–113
as a similar test with maximum average

power over the surface of certain
spheres, 137

as a uniformly most powerful invariant
test, 127

when σ2 is known, 127
as a uniformly most powerful test whose

power depends only on the distance
from µ to M0 in σ units, 140

definition of, 113
effect of covariates, see analysis of

covariance
effect of extra observations, 186
effect of missing observations, see incom-

plete observations model
noncentrality parameter for, 115
power of, 115

as an increasing function of the
noncentrality parameter, 117, 120

simple interpretations of, 113–114
sum of squares for error (SSe), 113
sum of squares for testing H (SSH ), 113
unbiasedness of, 120
when M0 is the null space of a collection of

linear functionals of µ
related confidence intervals, 133

when M0 is the null space of a linear
functional of µ, 116

related confidence intervals, 128
when M0 is the null space of a set of

contrasts, 135
factor, 26

balanced, 26
blocks of, 26
equivalence relation for, 27
levels of, 26
orthogonal projection associated with, 30
subspace associated with, 29
sum of squares associated with, 30
trivial, 26
units, 26

factors
cross-classification of (×), 27, 29
maximum of (∨), 27
minimum of (∧), 28
nestedness of, 27
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factors (cont’d)
orthogonal, 30

condition of proportional cell counts for,
31

partial ordering (≤) of, 27
Tjur design of, see Tjur design

fitted values, 68
flat, 43
four-penny problem, 65–66

Gauss-Markov estimator
of a linear functional of µ

center of a confidence interval, 128
closure under linear combinations, 63
covariance between the two such

estimators, 64
definition of, 62
effect of covariates, see analysis of

covariance
effect of extra observations, 186
effect of missing observations, see

incomplete observations model
estimated standard deviation of, 70
guessing method for, 63
invariance under linear transformations,

75
mean and variance of, 63–64
minimum variance among linear

unbiased estimators, 64
significantly different from zero, 133
used to estimate a mean vector, 69–70

of an estimable parametric functional
with constraints, 85
without constraints, 80–81

of µ
as a unique invariant estimator, 77
as possibly distinct from the least

squares estimator, 72
definition of, 67
effect of covariates, see analysis of

covariance
effect of extra observations, 186
effect of missing observations, see

incomplete observations model
invariance under linear transformations,

74–75
methods for finding, 68, 75
minimum dispersion among linear

unbiased estimators, 67
minimum MSE among affine estimators

having bounded MSE, 76
risk under squared error, 92
used to estimate linear functionals, 69

see also estimation assuming normality,
James-Stein estimator of µ, using
the wrong inner product, as well as
specific models, such as the Latin
square design and simple linear
regression

Gauss-Markov theorem, 2
for estimable parametric functionals, 80, 85
for linear functionals of µ, 64
for linear transformations of µ, 67
for µ, 67

when there are missing observations, 167
quantification of, 85–88

general linear model
basis case, see multiple linear regression
geometric formulation of, 2, 60
matricial formulation of, 1
reduction to canonical form, 75

generalized Bayes estimator, 108
GLM, see general linear model
GME, see Gauss-Markov estimator
goodness of fit statistic

asymptotic distribution of, 55
Gram-Schmidt orthogonalization, 9

in the one-sample problem, 10
grand mean

in a Latin square design, 160
in the two-way additive layout, 65

Hsu’s theorem, 140
hypothesis test

admissible, 140
invariant, 122
power function of, 125, 136
randomized, 136
similar of size α, 137
unbiased of level α, 137
uniformly most powerful, 125
uniformly most powerful invariant, 125
see also F -test of H: µ ∈ M0

hypothesis testing assuming normality
F -test, see F -test of H: µ ∈ M0

general formulation of the problem,
110–111, 133

likelihood ratio test of H: µ ∈ M0, 112
see also confidence intervals, simultaneous

confidence intervals, estimation
assuming normality, invariance in
hypothesis testing, as well as specific
models, such as the Latin square
design and simple linear regression

idempotent, see linear transformations,
idempotent

identity transformation, 44
improper Bayes estimator, 108
inadmissible estimator, 97
incomplete observations model

A and B transformations, 168
diagrams for, 168–169
estimation of σ2, 176–177
F -test of H: µ ∈ M0, 177–178

degrees of freedom for, 178
noncentrality parameter for, 178
Yates procedure, 178, 180
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incomplete observations model (cont’d)
formulation of, 165–169
Gauss-Markov estimator of a linear

functional of µ, 181–182
Gauss-Markov estimator of µ

ANCOVA method for, 173–174
consistency equation for, 169–171
definition of, 167
quadratic function method for, 172–173

Gauss-Markov theorem for, 167, 182
Scheffé confidence intervals, 183
two-way additive layout with a missing

observation
F -test of the null hypothesis of no row

effects, 178–181
Gauss-Markov estimator of µ, 171–175
GMEs of ν, αi , and βj , 172
introduction to, 164–165
variances of the GMEs of ν, αi , and βj ,

182–183
indicator function of a set, 29
inner product

between two sets of vectors, 11
of linear functionals, 61
of vectors, 6

inner product space, 6
integrability of random variables

facts about, 106
intersection of subspaces, 43

and projections, 10
invariance in hypothesis testing, 121–127

and the F -test, 127
constancy on orbits, 122
distinguish between orbits, 122
group of transformations leaving the

testing problem invariant, 121–122
invariance reduction, 125

and UMP tests, 125
invariant test, 122
maximal invariant, 122
orbits, 122
principle of invariance, 122
reduced problem, 125

inverse of a linear transformation, 44
isomorphism of vector spaces, 43

James-Stein estimator of µ
Bayesian motivation for, 97–98
definition of, 98
improvement in Bayes risk, 102
inadmissibility of, 102
positive part thereof, 103
regression motivation for, 98
risk of, 99

compared to the risk of other estimators,
103

upper bound on, 101
shrinkage toward a subspace, 104
when σ2 is unknown, 104

James-Stein theorem, 98
James-Stein type estimators of µ of the form

φ(S)X, 97–104
admissible minimax generalized Bayes, 109
as spherically symmetric estimators, 105
condition to be minimax, 107
motivation for, 105
risk of, 100

compared to the risk of φ+(S)X, 101
unbiased estimator for, 106

Latin square, 159
Latin square design, 159–163
least squares, 8
least squares estimator of µ, 72
Lebesgue measure, 53
Lehmann-Scheffé theorem

for complete sufficient statistics, 91
length of a vector, 7
likelihood ratio test of H: µ ∈ M0, 112
linear algebra, review of, 41–44

basis, 42
composition of two linear transformations,

43
coordinate functional, 43
dimension, 42
direct sum of subspaces, 43
disjoint subspaces, 43
dual space, 43
flat, 43
idempotent linear transformation, 43
identity transformation, 44
intersection of subspaces, 43
inverse of a linear transformation, 44
isomorphism, 43
linear dependence, 42
linear functional, 43
linear independence, 42
linear transformation, 43
manifold, 43
matrix of a linear transformation, 44
nonsingular linear transformation, 44
null space of a linear transformation, 44
range of a linear transformation, 44
rank of a linear transformation, 44
span, 42
subspaces, 43
sum of subspaces, 43
transpose

of a matrix, 44
of a vector, 42

vector space, 42
linear dependence of vectors, 42
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linear functional
coefficient vector of, see coefficient vector
confidence interval for, see confidence

interval for the value of a linear
functional ψ of µ

coordinate functional, 37, 43
definition of, 36, 43
Gauss-Markov estimator of, see

Gauss-Markov estimator of a lin-
ear functional of µ

inner product for, 61
norm of, 61
representation theorem for, 36
testing an hypothesis about, 116

linear independence of vectors, 42
linear transformation

adjoint of, see adjoint of a linear transfor-
mation

composition of, 43
definition of, 43
eigenmanifolds of, 34
eigenvalues of, 34
eigenvectors of, 34
idempotent, 12, 43
identity, 44
inverse of, 44
matrix of, 33, 44

notation for, 44
nonsingular, 44
null space of (N ), 44
orthogonal, see orthogonal, transformation
orthogonal projection, see projections,

orthogonal
range of (R), 44
rank of (ρ), 44
self-adjoint, see self-adjoint linear

transformation
uniqueness of

in terms of inner products, 8
LSD, see Latin square design

manifold
eigen, 34
regression, 60
see also subspaces

matrix
of a linear transformation, 33
of a quadratic form, 57
of the adjoint of a linear transformation, 38
symmetric

diagonalization of, 36
maximal invariant, 122
maximum likelihood estimators of µ and σ2,

assuming normality, 89–90
mean

grand
in the two-way additive layout, 65

of a random vector, 46–47

mean square error
definition of, 76
formula for, 76, 92
normalized, 97

method of super
b

scripts, 24
metric induced by an inner product, 10
minimax estimator

as a constant risk, extended-Bayes
estimator, 92

definition of, 92
minimum mean square error predictor, 11
Minkowski’s inequality, 10
missing observations model, 166

see also incomplete observations model
mixed-up observations model, 166

see also incomplete observations model
MLR, see monotone likelihood ratio
Möbius function, 25
Möbius inversion formula, 25
models

analysis of covariance
one-way layout with one covariate, see

analysis of covariance
analysis of variance

one-way layout, see analysis of variance
two-way layout, see analysis of variance

extra observations, see extra observations
model

four-penny problem, 65–66
general linear, see general linear model
incomplete observations, see incomplete

observations model
Latin square design, 159–163
missing observations, see incomplete

observations model
mixed-up observations, see incomplete

observations model
multiple linear regression, see multiple

linear regression
one-sample problem, see one-sample

problem
replicated observations model, see extra

observations model
simple linear regression, see simple linear

regression
split plot design, see split plot design
triangle problem, see triangle problem
two-sample problem, see two-sample

problem
monotone likelihood ratio

and exponential families, 117
and hypothesis testing, 126
and the expectation of a nondecreasing

function, 119
closure under composition, 118
definition of, 117
examples of

exponential families, 117
noncentral F family, 118
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monotone likelihood ratio (cont’d)
examples of (cont’d)

Poisson family, 118
unnormalized F family, 118
unnormalized t family, 120

stochastic monotonicity, 119
MSE, see mean square error
multiple linear regression

coordinate functionals in, 61
estimable parametric functionals, 79
estimation of σ2, 71
expected response at the mean values of

the independent variables
Gauss-Markov estimation of, 65

regression coefficients
covariances of, 66
expectations of, 66
formula for, 66
normal equations for, 63
variances of, 64

noncentrality parameter
of a chisquare distribution, 54
of an F distribution, 57

nonestimable parametric functional, 79
completely undetermined by µ, 79
no unbiased estimator for, 81

nonsingular distribution, 50–51
nonsingular linear transformation, 44
norm

of a linear functional, 61
of a vector, 7

normal distribution, 53
and conditional distributions, 94–95

conditional distribution of Θ given Y =
y, when the marginal distribution of Θ
is NM (0, λIM ) and the conditional
distribution of Y given Θ = µ is
NV (µ, IV ), 96

and marginal distributions, 94–95
and quadratic forms, 57–59
characteristic function for, 53
density of, 53
in a lower dimensional subspace, 54

normal equations
abstract formulation of, 40
and estimable parametric functionals, 81,

85
and Gauss-Markov estimation, 68
basis formulation of, 10, 69
obtained via Gauss-Markov estimation, 63

normalized mean square error, 97
notational conventions

difficulty level of exercises, 5
inner product between

a single vector and a set of vectors, 11
two sets of vectors, 11

markers for the end of a proof, example,
exercise, and part of a problem set, 5

notational conventions (cont’d)
matrices versus linear transformations, 5
numbering scheme, 4
summation over nonmissing subscripts (⊕),

171
null space of a linear transformation, 44

observed values, 68
one-sample problem

and Gram-Schmidt orthogonalization, 10
condition for the least squares and

Gauss-Markov estimators to be the
same, 73

equicorrelated case, 73
heteroscedastic case, 52
independence of the sample mean and

variance, 2
projections in, 9–10
re Cochran’s theorem, 59

one-way layout, see analysis of variance,
analysis of covariance

open form of a residual squared length, 71
orbit, 122
orthogonal

basis, 9
and Gauss-Markov estimation, 68

complement of a subspace, 12
properties of, 12

complement of one subspace within
another, 13

and spanning vectors, 13
decompositions, 19
factors, see factors, orthogonal
polynomials

derived from 1, i, and i2, 7
projection, see projections, orthogonal
subspaces, 16
transformation, 7

adjoint of, 38
inverse of, 38
reflection through a subspace, 13
used to characterize strict sphericity, 53
used to characterize weak sphericity, 51

vectors, 7

parameter vector, 1
parametric functional, 78

estimable, see estimable parametric
functional

nonestimable, see nonestimable parametric
functional

partial order relation (≤) on
factors, 27
self-adjoint linear transformations, 13
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partial orthogonalization
in the analysis of covariance, 149

partially ordered set, 23
greatest lower bound (∧), 28
least upper bound (∨), 27
minimal element, 23
Möbius function for, 25
Möbius inversion formula for, 25
principle of induction for, 23
zeta function for, 26

perpendicularity
of subspaces, 16
of vectors, 7

positive definiteness, 6, 39
power function, 125

of the F -test, 115
effect of covariates, 158
effect of extra observations, 187
effect of missing observations, 178

prediction
mean square error of, 11

principle of invariance
in estimation, 77
in hypothesis testing, 122

prior, 92
projections

nonorthogonal
adjoints of, 142
as idempotent linear transformations,

142
definition of, 141
formula for the adjoint, given a basis for

the range space, 145
formula for, given a basis for the range

space, 144
partial inverses to, 143

orthogonal
adjoints of, 39
and minimum distance, 8, see also

Cleveland’s identity
and residuals, 8
as idempotent self-adjoint linear

transformations, 12–13
definition of, 8
differences of, 14–15
matrix for, 11
obtained by making a linear transforma-

tion of the problem, 74
onto OM for an orthogonal transforma-

tion O, 38
onto a one-dimensional space, 9, 13
onto a subspace of a subspace, 14–15
onto a subspace that is an element of a

Tjur system, 23
onto a sum of mutually orthogonal

subspaces, 16
onto arbitrary subspaces, 10
onto the intersection of two subspaces,

18

projections (cont’d)
orthogonal (cont’d)

onto the orthogonal complement of the
null space of a set of contrasts, 135

products of, 17–18
sums of, 16–17
used in establishing the distributions of

quadratic forms, 58
used to find Gauss-Markov estimators,

68
proper Bayes estimator, 108
proportional cell counts

condition for orthogonal factors, 31
Pythagorean theorem, 7

quadratic form
definition of, 39
of a normal random vector

distribution of, 57–59
on an inner product space, 57
representation theorem for, 39

random vectors
characteristic function for, 53
covariance operators for, 47–48
definition of, 45
dispersion operators of, 49–50

spectral representation of, 50
distribution of projections of

under first and second moment condi-
tions, 54

under normality assumptions, 54
expectation of, 46–47
mean of, 46–47
normally distributed, 53

conditional distribution, 94–95
marginal distribution, 94–95
quadratic forms in, 57–59

spherically distributed, 53
uncorrelated, 48
weakly spherical, 51–52

variance parameter of, 51
with nonsingular distributions, 50–51
with singular distributions, 50–51

range of a linear transformation, 44
rank of a linear transformation, 44
reduction to canonical form, 75
regression, see multiple linear regression,

simple linear regression
regression coefficients, 66

dependence on the number of explanatory
variables, 67

regression manifold, 60
regression matrix, 1
relative orthogonal complement, 13

and spanning vectors, 13
replicated observations model, 184
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representation theorem
for bilinear functionals, 38
for linear functionals, 36
for quadratic forms, 39

residual squared length
closed form of, 71
open form of, 71

residuals, 8
inner products of, 145
length of, 8
uncorrelated with fitted values, 68

risk, 92
of the GME of µ relative to mean square

error, 92
see also James-Stein estimator of µ,

James-Stein type estimators of µ
of the form φ(S)X

R2

as the ratio of explained variation to total
variation, 68

as the square of the correlation coefficient
between the observed and fitted
values, 68

Scheffé confidence intervals
for all contrasts in the group means in

one-way ANOVA, 135
for linear functionals of µ, 129–131

effect of covariates, see analysis of
covariance

effect of missing observations, see
incomplete observations model

for linear functionals of the component of µ
orthogonal to M0, 134

relation to the F -test, 133
Scheffé multiplier, 131
SDFZ, see significantly different from zero
self-adjoint linear transformation

as a covariance operator, 33
definition of, 12
extremal characterization of the eigenvalues

thereof, 34
matrix for, 33
partial ordering (≤) of, 13
positive semi-definite, 36

square root of, 36
positive-definite, 39
range and null space of, 13
spectral theorem for, 33–36
trace of, 58

and preservation of order (≤), 76
shrinkage estimator, 104

see also James-Stein estimator of µ,
James-Stein type estimators of µ of
the form φ(S)X

significantly different from zero, 133

simple linear regression
coefficient vector for the slope functional,

62
confidence interval(s)

for a single predicted value, 129
for all predicted values, 131
for predicted values when the predictand

ranges over an interval, 132
definition of, 1
estimated SD of

the response at the mean of the
predictor variable, 71

the slope coefficient, 71
estimator of σ2, 70
Gauss-Markov estimate of the slope, 63
projections in, 10, 11
testing for zero slope, 110, 116
variance of the GME of the slope coeffi-

cient, 64
simultaneous confidence intervals

for a line segment of linear functionals, 131
for the values of ψ(µ) for a linear space

of linear functionals ψ, see Scheffé
confidence intervals

singular distribution, 50–51
span of vectors, 42
spectral theorem, 33
spherical distribution, 53
spherically symmetric estimator, 105
split plot design, 31

estimable parametric functionals, 84
Stein’s lemma, 105
Stein-Efron-Morris theorem, 105
stochastic monotonicity, 119
Strawderman-Berger theorem, 109
subspaces

book orthogonal, 17–18
see also Tjur system

definition of, 43
direct sum (⊕) of, 19, 43
disjoint, 43
eigenmanifolds, 34
intersection (∩) of , 43
nonorthogonal

measuring the degree of, 85
orthogonal ( ⊥ ), 16
orthogonal complements (·⊥ ) of, 12

properties of, 12
orthogonal decompositions of, 19
perpendicular ( ⊥ ), 16
relative orthogonal complements of, 13

and spanning vectors, 13
shifted, 43
sum (+) of, 43
Tjur system of, see Tjur system of

subspaces
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sufficient statistic
definition of, 90
factorization criterion for, 91
for µ and σ2, 91
having minimum dispersion in the class of

all unbiased estimators, 91
sum of squares for error (SSe), 113
sum of squares for testing H (SSH ), 113
summation over nonmissing subscripts (⊕),

171

t distribution
unnormalized noncentral

definition of, 120
MLR of, 120

test, see F -test of H: µ ∈ M0, hypothesis test
Tjur design, 31

estimable parametric functional, 82–84
factor structure diagram for, 32
Gauss-Markov estimator of an estimable

parametric functional, 83–84
Tjur system of subspaces, 21–26

analysis of variance table for, 25
and estimation of σ2, 71
and Gauss-Markov estimation, 69
method of super

b
scripts for, 24

Möbius inversion formulas for, 26
partial order on, 21
representation of, 21
structure diagram for, 24

Tjur’s theorem, 21–23
Tjur, Tue, 21
trace

of a linear transformation, 76
of a self-adjoint linear transformation, 58,

76
transformation, see linear transformation
triangle problem

coefficient vectors in, 61
covariances of GMEs, 64
Gauss-Markov estimation in, 63
testing the equilateral hypothesis, 110, 115

trivial factor, 26
two-sample problem, 1–2
two-way layout, see analysis of variance

UMP, see uniformly most powerful
UMPI, see uniformly most powerful invariant
unbiased

estimator, 63
hypothesis test, 137

uncorrelated random vectors, 48
uniformly most powerful, 125
uniformly most powerful invariant, 125
units factor, 26

using the wrong inner product
conditions for false and true estimates to

be the same
for linear functionals of µ, 74
for σ2, 74
for the mean vector µ, 72–73

difference between the false and true GMEs
of µ, 87

effect on residual squared length, see
Cleveland’s identity

ratio of the variances of the false and true
GMEs of a linear functional of µ,
87–88

value of a statistical game, 92
variance parameter

estimation of, see estimation of σ2

of a weakly spherical random vector
assumptions about, 60
definition of, 51

variance-covariance matrix, 49
variation

addition rule for, 68
explained, 68
residual, 68
total, 68

vector space, 42
basis for, 42
dimension of, 42
dual of, 43
finite dimensional, 42
isomorphism of, 43
manifolds of, 43
subspaces of, 43

vectors
angle between, 7
equiangular (e), 3
length of, 7
linear dependence of, 42
linear independence of, 42
norm of, 7
orthogonal, 7
orthogonal projection of, 8
span of, 42
uniqueness of

in terms of inner products, 8

Wald’s theorem, 137
corollaries to, 140
reformulation of, 137

weak sphericity, 51–52
achieved by changing the inner product, 52
achieved by transformation, 52

weighing design, 66

Yates procedure, 178

zeta function, 26
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